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Preface

Mathematical Statistics I — Statistical Methods is the course in winter semester in the
frame 4/2 hours. It is devoted to the students who intend to continue to study probability,
mathematical statistics, and econometry.

The course contains also some practical statistical methods and numerical examples.
However, their number is very limited, because they will be trained in a special course.
We expect that the material will be complemented by programme R.

The end of a proof is denoted by O and the end of an example by <.

Prague January 11, 2017
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Chapter 1

Random variables

1.1 Introduction

In our life we frequently meet random events. To work with them mathematically, it is
necessary to build a model for them. All possible results of an experiment constitute
a space of elementary events €). Elements of the space () are denoted by w. If the
space (2 is too rich, we cannot deal with individual elementary events w separately. A
useful mathematical model uses only such sets of elementary events which form o-algebra.
Remember that o-algebra is a non-empty system of subsets such that

(i) If A€ A, then Q\ A€ A.
(i) If Ay e A, Ay € A, ..., then UA; € A

Here Q\ A = A° is the complement of the set A. From the definition of o-algebra it is
possible to derive its further properties, especially:

(i) P e A, Qe A.
(iv) If Ay € A, Ay € A, ..., then also NA; € A.

The pair (2, .A) is called measurable space. Assume now, that to every set A € A it
is possible to define a number P(A) such that the following conditions are fulfilled:

(a) P(A) > 0 for every A € A.
(b) If Ay, A,, ... are disjoint sets belonging to A, then P(UA;) = > P(A4;).
(c) P(Q2) =1.

We get function P defined on A, which is called probability measure (shortly probabil-
ity). Conditions (a)—(c) can be formulated in words that probability is o-additive normed
set function. The subsets of the space €2 belonging to A are called random events.

We can ask why probability is introduced in such a complicated way. Why probability
is not defined for every subset of the space 27 Generally, it is not possible and this answer
is related to the existence of non-measurable sets.

It is worth to notice that this definition of probability contains no instruction how to
calculate it. This problem is, however, solved in other courses of mathematical statistics.

9



10 CHAPTER 1. RANDOM VARIABLES

Recall that Borel g-algebra B,, of subsets of n-dimensional Euclidean space R,, is the
minimal o-algebra, which contains all open intervals. Instead of B; we usually write B
and instead of R; we write R.

We say that X is a measurable mapping of the space (2, A, P) into (R, B), if

{w: X(w) e B} € A forevery set B € B.

A measurable mapping X is called random variable. The random variable X is a
function defined on the space € and its values X (w) are real numbers. Of course, the
definition implies that the function must be measurable.

The distribution function F' of the random variable X is defined by the formula

F(x) =P(X <), x € R.

More precisely, instead of P(X < x) we should write P{w : X (w) < z}, but the argument
w is usually dropped. On the measurable space (R, B) there exists a probability measure
corresponding to the distribution function P and it is called the distribution of the random
variable X.

Some distributions have their fixed abbreviations. For example, the normal distribu-
tion with parameters p and o2 is denoted by N(u, 0%). The fact that the random variable
X has the distribution N(u,0?) is written as X ~ N(u,c?). Analogous abbreviation is
used also in other cases.

The mean value of the random variable X is

EX :/QX(W) dP(w), (1.1)

if this integral exists. The denotation E is abbreviation of the word expectation. Formula
(1.1) is starting point for many theoretical considerations but it is not suitable for practical
calculations. The reason is that the measure P is only rarely known. It is a good luck
that EX can be also expressed using integral where the measure is described only by
distribution function.

Theorem 1.1 We have -
EX — / 2dF(z). (1.2)

If g is such a function that Eg(X) exists, then we have

Eg(X) = / " o) dF (). (1.3)

— 00

Proof. See Andél (2007). a.

Formula (1.3) is very important. A direct calculation of Eg(X) using only (1.2) would
need the following steps. We would define Y = g(X), then from the known distribution
function F' of the variable X we would have to calculate the distribution function G
of the variable Y and finally using(1.2) we would get EY = [* ydG(y). However,
calculation of G is usually very complicated. Thus theorem that integral [ydG(y) is
equal to considerably simpler [ g(x)dF(z) is really very important.
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Practically we use only two families of distribution functions. If there exists such a
function f, that for every real x

F(z) = /_ ", (1.4)

holds, then we say that F' corresponds to a continuous distribution. The function f is
called density of the distribution. Since F' is nondecreasing, the density f is nonnegative
almost everywhere. Using (1.4) we see that f(x) = F'(z) almost everywhere.

The second case arises when F' je a step funcion. It means that there exists maximally
counted set of numbers xy,xs,..., in which F has steps pi,ps,.... Otherwise F' is
constant. So we have > p; = 1. In this case we say that F' correspons to a discrete
distribution.

Formula (1.3) implies that for the continuous distribution we have

and for the discrete distribution we have

Eg(X) = Zg(xi)pi-

Notice that (1.3) enables to calculate probability P(X € B) that X belongs to set
B € B. If we take g = xp (the characteristic function of the set B), then from(1.3) we
get

P(X € B) :/ dF ().

B
In the continuous case we have

P(XGB):/Bf(x)dx

and in the discrete case

PXeB) = Y p

{i: xiEB}

1.2 Moments
Let X be a random variable. Moment of the k-th order is
w, =EX*  k=0,1,... (1.5)
and central moment of the k-th order is
e = E(X — EX), k=0,1,.... (1.6)

It is clear that the moments can be defined only in the cases when the integrals (1.5) and
(1.6) exist. Further we define absolute moments

ws =EXF, k>0
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Here pf = EX is expectation and it is shortly denoted by p. We have py = 1, po = 1,

g1 = 0. An important moment is po. It is called variance and denoted by o2. From

formula (1.6) we get that
o = EX? — (EX)2.

If we want to emphasize that it is the variance of the random variable X, we write 0%
or var X instead of o?. The parameter o is called standard deviation.
Using binomial theorem we get from (1.6)

k

k ) .

p = ( ) (= 1) Hgpit”
=0

7
Thus

fis = piy — 3+ 240,
fia = piy — 4t + Gpip® — 3u’,

If 02 > 0 and if the moments 3 and juy exist we define kurtosis oz and skewness ay

using formulas
_ M3 _ M4

g3 = — gy = .
o3’ ot

Theorem 1.2 DefineY = a+bX. IfEX exists, then EY = a+bEX. IfEX? < oo then
varY = b?var X.

Proof. Formulas follow by easy insertion. O

Especially for b = 1 we have var(a + X) = var X. We see that variance is shift -
invariant.

Theorem 1.3 Kurtosis and skewness fulfill the inequality
oy — ozg > 1.

Proof. Let EX* < 0o. Define Y = X — EX. Then EY = 0 and EY* = E(X — EX)*
for every k. Choose real numbers a, b, ¢ and introduce the vector w = (a, b, c)’. Then we
have

0 < E(a+bY +cY?)? = E(a® 4 2abY + 2acY? + b*Y? + 2bcY® 4 2Y?)
= a® + 2acpy + b piy + 2bcps + iy = u M,

where
L0 p
M = 0 w2 ps
M2 K3 M4

The matrix M is symmetric. The inequality w4’ My > 0 holding for every vector u proves
that M is positive semidefinite. Its determinant is thus nonnegative. This implies

0 < |M| = popa — 3 — 413,
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which gives
fiafts — [ > 115
We divide the last inequality by p3, and this gives the assertion of the theorem. a

Some distributions have moments of all orders, e.g. rectangular distribution R(0, 1)
with the density

0 foraz ¢ (0,1).

We shall quite often work with densities that are nonvanishing only on a set M. Then
we write only the formula for density f(z) for x € M. If we do not introduce formula for
x ¢ M, then we understand f(x) = 0 for x ¢ M. There are distributions where even the
moment of the first order does not exist. This is the case of Cauchy distribution C(a,b)
with the density

fla) = { 1 forz €(0,1),

1 b
T)= =5, reR, b>0.
/(@) Tb? + (v — a)?
Let us mention that this is not the worst case. If we consider absolute moments p2"
for all nonnegative k (not only for nonnegative integers), the distribution C(a,b) would

have finite absolute moments p2"™ for k£ € [0,1). But the distribution with the density
1

" oz In? 7]

f(x) for |x| > e
has no finite absolute moments of the k-th order for k£ > 0. (See Stoops, Barr 1971.)

In connection with moments some important problems have been formulated. We can
ask, for example, if a distribution having all moments p}, (k = 0,1,...) finite is uniquely
determined. The answer is: sometimes yes, sometimes not. Consider the density of the
log-normal distribution

1 1
p(z) = exp {—— ln2at} for x >0
21w 2

and the density defined by the formula
po(z) = [1 +asin(2rInz)|p;(x) for x >0,

where a € [—1, 1] is an arbitrary number. Both the densities have the same series of the
moments p, (i, . ... This situation is quite unpleasant since the lognormal distribution
is frequently used in theory as well as in practical applications. We have shown that this
distribution cannot be characterized by its moments.

However, many distributions are determined uniquely by their moments. In many
cases the following theorem is used.

Theorem 1.4 Let p), ph, ... be a sequence of moments. If the series

o
k=1

for some t > 0 converges absolutely, then the given series of the moments determines the
distribution function uniquely.
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Proof. See Rao (1978). O

The condition introduced in Theorem 1.4 implies that the normal distribution N(u, o?)
with the density

2
f(z):\/;_ﬂaexp{—%}, reR, o>0,

is determined uniquely by its moments. We can see it on the distribution N(0, o?), the
moments of which are

(2k)! o
fiog—y = 0, Mlzk:W for k=1,2,....

Since the distribution N(0,0?) has vanishing expectation, the moments ), are the same

as k.
If = 0,0% = 1, we have the standard normal distribution. Its density is

and the distribution function

The function ¢ is even, because p(—z) = @(x). It implies that &(—x) =1 — &(x).

We say that a random variable X has a degenerated distribution if X is equal to a
constant p with probability 1. It is clear that in this case EX = p, var X = 0. Thus this
degenerated distribution is considered as N(y, 0).

Not every sequence of numbers is a sequence of moments. For example, there exists
no distribution with the moments pj =2, w5 = 1. For such a distribution it would hold

o =yh— ()P =1-2*=-3<0.

This is not possible, because the variance is nonnegative (see its definition). Let us
investigate the problem when a finite series of numbers uj =1, pf, ..., ph, is a series of
moments. Consider an arbitrary vector ¢ = (¢, . .., ¢,) with real components. It is easy
to verify that

n 2 n n n n
0< E<Z chj) = EZ cjep X = Zchck,u;.Jrk = c Ac,
Jj=0 Jj=0 k=0 j=0 k=0
where
Ho My Iy,
A= G Hnt1
:U“n /"L;’L—l—l . IU“/2n

It means that the matrix A must be positively semidefinite. It can be proved that it
is also a sufficient condition (see Krejn, Nudelman 1973). In the mentioned book it is
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roved that an infinite series of numbers pf, = 1, u}, i, ... is a series of of moments if
p Ho Hs Ho
and only if the infinite quadratic form

o0 o

/
E E CiCkjtk
j=0 k=0

is positive definite.
The following formulas can be used for calculating moments (see Shao 2005).

Theorem 1.5 Let F be a distribution function and a a real number. Then [[F(z+a)—
F(z)]dz = a.

Dkaz. Assume first that @ > 0. Then using Fubini theorem we get

/[F(m—l—a)—F(x)] do :/ [/+ dF(y)] do = / (/; dx) dF(y) = /adF(y) —a.

The proof is analogous for a < 0 . O

Theorem 1.6 Let X be a nonnegative random variable with the distribution function F
and with a finite expectation. Then

EX — /0 - P da.

Proof. We have

[Tu-rwiae= [ [Carw|a= [7] [ are) - [Tyarw)

=EX. a

Theorem 1.7 Let X be a random variable with distribution function F and with a finite
expectation. Then

EX:/OOO[I—F(:E)] dx—/o Fla)dz.

—00

Proof. Tt was proved that

| - renae= [Tyare),

Further we have

/_ZOF(:c)dx:/_(; [/:OdF(y)] dx:/_(; {/yodx} dF(y)

:/0 (—y) dF(y) = —/0 ydF(y).

—00 —00

Thus

EX:/_:de(y)z/o de(y)+/Ooode(y)

—00

:_/_0 F(x)dx+/ooo[1—F(x)]dx. .

[e.9]
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Theorem 1.8 Let X be a nonnegative random variable with the distribution function F.
Let EX? < co. Then

EX? =2 /Ooog;u _ F()] dr.

Proof. We have

z/oooxu—F(x)]dz:Q/ooox[/:o dF(y)] dx:2/000 [/nydzv] dF(y)

:/ y*dF(y) = EX? O
0

1.3 Quantile function

If a distribution function is given it is often necessary to find its inverse function F'~1(u).
It is simple when F'(z) is increasing and continuous. In the general case so called quantile
function F~1 is defined by the formula

F~Yu) = inf{x : F(z) > u}, 0<u<l.

Values of the function F~!(u) are called quantiles. E.g. a-quantile is the value F~(«).
An important application of the quantile function is its role in construction of different
distributions. It will be demonstrated in theorem 1.11.
The density of the rectangular distribution R(0, 1) was introduced in section 1.2. Its
distribution function is

0 foru<0,
R(u) =< u for0<u<l, (1.7)
1 forl<u.

The following theorem will be used in some proofs of forthcoming theorems.

Theorem 1.9 Let a random wvariable X have the distribution function F. Then the
relation P{F(X) < F(x)} = F(x) holds for every real x.

Proof. We have
{F(X) < F(z)} = {F(X) < F(2)} n{X <2} ] U{F(X) < F(z)} n{X > a}].
Since
{(X <z} c{F(X) < F(z)}, {X>z}n{FX)<F(x)} =0,

we get
{F(X) < F(o)} ={X <z} U[{X >z} n{F(X) = F(x)}]. (1.8)
Notice that
P{X > a2} n{F(X) = F(2)}] =0,

since in this case X must be in an interval where F'is constant. If we calculate probabil-
ities of the left and right hand side of the formula (1.8), we get the assertion. O
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Theorem 1.10 Let X have a continuous distribution function F'. Then the random
variable U = F(X) has the distribution R(0,1).

Proof. We prove that P(U < u) = R(u), where the function R(u) is defined in (1.7).
If u <0orl < u, the assertion is obvious. Let 0 < u < 1. Since F' is continuous,
for a given w there exists such an x that F(x) = u. Using theorem 1.9 we obtain
P(U<u)=P{F(X) < F(2)} =u. O

If we assume in theorem 1.10 that F'is increasing then the proof without using theorem
1.9 would follow from

P(U<u)=P[F(X)<u]=PX < F'u)]=F[F*u)=u.

Theorem 1.10 says that the rectangular distribution can be obtained using transfor-
mation U = F(X) from any other distribution with continuous distribution function.

Theorem 1.11 Let U ~ R(0,1) and let F' be a distribution function. Then the random
variable X = F~Y(U) has the distribution function F.

Proof. Let u € (0,1) and let  be a number such that 0 < F(z) < 1. First we show thet
the inequality F(x) > u is fulfilled if and only if z > F~'(u). Assume that

x> F ' (u) =inf{y: F(y) > u}.

Since F' is nondecreasing and continuous from the right the set {y : F(y) > u} is an
interval containing its left point. Thus we must have F(z) > u. Now assume that
F(z) > u. But then z > inf{y : F(y) > u} = F~'(u). Together we have P{F~1(U) <
z} =P{U < F(x)} = F(x), which we wanted to prove. O

If in theorem 1.11 we add the assumption that F' is continuous and increasing, the
assertion would simply follow from the fact that

P(X <z)=P[F'(U) <z]=PlU < F(z)] = F(z).

The variables with the distribution R(0,1) can be easily generated by computers.
Thus theorem 1.11 describes a procedure how to obtain variables with an arbitrary given
distribution function F. In most cases the calculation if the quantile function is compli-
cated and so to generate large number of such variables can be time consuming. Often
instead of direct application of theorem 1.11 special procedures are used.

Let us remark that theorem 1.9 and proofs of the theorems 1.10 and 1.11 follow the
paper Angus (1994).

At the end of this chapter we introduce a definition of median which belongs to the
distribution with the distribution function F'. Median i is a number which satisfies

__ 1 . 1
Fpm) <5, Fp) =g
The symbol F(fi~) denotes the limit from the left hand side. The median always exists but
it is not defined uniquely. Similarly the number fi,, (called p-th percentile) for 0 < p < 1
is defined by

F(a,) <p, () = p.
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Theorem 1.12 Let a distribution with the distribution function F have expectation p
and a finite standard deviation o. Then we have for (an arbitrary) median fi

lw—pl<o

and for (an arbitrary) percentile fi, we have

|M_ﬁp|§0max( 1_pa b )
V. » "V1-p

Proof. See O’Cinneide (1990). O




Chapter 2

Random vectors

2.1 Introduction

Let random variables X7, ..., X,, be defined on the same probability space (£2,.4, P). Then
X = (Xy,...,X,) is called random vector. If the random variables X;; (i =1,...,n; j =
1,...,m) are defined on the same probability space, then X = (X;;) is random matriz.
The expectation of the random vector is the vector EX = (EXy,...,EX,,); similarly we
define expectation of the random matrix by EX = (EX;;). The function

F(xy,...,2,) =P(Xy <21,...,X,, < ,)

is called distribution function of the random vector X . Sometimes it is called simultaneous
distribution function of the random variables X1, ..., X,,. If there exists a function f such
that

F(a:l,...,xn):/ ---/nf(ul,...,un)dul...dun, (2.1)

then we say that the vector X has continuous distribution and that f is its simultaneous
density. In view of (2.1) we have

OF(xq,..., 2,
flzy, ..., x,) = agfb &;: ) almost everywhere. (2.2)
If g(xy,...,x,) is borel measurable function, then it can be proved that

Eg(X1,...,X,) :/~-~/g($1,...,xn)dF(xl,...,xn). (2.3)

If only some of the variables X, ..., X,, are investigated then their distribution func-
tion is called marginal and eventual corresponding density is also marginal.

If there exists the simultaneous density then all the marginal densities also exist; the
reversed assertion does not hold.

To illustrate the situation, we shall deal for a while only with two random variables
X; and X,. Their simultaneous density is F'(x1, z3) = P(X; < 21, X3 < x9). It is obvious
that the marginal distribution function Fj(z;) = P(X; < x;) of the random variable X3
satisfies

Fl(l'l) = F(l’l, OO),

19
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where
F(z1,00) = lim F(x1,).

T2—00

If X7, X5 have the simultaneous density f(z1,%2), then using (2.1) we have

xh / / f U1,U2 du1 dus.

In view of (2.2) we have that the density fi(z1) of the variable X7 is

dFi(z dF( :B,
fl(il?l): dl( 1) : / f $1,U2 duz
X1

Analogous formulas can be easily derived also for larger number of random variables.
The result is formulated in the sentence that the marginal density can be obtained from
the simultaneous density integrating superfluous variables.

2.2 Variance matrix

Let the variables Xi,...,X,, have finite second moments. Covariance cov(X;, X;) of
random variables X;, Xj is

Equivalently, we obtain

This last expression is suitable for practical calculations. We can see that cov(X;, X;) =
var X;. Denote
Fij(wi,w5) = P(X; < 25, X; < x5)

the distribution function of the vector (X;, X;). Let Fi(z) =P(X; <z)fori=1,...,n
be the marginal distribution functions of the individual components of the vector X. It
follows from (2.3) that

cov(X;, X;) :// {xi—/ﬂfdﬂ(ﬂf)} {i’fj —/idej(l“)} dFij(zi, ;)
://xixjdmj(xi,xj)— dem(x)} [/xdFj(x)].

If a two-dimensional vector (X;, X;) has a continuous distribution with the density

fij(xi,xj)then
//[L’Z'[L’j dF’ij([L’i,[L'j) = //Zlﬁ'il’jfij(l'i,l'j) dllﬁ', dl’j.

Instead of cov(X;, X;) it is written ox,x, or shortly o;;. We know already that o;; = o?
is the variance of the variable X;. If we write cov(X;, X;) as the elements of the matrix,
we get the variance matriz V' = (0;;). The matrix V' is often written as var X.
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Theorem 2.1 The variance matriz can be written in the form
V =E(X -EX)(X - EX) (2.4)

and in the form
V=EXX' - (EX)(EX)"

Proof. The first formula can be proved componentwise. The second formula follows from
the first one by an easy derivation. a

Theorem 2.2 Let a be an m x 1 vector and B an m X n matriz. DefineY =a+ BX.
If EX exists then EY = a + BEX. If X has components with finite second moments,
then

varY = BV B’ (2.5)

Proof. The first assertion can be proved componentwise. The second one follows from
(2.4). O

It follows from definition as well as from theorem 2.2 that the variance matrix is
symmetric.

Theorem 2.3 Variance matriz is positive semidefinite.

Proof. Choose an arbitrary vector ¢ = (cq,...,¢,)". Since the variance of any random
variable is nonnegative also the variance of ¢’ X is nonnegative. Using formula (2.5) we
obtain

0<varcdX =c'Ve. O

Let Y = (Y1,...,Y,) and Z = (Z4,...,Z,) be random vectors with finite second
moments. Then the covariance matriz of the vectors Y and Z is the matrix

cov(Y, Z) = (cov(Y;, Z;)).
It is easy to check that
cov(Y,Z)=E(Y —EY)(Z - EZ)

and that
cov(Y,Z)=EYZ — (EY)(EZ)".

From the definition it follows that
cov(Z,Y) = [cov(Y, Z)]'.
Notice that the variance matrix is a special case of the covariance matrix, since
cov(X, X) = var X.

The covariance matrices are used in the following theorem.
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Theorem 2.4 Let random vectors X = (Xi,...,X,) and Y = (Y1,...,Y,) have finite
second moments. Then

var(X +Y) =varX +cov(X,Y) +cov(Y, X) +varY.
Proof. The assertion follows from formula (2.4). O

Theorem 2.5 Let Y = (Y1,....Y,) and Z = (Zy,...,Z,) be random vectors with
finite second moments. If a is an r x 1 vector, ¢ an s x 1 vector, B an r x m matriz and
D an s x n matriz, then

covia+ BY,c+ DZ)=Bcov(Y,Z) D'

Proof. The result follows from the formula for covariance. O

2.3 Independence

Let us return to the model for random events which was introduced in section 2.1. We
say that two events A; € A, Ay € A are independent, if

This is a mathematical definition of the notion independence which is used in everyday
language. If P(A2) > 0 then we define the conditional probability of the event A; given

Ay as
P(A; N As)

P(A;]Ay) = 2.6
( 1‘ 2) P(Ag) ( )
Consider a random vector X = (Xy,...,X,). Let F(xy,...,x,) be its simultaneous
distribution function

Let X = (Xy,...,X,)" be a random vector, F(z1,...,x,) its simultaneous distribu-

tion function and F;(z;) marginal distribution of X;, i = 1,...,n. We say that X;,..., X,
are independent random variables, if we have for all real x1,...,x,

F(le'l, To, ... ,Z’n) = Fl(llj'l)Fg([L’g) e Fn(llfn) (27)

Theorem 2.6 Let a random vector X have simultaneous density f(z1,...,x,). Denote

fi(z;) the marginal density of the variable X;, i = 1,...,n. Then variables X1, ..., X,
are independent if and only if

flz, .. xn) = filzy) ... fu(x,) almost everywhere.

Proof. The assertion follows from definition (2.7) and from the formula (2.2). O

The independence of random vectors is defined similarly as the independence of ran-
dom variables. We say that Y and Z are independent random vectors, if their simultane-
ous distribution function is equal to the product of the distribution function of vector Y
and the distribution function of vector Z. If the simultaneous distribution of the vector
(Y', Z') is continuous then the vectors Y and Z are independent if and only if their
simultaneous density is equal to the product of marginal densities of the vectors Y a Z.
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Theorem 2.7 Let Xq,..., X, beindependent random variables with finite first moments.
Then
E(X:...X,) =(EXy)...(EX,).

Proof. Let F be the simultaneous distribution function of the vector X = (X1,...,X,)’
and F; the distribution function of the random variable X;, : = 1,...,n. It follows from
(2.3), (2.7) and from Fubini theorem that

E(Xl...Xn):/~-~/x1...xndF(xl,...,xn)
:/---/xl...xndFl(xl)...an(xn)
_ le dFl(xl)] an an(xn)] _(EX)).. (EX,). O

A statistician must frequently decide if two random variables are independent or not.
Their simultaneous distribution function is usually not known. Some procedures are
based on the following assertion.

Theorem 2.8 Let X andY be independent random variables with finite second moments.
Then we have cov(X,Y) = 0.

Proof. If X and Y are independent, then the variables X — EX and Y — EY are also
independent. From the definition of covariance and from theorem 2.7 we obtain

cov(X,Y) = E(X —EX)(Y —EY) = E(X —EX)E(Y —EY)=0. O

The covariance itself as a measure of independence is not used but after some nor-
malization we get correlation coefficient. We shall consider it in section 2.6.

If cov(X,Y) = 0, then we say that X and Y are uncorrelated variables. Unfortunately,
examples show that uncorrelated variables may not be necessarily independent.

2.4 Conditional density

The main idea will be demonstrated on a random vector X = (Y, Z)" with two compo-
nents. Let X have the density p(y, z). Denote q(z) = [ p(y, z) dy the marginal density
of the variable Z. First we define the conditional distribution function of the variable Y
given Z = z, which we denote F(y|z) =P(Y < y|Z = z). We cannot use formula (2.6),
because P(Z = z) = 0 since Z has a continuous distribution. Choose points 27, 2o in
such a way that z; < z < 2z and assume that P(z; < Z < z3) > 0 for such points 21, zs.
Using(2.6) we get

PY <y, 21 <Z < z)
P(Zl <7Z< 22)
7. f;lz p(u,v) dvdu
[qw)ydv

PY <ylan<Z<2z)=
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If p is a smooth function then according to the mean value theorem for every u there
exists a point z, € (z1, 22) such that

z2
[ v do = = zptu ),
21

If ¢ is a smooth function, then analogously there exists a point z* € (21, 23) such that

21

Thus

T2 p(u, 2,) du

q(z")
If 2, — 27, zp — 2%, then also z, — 2z, z* — 2z and because of assumed smoothness of
functions p and ¢ we will have p(u, z,) — p(u, 2), ¢(z*) — q(z). If we may change limit
and integral, we obtain

PY <ylz1<Z<z)=

v d
lim P(Y§y|z1<Z<z2):/ plu,z) du.
z1—z7 q(Z)

z2~>z+

It is natural to define the conditional distribution function F'(y|z) as the limit of the
probability P(Y < y| 2z < Z < 29) when z; — z7, 25 — z7. Thus we obtained

F(y|z):/y P, 2) du.

oo G(2)

Now we can introduce the conditional density as the derivative of the conditional distri-
bution function analogously as in formula (1.4), which describes connection between the
common distribution function and the common density. The result is that the conditional
density r of the variable Y given Z = z is

r(y|z) = ) (2.8)

In our derivation it was necessary to use many mathematical assumptions. However,
it can be proved (see Andél 2007), that conditional density is always given by formula
(2.8), if ¢(z) # 0. In the case ¢(z) = 0 we define r(y|z) = 0.

2.5 Approximation of random variables

Consider a random variable Y and a random vector X = (X,...,X,)". Assume that
Y and X have finite second moments. It happens that it is necessary to predict the
variable Y using the known vector X. We can have several reasons for it. Sometimes
the measurement of Y is very difficult, hardly accessible or expensive. In other cases we
obtain information about Y after many years whereas the vector X is known immediately.

We restrict ourselves to find an approximation of the variable Y using a linear function
YV =a+ 61 X1+ -+ 3,X,. Our problem is to find the coefficients «, 31, ..., 3, so that
the difference between Y and Y is as small as possible. The criterion is E(Y — Y)2.
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Theorem 2.9 Let V =wvar X be a reqular matriz. Then
E(Y —Y)? >varY — cov(Y, X)V lcov(X,Y)
and left hand side is equal to right hand side if and only if
B =V 'cov(X,Y), a=EY - BEX. (2.9)

Proof. If a random variable Z has a finite second moment, it fulfills EZ? = var Z + (EZ)?.
Thus EZ% > var Z and we have equality if and only if EZ = 0. Define Z =Y — Y =
Y —a—3X. Then

E(Y —Y)? >var(Y —a — B'X).

The equality holds if and only if E(Y —a — 3'X) =0, i. e. in the case
a=EY - B'EX.
We know that the variance does not depend on the shift, and so
var(Y —a — B'X) =var(Y — 3'X).
Using theorems 2.4 and 2.5 we get
var(Y — 8'X) =varY — Bcov(X,Y) —cov(Y, X)B3+ 3V

= [B—V lcov(X,Y)|VIB -V lcov(X,Y)]
+varY — cov(Y, X)V 'cov(X,Y).

Since V is a variance matrix, it is positively semidefinite according to theorem 2.3.
Moreover, now we assume that V' is regular. Thus V is positively definite and

(B -V lcov(X,Y)]V[B -V lcov(X,Y)] > 0.
The equality holds if and only if
B—V lcov(X,Y)=0.

The assertion is proved. O

The expression
oy x =varY —cov(Y, X))V lcov(X,Y)

is called residual variance. In view of (2.9) it also holds
ot =varY — BV} (2.10)

If we apply the formula for determinant of the matrix divided into the blocks we obtain

another formula
5 var(Y, X1, ..., X,)|
[0k =
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2.6 Correlation coefficient

Let X and Y be random variables with finite second moments. We denote 0% = var X,
02 = varY, oxy = cov(X,Y). If 6% > 0 and o2 > 0, then we define correlation
coefficient

OXy

p= e (2.11)
VIxTy

Instead of p one writes pxy to indicate the variables for which the coefficient is calculated.

It follows from theorem 2.8 that p = 0 when the variables X and Y are independent. It

can be easily verified that

Theorem 2.10 Let a,b, c,d be such numbers that bd # 0. If bd > 0, then poivx.crdy =
pxy; if bd <0, then paypx.crdy = —pxy-

Proof. The assertion follows from theorem (2.11). O

Theorem 2.11 We have —1 < p < 1. Ifb > 0 then the equality p = 1 holds if and only
if Y = a+ bX with probability 1. Similarly, if b < 0 then p = —1 holds if and only if
Y = a+ 0X with probability 1.

Proof. From Schwarz inequality we get
E(X —EX)(Y —EY)]* <E(X — EX)?E(Y — EY)%

It implies that —1 < p < 1. The equality is reached either in the case that X — EX =0
with probability 1, or in the case that Y — EY = (X — EX) with probability 1. The
first case cannot be realized since the variable X would have vanishing variance and the
correlation coefficient would not be defined. From the same reason in the second case the
value b = 0 must be excluded. If b > 0, then theorem 2.11 gives p = 1; if b < 0, then
p=—1 O

The correlation matrix is introduced similarly as the variance and covariance matrices.
Consider a random vector X = (X3,...,X,) with finite second moments and positive
variances. Then the correlation matriz of the vector X is the matrix P = (p;;) of type
n x n, where p;; = px, x,;. It follows from (2.12) that the matrix P has ones on the
diagonal and is symmetric.

Let Y = (Y4,...,Y,) and Z = (Zy,...,Z,)" be random vectors with finite sec-
ond moments and positive variances. Then the correlation matriz of these vectors is
cor(Y', Z) = (py,z,) and has the type m x n.

2.7 Coefficient of multiple correlation

Classical correlation coefficient p measures dependence between two random variables.
Very often it is necessary to describe dependence between a random variable Y and a
random vector X = (Xi,...,X,). Let V = varX be a regular matrix. According
theorem 2.9 the variable Y = o + B3'X is the best linear approximation. Here o a 3 are
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introduced in formula (2.9). The coefficient of multiple correlation py x is defined as the
usual correlation coefficient between the variables Y and Y. The definition is

PY,X = PY,a+B8 X"

In the case B3 = 0 we define py, x = 0.

Theorem 2.12 Coefficient of multiple correlation is given by the formula

BVp
B =0 (2.13)
Y

Proof. If B8 = 0, the assertion is valid. Let 3 # 0. According to the definition we have

) [cov(Y, o+ B'X))?
pY,X = 2 ! .
oy var(a + B'X)

It follows from (2.9) that cov(X,Y) = V3, and thus

cov(Y, X) =3'V. (2.14)
This gives
cov(Y,a+ B'X) =cov(Y,3X) =cov(Y, X)3 =BV (2.15)
and similarly
var(a + 3 X) = B8'Vp. (2.16)

The assertion is proved. a
Theorem 2.13 Cocfficient of multiple correlation satisfies 0 < py x < 1.

Proof. In the case 3 = 0 the assertion is valid. Otherwise py, x is equal to the correlation

coefficient between Y a Y, which is smaller or equal 1 according to theorem 2.11. For
B # 0 from (2.15) and (2.16) we get

cov(Y,a+ B'X) B'Va3
p o / —_= = .
rersx VoZvar(a+8X) /o2BVp3
This expression is positive since V' is the positive definite matrix. O

Theorem 2.14 Cocfficient of multiple correlation satisfies py,x and residual variance
0% x satisfy the relation

o
Py x =1- 2% (2.17)
Oy
Proof. Assertion follows from formulas (2.10) a (2.13). O

Formula (2.17) can be also written in the form

Uiz/.x = 012/(1 - P%/,X)-

Here we can see that for increasing value of the coefficient of multiple correlation the
residual variance o3 y decreases.
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Theorem 2.15 Coefficient of multiple correlation py x s the largest one from all corre-
lation coefficients between Y and an arbitrary linear function of the vector X, which is
not constant.

Proof. The assertion is obvious if @ = 0; in this case py,x = 0 and also py .y x = 0 for
an arbitrary vector b # 0. In the case b = 0 the correlation coefficient is not defined.
So assume that 8 # 0. We prove that then p?  , x < p} g for an arbitrary vector
b # 0. Since numbers a and « have no influence on the correlation coefficients it suffices
to prove the inequality p}. . < pj 5. We have

oM EX)R oY, X)bP
Py x = o2 varb'X a o2 b'Vb

From (2.14) we have
[cov(Y, X)b]> = (B'Vb)*

Matrix V is positive definite. Thus there exists a matrix V2, which is symmetric,
positive definite and which fulfills VY/2VY/2 = V. Using Schwarz inequality we get

(ﬂ/Vb)2 _ (ﬁ/V1/2V1/2b)2 — [(Vl/z,ﬁ),(vl/2b)]2
=< (V'2B)(V'2B) - (V) (V%) = (B'V B)(b'V b).

Thus ) ) )
. _(BVBWVY _BVE
Pypx = 0_32/ Vb 032/ Py, x-
The last equality is ensured by formula (2.13). O

Theorem 2.15 guarantees that the coefficient py x is never smaller than the absolute
value of any correlation coefficient py x,, ¢ = 1,...,n. This result is sometimes used for
checking the calculations.

Theorem 2.16 We have
P?/,X = cor(Y, X) P 'cor(X,Y), (2.18)
where P = cor X.

Proof. The assertion follows from formula (2.13). For details see Andél (2007). O

Very often we have the case when the vector X has two components. To simplify
notation we write Xo =Y. Then p;;, ¢,7 = 0,1, 2 is the correlation coefficient between
X, and X; and instead of py, x we write pg ;2. Inserting into (2.18) one gets

2, 2
-2
Ry = Por + Polz - 2POl/002p12. (2.19)
P12

The coefficient p 12 measures the total dependence of the variable Y on the complete
vector (X, Xs)". This dependence can be very large even when the dependence of Y on
every component X, X5 is quite small. We demonstrate it on an example.
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Example 2.17 Let py; = 0 and pgz # 0. Then (2.19) gives

2 :032
Poaz2 = 1— p%j

Theorem 2.13 ensures that the fraction p3,/(1—p3,) is never larger than 1. But the number
p5.1.2 can be arbitrary close to one if pi, is sufficiently large. The explanation can be the
following one. Let Y and X; be independent variables. Define X; = Y — X;. Denote
varY = o2, varX; = o2. An easy calculation gives po1 = 0, poa = (08 + 02)~ 20y,
p12 = —(0f + 01)""%01, p3,, = 1. Choosing oy sufficiently small and o, sufficiently
large, the correlation coefficient pgy will have arbitrary small value. The variable Y is
not correlated with Xj, its correlation with X5 is very small, but both the variables
simultaneously define it uniquely since Y = X; + Xs. &

2.8 Coefficient of partial correlation

Coeflicient of partial correlation measures dependence of two random variables. The
dependence may not be causal, it can arise under the influence of other confounding
factors. Consider two random variables Y and Z and a random vector X = (X1,..., X,,)".
Assume that X may have influence on both Y and Z. We want to ask how large would be
dependence between Y and Z without influence of X. One possibility how to investigate
it is to create such situation that the vector X remains constant. In most cases it is not
possible and so it is necessary to find a mathematical solution.

We know from theorem 2.9 that the best linear approximation of the variable Y is
Y = a+@'X, where a and 3 are introduced in (2.9). From this reason we can interprete
Y — Y as such a part of variable ¥ which is cleared from influence of the vector X.
Similarly, let Z = ~v 4+ &8’ X be the best linear approximation of variable Z based on X.
It follows from (2.9) that

6=V 'lcov(X,Z), v=EZ-J§EX. (2.20)

The part of variable Z which is not explained by the vector X can be interpreted as
Z — Z. From this reason the dependence between Y a Z after elimination of influence
of vector X is measured by the correlation coefficient between Y — Yoand Z — Z. Tt is
called partial correlation coefficient between Y and Z given X. It is denoted by py z x.

Theorem 2.18 Let random variables Y, Z, X1, ..., X, have finite second moments and
the regular variance matrix. Denote P = cor X. Then it holds

pyz — cor(Y, X) P 'cor(X, Z)
[1 = cor(Y, X) P~ Tcor(X, Y)][1 — cor(Z, X ) P Tcor(X, Z)]

pPy,zx =
\/

Proof. Theorem follows from the formula for the correlation coefficient between ¥ — o —
B'X and Z — vy — & X. Using (2.9) and (2.20) we obtain the result. O

For the coefficient of partial correlation we have no such inequalities like in case of the
correlation of multiple correlation. From this reason py z x may be sometimes smaller
and sometimes greater than py .
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Let n = 1, so that the vector X has only one component. Then we get from theorem

2.18 that
Pyz — PXYPXZ

Py,zx = .
VA= p3)(0 = pky)

Example 2.19 In England investigated how the harvest of hay (variable Y) depends
on temperature (variable Z, which is equal to the sum of temperaturs larger than 42 °F
= 5,6 °C in individual days of the considered spring season). It was found that py, =
—0.40. The negative correlation does not correspond our experience that the gras grows
faster if the weather is warmer. Then the calculation included precipitation (variable
X) and the other correlation coefficients were calculated. The result was pxy = 0.80,
pxz = —0.56. If it rains, more gras grows, but it is colder. The result is py z x = 0.10.
The details can be found in Hooker (1907) and in Yule, Kendall (1950). 0

2.9 Multinomial distribution

Assume that in an experiment one of the events A, ..., A can be realized. Let the events
be disjoint and one of them must be realized. We denote their probabilities p; = P(A4;),
1t =1,..., k. Our assumptions imply that p; +- - -+ pr = 1. Moreover, let all probabilities
p; be positive.

Consider the case that the experiments are n-times independently repeated. Let X;

be number of realizations of the event A; in such series of experiments. Then we have
P(X, = Xpmay) = — g 2.21
1 =21y, k_xk)_xl!...xk!pl'”pk ( )
for nonnegative integers w1, ...,z the sum of which equals to n. In any other case this
probability is zero. The distribution defined by formula (2.21) is called multinomial.

In the special case k = 2 we can the event A; call the success and the event A, failure.
Then (2.21) will be the binomial distribution. However, this situation can arise also for
general k, if we introduce events A = A; and B = Ay U ---U A;. Thus the marginal
distribution of the random variable X is Bi(n,p;) and similarly X; ~ Bi(n, p;) also for
other values .

Theorem 2.20 In multinomial distribution we have
EX;, =np;, varX;=np;(1—p;) fori=1,... k (2.22)

and
cov(X;, X;) = —np;p; fori #j. (2.23)

Proof. Formula (2.22) follows from X; ~ Bi(n,p;). We are going to prove (2.23). We
introduce random variables &; in the following way. Define &,; = 1 if in the h-th experi-
ment the event A; appeared and &,; = 0 in other cases. The experiments are independent
and so

cov(&pi, Emj) =0 for h # m. (2.24)

We can see that
ghighj =0 forz 7é j, (225)
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since in the h-th experiment the events A; and A; could not appear simultaneously. An
easy calculation gives E&;,; = p;. Since

=Y (2.26)
h=1
using (2.26), (2.24) and (2.25) for i # j we get
COV(sz Xj) = Ccov (Z Ehis Z §mj = COV(&m fmj)
h=1 =1 h=1m=1

n

= Zcov(é’hi, §nj) = ) (E&nibnj — EERiEEn;)
h=1

h=

[y

n
= — Zpipj = —Nnp;p;. O
h=1

A matrix A is called idempotent if it is a square matrix and if A = A holds.
Theorem 2.21 Denote

w=(\/p1, -, VPr) Q=1—-uu, D = Diag{\/np1, ..., /7P }

Then the matrix Q is idempotent and its rank is k—1. Variance matriz V' of the random
vector X = (X1, ..., Xg) with multinomial distribution is V. = DQD.

Proof. It can be easily checked that the matrix @ is idempotent. The rank of the
matrix @Q is equal to its trace and it is £ — 1. Elements of the matrix V were calculated

in Theorem 2.20, and thus the relation V. = DQ D can be easily verified. O
Define Y = D' X. We can see that
X1
Vv TP1 np1
Y = s EY = .

Xk v WPk
\/ Pk

and an easy calculation gives
varY =D 'VD ' =D 'DQDD ' = Q.

Define x? = (Y — EY ) (Y — EY'). This expression can be written in the form

=Y E =y (;ZT— npi)szan.

i=1 i=1 i=1 npi
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Chapter 3

Transformations

3.1 Transformations of random variables

Let X be a random variable and ¢ a measurable function. If Y = ¢(X), then we say that
the variable Y is the transformation of the variable X. Our task is to derive statistical
characteristics of the variable Y from the known characteristics of the variable X. We
met two important cases already in section 1.3 (see theorems 1.10 and 1.11). Now, we
are going to investigate general cases.

Theorem 3.1 Let X have a continuous distribution function F. Let F'(x) = f(x) exist
everywhere with exception mazximally finite number of points. Let t be a monotonous
function that has everywhere a monvanishing derivative. Let T be the inverse function
to t. Then the random variable Y = t(X) has the density

9(y) = flr W)l (y)!.

Proof. Assume first that ¢ is increasing. Then the distribution function G of the random
variable Y is equal to

Gly) =P(Y <y) =Pt(X) <y| =P[X <7(y)] = Flr(y)].

The assumptions of theorem ensure that GG is continuous and differentiable everywhere
except maximally in finite many points. From this reason the density g(y) of the variable
Y is equal to

9(y) = G'(y) = flr ()7 ().

Since t is increasing, 7 is also increasing and 7'(y) = |7/(y)|. If t is decreasing, the proof
is similar. O

The proof of theorem 3.1 was very simple. In many cases we can derive distribution
of Y = t(X), even if the mapping ¢ is not monotonous.

Example 3.2 Let X ~ N(0, 1). As introduced in section 1.2, the density of X is denoted
¢ and its distribution function ®. Define Y = X?2. Let G denote the distribution function
of variable Y. Tt is clear that G(y) = 0 if y < 0. In the case y > 0 we get

Gly) =P(Y <y) =P(X* <y) =P(—y < X <)) = () — ®(—/y).

33
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Since ®(—x) =1 — ®(x), we have together
G(y) =20(yy) — 1.

It implies that the density g of the variable Y vanishes on the interval (—oo,0]. If y > 0

then
1 1

9(y) = G/(y) = —90(\/@) = \/7—y

—y/2
7 e ) &

The distribution of the random variable Y with the density ¢ is called chi-square
distribution with one degree of freedom and it is denoted x2. The expectation of this
distribution is y = EY = EX? = 1, the variance is 0? = var Y = EY? — (EY)? =
EX4— (EX?)?=3-12=2. ¢

3.2 Transformations of random vectors

Theorem 3.3 Assume that the random vector X = (X1, ..., X,)" has the density f(x),
where € = (x1,...,x,) . Lett be a regular one-to-one mapping from R,, onto R,,. Denote
T the inverse mapping to t. Then the random vector Y = t(X) has the density

where
8y1 8yn
DT(y) — | e e
O Omn
oy OYn

15 the jacobi determinant of the mapping 7.

Proof. Let B € B, be an arbitrary borel set. Substitution theorem in multiple integrals
gives

P(Y € B) = P[t(X) € B] = P[X € 7(B)]
= x)dx = )| d dy. 3.1
[ 1@ /f |y/Bg<y>y (3.1)

It suffices to choose
B = (—00,x1] X +++ X (=00, x,],

so that P(Y € B) is the value of the distribution function of the random vector Y in
point . Formula (3.1) makes sure that g is the density corresponding to this distribution
function. O

Let X1,..., X, be independent random variables with distribution N(0,1). Define
X = (Xy,...,X,). Then EX =0, var X = I. We say that X ~ N(0,I). The density

of the vector X is
ﬁ 1 ex 1x2 1 e 1:1:’ar:
=1|—= —=T; ¢ = Xpq —= .
Vo P2 T e PP T2

i=1
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Let o € R, and let V be a positive definite matrix. Denote B = V2 and introduce
the vector Y = p + BX. Obviously EY = u, varY = BIB' = V. The inverse
transformation is X = B™'Y — B~ 'y and its jacobian is det B~'. The simultaneous
density of the vector Y is

o10) = s o { 5B~ 1By~ gl et B

Since |det B~ = |V |72, we get

1 1 / -1\ -1
g(y):WGXP{—§(y—H)(3 )'B (’U—M)}-

In view of (B™'YB™ = V!, we have

1 1 1yy—1
) = ey 0 50— WV - | (32)

We say that Y ~ N(u, V). The density of the vector Y is given by formula (3.2).
Because the matrix V' is regular, the distribution N(u, V') is called regular normal dis-
tribution.

Let @ € R, and let C be a n x n regular matix. Define Z = a + CY. It is clear
that EZ = a + Cp and var Z = CV C'. Theorem about transformation gives that the
density of the vector Z is

h(z) = (27?)"/2\(13’VC’|1/2 exp {—%(z —a—-Cp)(CvC) Yz —a~— Cu)} .

We see that Z ~ N(a + Cu, CVC').

We inform without proof that this result is true also in the case when a is a vector
with m components and C' is a m x n matrix. If the rank of the matrix CV C’ is smaller
than m, the vector Y = a + CX has the singular normal distribution.

We divide X into two blocks so that X = (Y, Z’)’, where Y contains first k compo-
nents of the vector X and Z remaining n — k components. The matrix V' and vector p
are divided analogously. We have

(1) (%)
T )’ Vo Vo )’

where v has k components, 7 has n — k components, V17 is k X k matrix and V is a
(n — k) x (n — k) matrix.

It can be proved that Y ~ N(v, V'1;) and that Z ~ N(7, V). All the marginal dis-
tributions in multidimensional normal distribution are also normal. Marginal distribution
of the variable X; is N(yu;, 0?), where 02 = 0.

If V5 = 0, then the vectors Y and Z are uncorrelated. Since Vg = Vi, = 0, the
density of the vector X can be written in the form of the product of vectors Y and Z.

This proves that under assumption of normal distribution of the vector X uncorrelated
vectors Y and Z are independent.
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Frequently we deal with the case n = 2, k = 1. Then X = (X3, X5)'. Variance matrix

V has the form
V= ( o2 poioy )
PO102 O'% ’

where p is the correlation coefficient of the variables X; and X,. If 02 > 0, 62 > 0, and
p € (—1,1), then inserting into (3.2) we get the density of the two-dimensional normal
distribution

1

20109/ 1 — p?

g [ af s o)

Since the marginal density of the variable X5 is

f(xlv x2) =

q(xs) = 1 exp {_M]
V2T 09 20'% ’

according to the section 2.4 we get the conditioned density of the variable X; given
X9 =1z as

r(zi]we) = far, 22)/q(x2).
We can see that r(x1|x2) is the density of the distribution

g
N u1+pa—1($z—uz),0’f(1—p2) R
2

Theorems 3.1 and 3.3 have rather restrictive assumptions. We have made them to
simplify the proofs and they can be removed.

Theorem 3.4 Assume that the random vector X = (Xy,...,X,)" has the density f(x),
where € = (x1,...,x,) . Let t be a mapping from R, into R,, which is regular and
one-to-one on such disjoint open sets G1,Gs, ..., that for G = UG; we have

/ f(x)dx = 1. (3.3)
a

Let 7; be the inverse mapping tot : G; — t(G;). Then the random vector Y = t(X) has
the density

g(y) = Zgj(y),

where
( )_{ [l D- (y)| - fory € UG)),
Lo fory & t(G;).
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3.3 Functions of random variables

3.3.1 Method of calculation

Consider a random vector X = (X1,..., X,,) which has density f(x). We must determine
the density of a function 77 = t1(Xy,...,X,). Usually, the calculation is made in two
steps.

(i) We look for a mapping T' = ¢(X) such that T" = (T3,...,T,) and such that the
assumptions of theorem 3.3 or theorem 3.4 are fulfilled. The first component of the
vector T' is the same as the function t1(X7, ..., X,), the distribution of which we
are looking for. From this we determine the simultaneous density ¢(t1,...,t,) of
the vector T'.

(ii) Marginal density ¢; of the variable T} can be calculated using formula

gl(tl):/ / g(ty, ... ty)dty. .. dt,

(see section 2.1).

In practical calculations the choice of the mapping ¢ in the first step is very important.
If the procedure is not suitable, it may be difficult to calculate g or integral which defines

g1-

3.3.2 Sum of variables

Theorem 3.5 (convolution theorem) Let X; and X, be independent random vari-
ables. Assume that Xy has the density fi and Xs has the density fs. Then the random
variable Y = X1 + X5 has the density

hy) = / £1(2) faly — 2) d=. (3.4)

Proof. Introduce the vector X = (Xi, X»)'. It follows from theorem 2.6 that the variables
Xi, Xy have the simultaneous density f(z1,x2) = fi(x1)f2(x2). Define

- (75%)-(3)

The inverse mapping is X; = Z, Xo =Y — Z. Absolute value of jacobian is 1 and thus
the simultaneous density ¢g(y, z) of the vector T is g(y,z) = fi(2)f2(y — z). Marginal
density of Y is h(y) = [ g(y, z) dz. The formula 3.4) is proved. O

The formula

h(y) = / £y — 2)falz) dz

can be proved analogously. This result also follows from the fact that X; + X, = Xo+ X;.
We say that the density h is the convolution of densities fi and fs.
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Let X, ~ N(u1,0?), Xo ~ N(us,02) be independent random variables with normal
distribution. We prove that X; + Xy ~ N(u1 + p2, 0% + 02). If 02 = 0 or 02 = 0, the
assertion is clear. If 02 > 0, 05 > 0, then the assertion follows from theorem 3.5.

Let Xi,...,X, be independent random variables with normal distribution N(0, 1).
We define Y = X? + .- 4+ X2. The density of the variable Y will be denoted f,(y). It
was already proved that

fily) = ———=e 7Y/ for y > 0.

We prove that
1

Faly) = W?ﬁ—le—yﬂ for y > 0. (3.5)

The formula is valid if n = 1. For n > 1 it will be proved by complete induction. Assume
that it is valid for all n < k. Convolution theorem gives

Jer1 () Z/fk(Z)fl(y—z) dz.

After some calculations we obtain formula 3.5), where n = k + 1.

Function f,(y) is the density of chi-squared distribution with n degrees of freedom,
which is denoted as x2. We already know that EX? = 1, var X? = 2 for all . Thus
p=EY =n, 0% =varY = 2n. The expectation of x? distribution is equal to the number
of degrees of freedom, variance is twice so much.

Notice that f,(y) is density for all real n > 0, not only for integers.

Theorem 3.6 Let X; and X5 be independent random wvariables such that X; ~ an,
X2 ~ X?L Then X1 + X2 ~ X?er

Proof. Using convolution theorem the density of Y = X7 + X5 is

h’(y> = /fm(z>fn(y — Z) dz.

After some calculations we get h(y) = fiin(y). O

Analyzing y? distribution we introduce a few theorems which are not connected di-
rectly with convolution.

Theorem 3.7 Let the random vector X = (Xy,...,X,)" have the n-dimensional normal
distribution N(p, V') with the density (3.2). Then the random variable

VY =(X-p)V (X —p)
has the x2 distribution.

Proof. Introduce the vector Z = V~2(X — ). Then it can be proved that Z ~ N(0, I
and the density of Z is
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Theorem 2.6 gives that the components 7y, ..., Z, are independent random variables and
each of them has N(0, 1) distribution. Since

Z'Z =7+ +Z~ X

we also have

Y=(X-p) VI X-p=2Z~y, O

Theorem 3.8 Let X ~ N(0,V), where V is an idempotent matriz of rank r > 1. Then
X'X ~ x2

Proof. Every symmetric matrix V' can be written in the form V = UDU’, where
UU' = I is the unit matrix and D is a diagonal matrix having eigenvalues of the matrix
V on the diagonal.

First we show that the eigenvalues of an idempotent matrix are only zeroes and ones.
Indeed, A is an eigenvalue of the matrix V' if and only if there exists a vector & # 0 such
that Vo = Ax. We multiply this equality by V' from the left and we apply the fact that
V is idempotent. This gives VZx = A\Vz, so that V& = \2x. Thus A& = \%x. Since
x # 0,we must have A =0 or A = 1.

We can see that h(V') = r and that U is regular. Thus D has rank r. Since D is
diagonal and there are only 0 and 1 on the diagonal, without loss of generality we can
assume that D = Diag{1,...,1,0,...,0}; number of 1 is 7.

Define Y = U’'X. We know that Y ~ N(0,U'VU). ButU'VU = U'UDU'U = D.
Matrix D is diagonal, and so all the components of the vector Y are uncorrelated. The
vector Y has normal distribution and so its components are independent. Vector Y has
vanishing expectation; r of its components have unit variance, other components have
vanishing variances. Thus n —r components of the vector Y are zeros almost surely. The
form of D ensures that these zeros are the last variables Y, 1,...,Y,. Finally, we have

X'X=XUUX=YY =Y+ +Y ~x2 O

Theorem 3.9 Let X ~ N(0,I) and let A be a symmetric idempotent matriz of rank
r>1. Then X'AX ~ x2.

Proof. We write A in the form A = UDU’, where U fulfills the condition UU’ =

UU = I and D = Diag{1,...,1,0,...,0} with r ones on the diagonal. We define

Y =(Y,...,Y,) =U'X, so that Y ~ N(0,I). Then we have
X'AX = XUDUX =Y'DY =Y?+---+ Y2

T

Since Y7, ..., Y, are independent N(0, 1) variables, the theorem is proved. O
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3.3.3 Quotient of random variables

Theorem 3.10 Let X and Z be independent random wvariables such that X ~ N(0, 1)
and Z ~ x%. Then the random variable

X

Z/k

has Student t distribution with k degrees of freedom, which is denoted t, and has the

density
( t2 —(k+1)/2
——— 1+ — )
%) vk < k)

Proof. Since X a Z are independent variables, their simultaneous density g(z, z) is equal
to product of their marginal densities

1 2 1 k
— —z2/2 -1 .—2z/2
9(,2) \/ﬁe 2’“/2F(/<:/2)Z2 ¢

We use the transform

for z > 0.

The inverse transformation is X = T\/U/k, Z = U, and absolute value of jacobian is
u/k. Then the simultaneous density of the variables T" and U is

1 u t2
t,u) = P72 ex {—— <1+—)}.
Pl = AT (/2 PlaU"%
From here we obtain the marginal density 7" using the formula hy(t) = [ p(t, u) du. O

In the case k = 1 we obtain hy(t) = 1/[x(1 + t?)]. It is the density of Cauchy
distribution C(0,1). If we use Stirling formula for I' function, then we get limg_.o hy(t) =
©(t). Densities of the Student distribution converge to the density of N(0,1). If k£ = 1,
then ET" does not exist, for £ > 1 we have ET" = 0. Similarly, variance exists for k > 2;
then varT = k/(k — 2).

Let X and Z be independent random variables such that X ~ N(4,1) and Z ~ x3.
Then the random variable T" = %/k has Student non-central t distribution with k degrees

of freedom with non-centrality parameter 0. This distribution is denoted as ty 5.

Theorem 3.11 Let X and Y be independent random variables such that X ~ x2,, Y ~
X2. Then the random variable

_X/m

 Y/n
has Fisher-Snedecor F distribution with m and n degrees of freedom, which is denoted as
Fiun and the density of which is

(™) mym2 w m N\ —(mtn)/2
= L (2042
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Proof. The simultaneous density of the variables X and Y is

B 1 m_1, 21 —(z+y)/2
pz,y) = 2P (m/2)0(nj2)" Y ©

for x > 0, y > 0. We make the transform

_X/m
= Y

U=Y.

The inverse transform is X = mZU/n, ¥ = U and absolute value of its jacobian is
mu/n. Inserting for z a y into p(z, y) and multiplying mu/n we get simultaneous density
g(z,y) of the variables Z and Y. Integrating with respect to y we get marginal density
of variable Z, which is introduced in theorem. O
Moments of F,, ,, distribution are
n
n—2
2n*(m+n — 2)
m(n —2)%(n —4)

For n < 2 the expectation is not finite and for n < 4 the second moment is not finite.

EZ =

for n > 2,

var Z = for n > 4.

3.4 Transformation stabilizing variance

Assume that a random variable X has a distribution which depends on a parameter 6.
The parameter is chosen in such a way that EX = 6. In many cases the variance of
variable X also depends on # and we can write var X = ¢%(6). Usually, o(6) is a smooth
function of . We can ask the question if it is possible to find such a non-trivial function
g that the random variable Y = ¢(X) has the variance independent of §. We excluded
constant functions g which would lead to variables with vanishing variance. Generally,
this problem has no solution. However, some approximations are useful. Taylor formula
gives

9(X) = g(0) + (X = 0)4'(0),

so that
Eg(X) =g(0),  varg(X) = [g'(0)]c*(0). (3.6)
The expression [¢'(0)]?c?(0) will not depend on 0, if we ensure
g'(0)o(0) =c,

where ¢ is a constant. From this condition we have the solution

g(0) = c/%. (3.7)

The constant ¢ is chosen so that the function g calculated from (3.7) has a nice form. We
get var g(X) = 2.

It was shown that the function g calculated from (3.7) stabilizes variance and var g(X)
depends on # only a little, but at the same time the distribution of the random variable
Y = ¢g(X) is nearly normal.

We apply this method to some special cases.
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Example 3.12 Let the random variable X have Poisson distribution with parameter
A > 0. It means that

>\k -

P(X:k’):ye s

k=0,1,2,...
We write shortly X ~ Po(\). Since it holds
EX =), var X = ),

instead of parameter 6 we have the parameter A and o%(\) = X. From (3.7) we get

g(A\) =c % = 2¢V/\.

Usually, we choose ¢ = %, and we deal with the function g(\) = v/A. It is the well-known
square-root transformation. In view of (3.6) we have

EVX =V, var\/yi%. %

Example 3.13 Let ¢ have the binomial distribution Bi(n,p), so that & can be only
0,1,...,n and the corresponding probabilities are

P =Fk) = (Z)pk(l —p)" %  k=0,1,...,n

It is assumed that p € (0,1) and that n is a natural number. The variable £ can represent
number of successes in n independent experiments when in every experiment probability
of success is p. A simple calculation gives

E¢ =np,  var{=np(l—p).
The parameter p is estimated using the variable X = ¢/n. Thus we have

p(l—p)‘

EX =p, var X =

Instead of § we have in our case p a 02(p) = p(1 — p)/n. According (3.7) we get

= L— cy/narcsin
o) = evii [ s = 2e/maresin /B

Usually, one chooses ¢ = 1/(24/n), so that finally
g(p) = arcsin y/p.

From (3.6) we calculate

1
E arcsin v X = arcsin /p, var arcsin V. X = i &
n
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Example 3.14 Sample correlation coefficient r calculated from a sample of size n from
two-dimensional normal distribution having theoretical correlation coefficient p € (—1, 1),

fulfills
(1=p*)?

n

Er = p, varr =

Since o(p) = n~Y2(1 — p?), we have

o) = evin [

1+p

dp 1
p2 = 50\/5 lnl

1—
If c=1/y/n then

1. 1+p
— Zlp—F
or g(p) = arctgh p. If we define
7 1 | 1+7r
=—1In
2 1—1’
then we get Fisher z-transformation. Using (3.6) we have
1.1 1
EZi—lnﬂ, var Z = —.
2 1-—p n
More detailed calculation gives
1o 14p p o1
EZ =-1 7 = .
2" 1=, Tamoy YT
In practical computations the approximations
EZﬁlnﬂ, var Z = L .
2 1-p n—3

are used. See Winterbottom (1979). &

Example 3.15 Let X ~ x2. If we write 0 instead of n then EX = 6, var X = 26 and
do
0) =c | — = cV/26.
9(0) NGT,

Usually, ¢ = 1 is chosen. Then g() = v20, Y = v/2X and EY = /2n, varY = 1.

R. A. Fisher recommended to use transformation ¥ = v/2X — 1/2n — 1, because
its distribution tends to the normal distribution N(0, 1) rather quickly. Today, Wilson-
Hilferty transformation is used, i.e.

nf /X 2
U=3,/= —+—-1
\/; < n * In ) ’
and its distribution converges to N(0, 1) even quicker. (See Kendall, Stuart 1969 I, Rao

1978, Wilson, Hilferty 1931.) &

Normalization transformations for other types of distributions are given in Konishi
(1981).
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Chapter 4

Random sample

4.1 Simple random sample

A series of independent identically distributed random variables Xy, ..., X, is called a
simple random sample. Number n is size of the sample. Introduce variables

N (e 1 _
X:EZX,-, Szzn_lz(X,-—X)Q.

i=1 =1

The variable X is sample mean. Variable S? is defined only for n > 2.

Theorem 4.1 Let X,..., X, be the random sample from the distribution with expecta-
tion pu and a finite variance 0. Then it holds

0.2

EX =y, var X = o ES? = o2

Proof. First, we calculate
o1 Z" 1
o n

Using theorems 2.4 and 2.8 we get
var(X; + -+ X,) =var X, + --- +varX,, = no>.

Thus var X = n2no? = ¢?/n. Further

n n n

S = X = DI — ) — (K = )l = D — ) = (X = )

i=1 i=1 =1

This gives the last assertion. O

45
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Because EX = ;i we say that X is unbiased estimator of the parameter p. Similarly,
S? is an unbiased estimator of the parameter o2, since ES? = ¢2. In the general case we
have the following definition. Let (X,...,X,)" be a random vector, the distribution of
which depends on a parameter . Let g(z1,...,z,) be a borel measurable function which
does not depend on 6. We say that T'= g(X3,...,X,,) is an estimator of the parameter
0. If ET = 0 holds for every # then the estimator 7" is unbiased.

In the multidimensional case the simple random sample is a series X1,..., X, of
independent identically distributed random vectors. This sample is characterized by

means of
n

I 1 . -
X:E;Xi, S:n_lz(Xi—X)(Xi—X).

i=1

Theorem 4.2 Let X.,..., X, be a sample from distribution with expectation p and a
variance matrix V.. Then we have

_ _ 1
EX = pu, varX = -V, ES=V.
n

Proof is similar as in Theorem 4.1. O

4.2 Ordered random sample

Let X4,..., X, be a random sample from a distribution having the distribution function
F. Random variables X1, ..., X,, will be ordered and the smallest will be denoted X 1),
the second smallest X(,), and finally the largest X(,). We have

X=X ==X
The variables X(j),..., X(,) are called ordered random sample.

Theorem 4.3 Let r € {1,2,...,n}. Then the distribution function G, of the random
variable Xy is

]

G (x) = Z (") Fi@)[1 — F(z)]". (4.1)

i=r

Proof. Probability that there will be ¢ variables among X1, ..., X, such that their values
are smaller or equal x, is

]

(0) Pl - Fep

because the number of such variables has the binomial distribution. The variable X,
will be smaller than x if among Xy, ..., X, either r, or r + 1, etc. or n variables smaller
than x will be found. These cases are disjoint and so the resulting probability is equal to
sum of their probabilities. O

Formulas for distribution functions of the smallest and the largest member of ordered
random sample follow from formula (4.1) as special cases. The results are

Gi(z)=1—[1— F@)]",  Gulz) = F"(x).
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Both the formulas can be also derived directly without using theorem 4.3.

If n is large, formula (4.1) contains many members. Calculations containing G, ()
may be rather complex. If the distribution function F' has a density f, then also the
density g, exists and its formula is quite simple.

Theorem 4.4 Let F be distribution function of a continuous distribution with the density
f. Then the density g, of the variable X,y also exists and for n > 2 we have

n—1

oo =" 7 ) FoF @l - PP (42)

Proof. We start with formula g,.(z) = G).(z) and insert (4.1). Then all members disappear
except for one which is equal to (4.2). O

Especially,

gi(@) =nf(@)1—F@)]",  gulz) = nf(2)F" ().

It is possible to derive simultaneous distribution function and simultaneous density
of several members of ordered random sample. Here we restrict to two members.

Theorem 4.5 Let F' be the distribution function of the continuous distribution with the
density f. If n > 2 and if 1 < r < s < n, then the simultaneous density g.s of the
variables Xy, X exists and equals to

n!
r—Dl(s—r—1l(n—2s)!

< f(@)f ()P~ (@) [Fy) — F(2)]" 1 = Fy)]" ™,

if v <vy. In the case x >y we have g, s(x,y) = 0.

Irs(T,y) = (

Proof. The proof is similar to that of theorem 4.4. O

Theorem is often used for » = 1, s = n. Then the simultaneous density of variables
X = X(l) and Y = X(n) is

gun(x,y) = n(n = 1) (2) f(y)[F(y) = Fx)]" 2.

An important characteristic is the range R = Y —X. We derive a formula for the density h
and for the distribution function H of the variable R. We start with the density g1, (z,y).
Consider the transform R =Y — X, T'= X. The inverse transformis X =T,Y = R+T
and the corresponding jacobian is

Or Ox
or Ez'o 1':_1
oy oyl |11 ‘
or ot

Thus the simultaneous density of the variables R and T is

s(r,t) = n(n — D (O)f(r + O[F(r +t) = F(6)]",
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marginal density of R is

h(r) = /_00 nin — 1) f)f(r+t)[F(r+t)— F@)]"2dt, r >0,

[e.e]

and the distribution function of the variable R is

H(y) = /Oy h(r)dr = n/oo f(t) {/Oy(n — D f(r+)[F(r+t)— F@)]"? dr} dt

— 00

for y > 0. Because

%[F(T +t) = FO" == Dfr+1[F@+1) - F()]",

we obtain
Hy) = ”/_Oo FORFr+6) = F@I" g dt = n/_oo FOIF(y+1) — FO)]" " dt.

It can be derived that the simultaneous distribution function Gy, of the variables
X(l) and X(n) is

Gin(z,y) = F"(y) = [F(y) = F(2)]"  forz <y.

In connection with random sample we introduce rank of the random variable. If the
random variable X; is in the random sample jth (i.e., if X; = X(;)), then the rank R;
of this variable equals to j. Value R; equals the number of variables in the random
sample which are smaller or equal X;. This procedure is applied when the distribution
is continuous where all values X;(w), ..., X, (w) are different with probability one (no
ties). If several values are identical then every variable from this group usually obtains
arithmetical mean from the corresponding ranks.

4.3 Random sample from the normal distribution

Consider problems investigated in section 4.1. If we specify distribution which generates
the sample, we can specify some assertions and some other derive.

Theorem 4.6 Let Xy, ..., X, be the sample from the distribution N(u, o?), where o > 0.
Then the following asertions hold:

_ o2
@ XN (%),
(b) If n > 2, then (n —1)5%/0% ~ x2_,.

(c) If n>2, then X and S? are independent.
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Proof. (a) We know that X; + - -+ + X, ~ N(nu,no?). Then X =n"1(X; +---+ X,,) ~

N(p, 0 /n).
(b) Since

5= — > (Xi-X)= ! D X —p) = (X = )P,
n—1 n—1

we can consider variables X; — pu instead of original X;. The equality ensures that S? is
not changed when X; is substituted by X; — p. Vector by = (n=%/2,...,n""/2)" has the
unit length. Thus there exist vectors bs, ..., b, such that the matrix B’ = (by,...,b,)
is orthonormal. Make the transform Y = BX. Obviously, the first component of the
vector Y is Y} = \/nX. Since B is orthonormal, we see that B'B = I. We have
X = B'Y and

(n—1)S$*=) X?-nX’=X'X —nX*=Y'BB'Y - nX’
=YY - nX? =Y2+Y 4 Y Y=Y+ 4+ Y2

The simultaneous density of variables Xi,..., X, is equal to the product of their den-
sities. We compare this product with the formula (3.2). Under our simplifying as-
sumption EX; = 0 we can see that the random vector X = (X3,...,X,,) has distribu-
tion N(0,0%I). Then Y has distribution N(0, Bo>I B'), which is distribution N(0, o*I).
Variables Yi,...,Y,, are independent and each of them has distribution N(0,0?). Thus
Y;/o ~ N(0,1) and we have

(n—1)§%/0* = (Ya/0)* + -+ + (Ya/0)* ~ x5y

(c) It follows from (b) that the variables Y7, ...,Y,, are independent. Thus the variables
Y) = /nX and Y2+ - -+Y?2 = (n—1)5? are independent. If we add to all variables X; the
original expectation s, then X changes 1 and S? remains the same. Their independence
remains. O
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Chapter 5

Estimating theory

5.1 Statistics and unbiased estimators

Let the random vector X = (Xi,...,X,) have the density f(x, @) with respect to a
o-finite measure p, and @ = (61,...,0,,)" is an unknown parameter. Using vector X the
best estimator of the parameter 8 should be found. It is only known that 6 is an element
of a parametric space 2 C R,,. If the problem is to find point estimator, it means to find
a measurable mapping g : (R, B,) — (R, B,) such that the random vector T' = g(X)
is the best approximation of the value 6. In the case of interval estimator we wish to
find interval or another appropriate set which covers @ with sufficiently large probability.
In this chapter we deal with point estimators.

Usually, we create a new random vector S = [S1(X),...,Sk(X)]". This new vector
S is called statistics. We emphasize that statistics is not a function of the parameter 6.
We choose functions S;(x) such that the vector S has lower dimension than X and no
information about @ is lost. If we intend to take statistics S as estimator of @, we must
have k = m.

We say that the estimator T of the parameter 0 is unbiased if ET = 0 holds for every
0 € Q. If we have ET = 6 + b(0), where the function b is not identically vanishing on
the set 2 the estimator T is called biased. Vector b(0) is called bias of T' at 6.

Instead of ET' we should write EgT to indicate that the expectation is calculated when
the parameter has value 8. However, we shall mostly use ET'.

A requirement on estimator is its unbiasedness. However, it can happen that there
exists another estimator which is biased but better from another point of view.

5.2 Examples

Example 5.1 Let X;,...,X, be a sample from N(u,o?), where n > 2 and o > 0.
Assume that none of parameters p a o2 is known and we should estimate o?. Denote

Y = Zn:(X,- - X)*.

The variable S? = ﬁY has been used as estimator of ¢? and we justified it by the
property that S? is unbiased estimator for o (theorem 4.1). Another estimator for o
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could be the sample variance M, defined as

1
M, =-Y.
n

We show that
E(M; — 0%)* < E(S* — 07)?,

i.e., that M, has smaller mean square error than S?. Theorem 4.6 b) on p. 48 gives that
Y/o? ~ x%_,. Tt implies

EY =c*(n—1), varY =20*(n—1), EY?=varY + (EY)? =o*(n* - 1).
Inserting for M, and S? we get

202

ame—a%2:EM§—2£EM5+JH:%ﬁY2—7;EY+a4
_ 2nn; 1(747
E(S? — 0?2 =varS? = = 1)2varY = - i 104.
Since for every positive integer n we have
2n —1 2
PR —

the mean square error of the variable M, is smaller than that of S2.
It is interesting that the coefficient % by Y is not optimal in sense of mean square
error. Look for a number k such that the expression E(kY — 0?)? is minimal. Since

E(kY — 0°)? =K’EY? — 2koEY + o' = o'[k*(n* — 1) — 2k(n — 1) + 1]
1 \* 2

o1 (k-
(n )< n—+1 +n+1

it is clear that k = n%rl gives the minimum and the minimum is niﬂa‘l.
This example is special case of more general situation (see Williams 2001, p. 191).
Let T be such an unbiased estimator of the parameter 6 that 0 # ET? < oo for every

6 € Q. Then E(aT — 6)? is minimal in the case

Y

92
CL:@.

In our case we had @ = 0%, T = S2%. It happens that a does not depend on . This was
also in our special case.

Example 5.2 Let random variable X have geometric distribution Ge(p), where p € (0, 1)
is an unknown parameter. Define ¢ = 1 — p. Random variable X is number of failures
in sample from Bernoulli distribution before the first success. We have P(X = k) = ¢*p,
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k=0,1,.... Let us look for an unbiased estimator for p. If T(X) is such estimator, it
must satisfy

ET(X) =Y T(k)¢'p=p, pe(0,1)
From here we get

Y Ty =1,  qe(0,1),

and the estimator satisfies 7'(0) = 1 and T'(k) = 0 for £ > 1. This is a poor estimator
because the number of failures before the first success is taken only as information if the
success was already in the first experiment or not. <

Example 5.3 Let a random variable X have Poisson distribution Po(\). Let A > 0 be
an unknown parameter. We look for an unbiased estimator for e=2*. If T'(X) is such an
estimator, we must have ET(X) = e~?*. It means that

Z T —A)\IE —2)\’

and so
o0

A
IECES
=0
Finally, we obtain
o . )\fE
ST =S
=0
This equality must hold for all )\ > 0 and so coefficients by A* must be the same. It gives
T(x) = (—1)*. This estimator is not good. It can be negative although it is estimator
of a non-negative function. Further, small change of variable X causes large change of
estimator.
There are also other modifications of this example. Williams (2001) on p. 188 intro-
duces that Lehmann is the author of the following result. Let
DU
PIX=k)=———— k=1,2,3,...
( ) kler—1’ Y
(it is truncated Poisson distribution). We look for an unbiased estimator T' of the para-
metric function 1 — e~ based on X. Since 7" must be an unbiased estimator, we must
have

- L A )
eA—lzT( )F_l_e ’
k=1
1.e. . ,
e A 2\
Tk)= =2
2 T =2> G
k=1 n=1

It implies that

T_ 0, when X is an odd number,
] 2, when X is an even number.

Since 1 — e~ € (0, 1), the estimator T is not acceptable. <
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Example 5.4 Let X ~ Bi(n,p), i.e.,
P(X =12)= (

n

)pz(l—p)”_””, n>1 0<p<l, z=0,1,...,n.
x

We show that there exists no unbiased estimator for the parametric function %. Assume
that there exists a function T', that ET(X) = % for every p € (0,1). Then

~ 1
ZT(w)<n)p“’(1—p)"‘x=—, 0<p<lLl
=0 X p

The left hand side is a polynomial in p having degree maximally n, and it cannot be the
same as the function % on the interval (0,1). <&

Remark 5.5 Let X, X,,... be independent random variables with Bernoulli distri-
bution with probability of success p € (0,1). Then X = X; +--- 4+ X,, ~ Bi(n,p).
Example 5.4 does not imply, that for the parametric function % is not possible to find an
unbiased estimator.

Let £ be the number of failures in the sample from the Bernoulli distribution before
the first success. Then ¢ has geometric distribution Ge(p), i.e., P(é = k) = p(1 — p)*,
k=0,1,2,.... It is well known that E¢ = 1%7’ = % — 1. Thus & + 1 is an unbiased

estimator for %. &

Let us remark that in examples 5.2 — 5.4 the sample sizes were only 1. In the
remark 5.5 the sample had not a fixed size.

5.3 Consistent estimators

5.3.1 Definition

Let 6 be an univariate parameter. Assume that X, X5, ... is a sample from a distribution
which depends on 6. Let us have an estimator T,, = ¢,(Xi,...,X,) defined for all
nonnegative integers. We say that the estimator T,, is consistent, if T,, — 6 in probability
for n — oo.

Theorem 5.6 Let ET? < oo for every nonnegative integer n. IfET,, — 6 andvarT,, — 0,
then T,, is a consistent estimator of the parameter 6.

Proof. For every ¢ > 0 we have

P(|T, — 0| > 5):/

T

dP < / e (T, — 0)*dP
—0|>¢e | T —0]>¢
<eg? /[(Tn — ET,) + (ET;, — 0)]*dP
=2 [/(Tn — ET,)*dP

+2(ET, — 6) / (T, — ET,) dP + (ET, — 6)°

=c?|varT, + (ET, — 6)*] — 0. O
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5.3.2 Example

Example 5.7 Let Xi,...,X, be a sample from the rectangular distribution R(0,0),
where ¢ > 0 is an unknown parameter. Let X,y = max(Xy,...,X,). We show that
X(n is a biased consistent estimator of the parameter 6. Since
:L,n
P(X(n)<x):6—n, 0<x<@,

the density of the variable X, is

n—1
p(x):m;n , 0<xz<@.
This implies
0 0 2
n né n nd
EXn) =— "dr = EX?2, = — e =
=) enA:E AT ) HHA:E )

and thus
nb?

(n+1)2(n+2)
Using theorem 5.6 we have that X, is a consistent estimator for . However, in this case

it is not difficult to modify X(,) to obtain from X(,) an unbiased consistent estimator. If
we define T = "T“X(n), then

var X, = EX7) — [EX ()] =

62
ET—G, varl = m <>
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Chapter 6

Empirical estimators

6.1 Empirical distribution function

We have the numbers z1,...,x,. We order them in such a way that z) < -+ < @),
Empirical distribution function (ecdf — empirical cumulative distribution function) is
defined by the formula

1 n
F(z) = n Z X (=00, (@),
i=1

where
1 forze A,

XA(”””):{O for z ¢ A

is characteristic function of the set A. It means that F,(z) = 0 for x < (). If all the
values z1, ..., x, are different, then at each of them the function F),(x) has a jump 1/n. If
the value x; is in collection x1, . .., x, together k-times, then F, (z) has at point x; jump
k/n. For all values > x(,) we have F,(z) = 1.

6.2 Sample quantiles

Consider numbers x1,...,z,. The sample quantiles (sometimes called empirical quan-
tiles) could be defined as values of quantile function belonging to the empirical distribu-
tion function F,,(x). This definition is introduced in the book Venables, Ripley (2002) on
p. 108. People who use program R have a little different definition. We explain it using
publication Verzani (2002).

Sample median is the point in the data that splits it into half. For example, data

10, 17, 18, 25, 28
have sample median 18, since two values are larger and two are less. In case of data
10, 17, 18, 25, 28, 28 (6.1)

median could be any number between 18 and 25, for concreteness it is taken as the average
21.,5.

The p quantile (also known as the 100p% - percentile) is the point in the data where
100p% is less and 100(1 — p)% is larger. If there are n data points, then the p quantile

o7
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occurs at the position 1 + (n — 1)p with weighted averaging if this is between integers.
For example the .25 quantile of the numbers 10, 17, 18,25, 28, 28 occurs at the position
1+ (6 —1)(.25) = 2.25. That is 1/4 of the way between the second and third number
which in this example is 17.25.

Program R has 9 types of sample quantiles. The type 7 is default. Details can be
found in Hyndman, Fan (1996) and in help to function quantile.

Quantile corresponding to p = 0.5 is median Q(0.5), for p = 0.25 we get lower quartile
(or the first quartile) (0.25) and for p = 0.75 we get upper quartile (or third quartile)
Q(0.75). The difference Q(0.75) — Q(0.25) is interquartile range.

6.3 Sample correlation coefficient

Let (X1,Y1),...,(X,,Y,) be a sample from a two-dimensional distribution. Denote
=1y x ov=lyv ose- L Yxonmov)
_ni:1 (3] _ni:1 ) XY_n_]_i:1 ) ) )

1 - 1 _
5% = (X=X Sh=—7) (=Y

If

EX; = pux, EY;=py, varX;=o0%, varY;=o%, cov(X;,Y;)=oxy,

then according theorem 4.1 we have
EX = ux, EY = py, ESY = 0%, ES; = o5
and similarly can be proved that
ESxy = oxy.

Correlation coefficient p was defined in section 2.6 defined as
p= OXy
VXY

It is natural to define the sample correlation coefficient r using an analogous formula
in which unknown variances and unknown covariance are substituted by their unbiased
estimators. If S% > 0, S2 > 0, define

SXY

VS%SE

If S% = 0 or S = 0, the sample correlation coefficient is not defined. An elementary

arrangement gives

XY —nXY
r= 2 XY= n . (6.2)

V(Z X2 —nX2) (172 - n¥?)

Schwarz inequality implies —1 < r < 1.
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Theorem 6.1 Let (X1,Y1),...,(X,,Y,) be a sample from a two-dimensional normal
distribution with positive variances and the correlation coefficient p € (—1,1). Then r
has the density

2n—3

Julr) = (n—3)!m

00 k
o \(n=1)/2/9 __ ,.2\(n—4)/2 o (n+k—1Y (2pr)
(L= )= e 5o ( : L (63)

for =1 <r<1.
Proof. See Cramér (1946). O

Theorem 6.2 Let assumptions of theorem 6.1 hold and let p = 0. Then the random

variable .
T = - vn—2 (6.4)

— 72

has the distribution t,,_o.

Proof. The I' function satisfies

22—t 1

= L(p)r <p+§), p > 0.

['(2p) =

We apply this formula to (n — 3)! = I(n — 2) = I' (2252). For p = 0 we can write the
density (6.3) in the form

r (n - 1)
fa(r) = 2 (1—rH)=92 <<l (6.5)

—F<n;2)ﬁ

We use the transform (6.4) and obtain the density of t,,_s distribution, which was derived
in theorem 3.10 O

Theorem 6.2 shows how to test the hypothesis Hy : p = 0 against alternative Hy : p #
0. First, the sample correlation coefficient r and the variable T" are calculated using (6.4)
and in the case |T| > t,_2(a) hypothesis Hy is rejected on the level ar. The assumption
that the sample (X1,Y7)’, ..., (X,,Y,) is from the normal distribution is very important.
Test that correlation coefficient p is zero is identical with the test §; = 0 in the regression
model Y; = Gy + f1x; + ;.

Test that coefficient p is zero is very frequent. From this reason critical values for r
were tabulated using theorem 6.2. Since in this procedure critical values of t are used,
critical value r,(«) is defined as the number for which under H,

Pllr] = r(a)] = a

holds. This corresponds to the two-sided test. One-sided tests one obtains using elemen-
tary modification. However, a computer gives directly p-value of the test.

Let us remark that for a sample from the normal distribution in the case p = 0 for
n > 3 one obtains

Er =0, varr =
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In the case p € (—1,1) can be proved that

1— 2\2
Er=p+0n™") varr = Sl +o(n™t)
n
(see Cramér 1946). If the remaining members are ignored, the transformation stabilizing
variance can be derived. We dealt with this problem in section 3.4 (see example 3.14 on

p. 43). It was derived that the variable Z calculated by means of Fisher z-transformation
1. 1+r

Z =—1In
2 1—r

has the distribution with the moments

1.1 1
EZ=-In +p7 var Z = ,
2 1-—p n—3

and this distribution with n — oo fast converges to the normal distribution. This can be
demonstrated on the following fact. We know that the normal distribution has skewness
az = 0 and kurtosis ay = 3. Calculations show that Z has skewness and kurtosis given

by formulas
6 2 4
p ) 2 44 2p* —3p
, =3+ +
(n—1)3 o n—1 (n—1)2
If we want to test the hypothesis Hy : p = po, where py € (—1,1) is a given number
against alternative Hy : p # pgy, we calculate first

043i

1 147 1 1+p0
Z =—In , n )
2 1-r 2 1—pg

If Hy holds then the random variable
U = \/n—B(Z—Co)

has approximately normal distribution N(0, 1). Thus Hy will be rejected in the case when

uza(3)

Using z-transformation an approximate confidence interval for p can be constructed.
If p is the actual value of the correlation coefficient, then

P{M'Z—%lnﬂ‘<u(g>} “1—q.

1—p 2

One gets from this formula that the confidence interval is

D—-1 H-1
D+1 H+1)’

where
2uly) &) H = exp
Vvn=31[" vn—3

D:exp{2Z—
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Table 6.1: Concentration of milk acid

&40 64 34 15 57 45
ni |33 46 23 12 56 40

Example 6.3 Concentration of the milk acid in the blood of mothers (values ;) and
their newborn children (values 7;) was measured. The results are introduced in tab. 6.1.

Calculation gives r = 0.935. Critical value is equal to r4(0,05) = 0.8114. Since
|r| > r6(0.05), we reject the hypothesis that the concentration of milk acid in blood of
mothers and their newborns are uncorrelated values.

Fisher z-transformation gives Z = 1.695. If we want to test Hy : p = 0, we have
po =0, (=0, U = 2.937. Since |U| > u(0.025) = 1.96, we reject Hy also using this test.

For the construction of confidence interval for p with confidence coefficient 0.95 we
get D = 3.088, H = 285.439. From this we calculate that the confidence interval is
(0.511, 0.993). &

6.4 Sample coefficient of multiple correlation

(;11)(;) (6.6)

be a sample from (p + 1)-dimensional distribution. Remember that the random vectors

Let the vectors

X4,..., X, are p-dimensional. The sample correlation coefficient between i-th a j-th
components X,..., X, will be denoted 7;;. Let ry; be a sample correlation coefficient
between Y-th variables and i-th components of vectors X1,..., X,,.

Introduce sample correlation matrices
— p _ p _ /
Rxx = (Tij)i,jzl Ryx = (r0i)i1, Rxy = Ry x.

The diagonal of the matrix Rxx contains units and the matrix is symmetric. We shall
assume that it is also regular. This holds under very general conditions, see Andél (1978).
If we substitute in (2.18) unknown theoretical correlation matrices by their sample
versions, we can define sample coefficient of multiple correlation vy x = ro1,2,. k as non-
negative number satisfying
7“%/7X = RyxR;(IXny.

If p = 2, we obtain

2 2
2 To1 + T — 2701702712

T =
0.1,2 2

Theorem 6.4 If random vectors (6.6) are the sample from the regular normal distribu-
tion, if n >p+1, and if py, x = 0, then the random variable

n—p-—1 2 %

A
P 1_7"}2/)(

has Fp n—p—1 distribution.
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Proof. See Andél (1978). O

Theorem 6.4 is an instruction how to test the hypothesis Hy, that the variable Y
does not depend on vector X . If we are sure that the assumption concerning normality is
tulfilled, we calculate Z. In the case Z > F, ,,_,_1(a) we reject Hy. The value 732/7 x is called
sample coefficient of determination. Further the adjusted coefficient of determination

n—1 9

R =1 (I —ryx)

o T n—p-—1
is introduced. Although authors of statistical software prefer adjusted coefficient of de-
termination, the use of R2; may be dangerous. For example, in the case r{ x < p/(n—1)
we get R2;, < 0. But RZ, is an estimator of theoretical coefficient of determination p3 x,
which is nonnegative.

Example 6.5 In year 1957 statisticians investigated expenses Y; for food and drinks in
households in dependence on number of people in the household z; and on net earnings
z;. The data concerning 7 randomly chosen households are given in Tab. 6.2.

Table 6.2: Expenses for food and drinks

Yl 4 3 41 6 4 5
x| 4 2 41 5 3 4
z |10 8 12 3 15 12 13

The coefficient of multiple correlation which describes dependence of expenses on
number of people and earnings is 0.983. This is statistically significant value, its p-value
is 0.001179. O
6.5 Sample coefficient of partial correlation

Assume that

Y1 &
X, |.... | x. (6.7)
7 Z,

is a random sample from a (p + 2)-dimensional distribution. Vectors X; have again p
components. Let r,41, be sample correlation coefficient between Z-variables and ¢-th
components of vectors Xq,...,X,,. Denote

_ p _ /
Ryzx = (Tp11,i)iz1 Rxz; = Ryx.

In view of theorem 2.18 on p. 29 define sample coefficient of partial correlation ry ; x by
the formula

-1
Tyz — RYXRXXRXZ

Ty.z.XxX = ’
\/(1 — RyxRy'xRxy) (1 - RzxRx'xRxz)

if the denominator is not zero.
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If p =1, then we have

Tyz —TyxTzx

Ty,zx = .
\/(1 - 7“)2/)() (1- T%X)

Theorem 6.6 Let random vectors (6.7) be a sample from regular normal distribution.
If py.zx = 0 and if n > p + 2 then the random variable

T=_"Y2X /o _p—2 (6.8)
\/ 1- r%’,Z.X

has t,_p—o distribution.

Proof. See Andél (1978). O

Theorem 6.6 is used for testing hypothesis Hy : py.z x = 0. From formula (6.8) we
calculate T" and in the case |T'| > t,,_,—2() we reject Hy. The variable ry 7 x can be also
directly compared with the critical value for the common correlation coefficient, only n
must be substituted by the number n — p. It means that Hj is rejected in the case

Ty, z.x| > rnop(a).

Example 6.7 We use again data from example 6.5 on p. 62. First, we calculate the
matrix of the partial correlation coefficients.

[,1] [,2] [,3]
[1,] 1.0000000 0.517452512 0.831167731
[2,] 0.5174525 1.000000000 0.008143009
[3,] 0.8311677 0.008143009 1.000000000

Sample coefficients of partial correlation are ry x z = 0.517 and ry z x = 0.831. The
corresponding two-sided critical value is 0.8114. We can see that there exists statistically
significant dependence between expenses for food and drinks and for earning even if the
influence of the number of the family is eliminated. However, on the basis of given data
we cannot reject the hypothesis that expenses for food and drinks do not depend on
number of people living in the household if the influence of earning is eliminated. But
the sample size was very small, we used it only for illustrations. &
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Chapter 7

Interval estimators

Consider a random vector X = (Xi,..., X,,) such that its distribution depends on the
parameter 6. We say that the random variable S is pivotal (for ), if S is function only
of X and 0 and the distribution of S does not depend on 6.

If the distribution of the vector X depends on the parameter (8, 4d), then S is pivotal
for 0, if S is a function only of X and @ and in the same time the distribution of S does
not depend on (60, 4d). In this case ¢ is called the nuisance parameter.

Pivotal statistics can be used for constructing confidence intervals and confidence sets.
Assume first that @ = 6 is a univariate parameter and S = S(X, #) pivotal statistics. If
a € (0,1) is given then we find such numbers ¢y, gy, that it holds

Plae <S(X,0) <qu}=1-a.
The inequality ¢, < S(X,0) < gy will be transformed into form
L(X,QL,QU) S 0 S U(X7qL7QU)7

which presents the confidence interval for 6 with confidence coefficient 1 — a. 1If the
parameter 6 is multidimensional, then the inequality ¢, < S(X,0) < gy is transformed
to the form 0 € Z(X, qr, qu), which gives the confidence set Z.

Example 7.1 Let X;,..., X, (n > 2) be a sample from N(u,c?), where o > 0. If the
parameter ¢ is known, then

S=(X—p)/(o/vn)

is pivotal statistics for . Variable S has distribution N(0,1). Denote u = u,/, the critical
value of the distribution N(0, 1). Then

This implies

P{X—KSMSX—FE}:l—a,
n n
and thus
[X_E,QHK]
n n
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is confidence interval for p with confidence coefficient 1 — «. The length of this interval
is A = 2uo/y/n. From equation 2uc/y/n = § we get n = 4u’0? /62

If neither parameter p nor parameter o are known, then 7' = (X — ) /(S/y/n) is the
pivotal statistics for p, and now o is nuisance parameter. We know, that 7" ~ t,_1, so
that distribution of 7" depends neither on i, nor on ¢. In this case we have

X —
H < tn_l(a)} =1-—oq.

P { ) = Gk <

Similarly we get that
= tn_1<Oé)S = tn_l(Oé)S
X——— X+ —F——
[ Jn T Tom

is confidence interval for p with confidence coefficient 1 — a. &



Chapter 8

Testing hypotheses

Let the distribution of the random vector X = (X3,...,X,,) depend on an unknown
parameter @ = (6,...,60;). It is known in advance that the parameter belongs to the
parametric space ), which is a subset of R;. This symbol 2 has nothing to do with the
space €2, which was introduced as the space of elementary events.

A detailed analysis can lead to hypothesis that 8 belongs to a subset w of the space
2. We are not sure with this assertion and so we call the assertion 8 € w null hypothesis.
Briefly it is denoted by Hy : @ € w. The other possibility is alternative hypothesis
H, : 0 ¢ w. Equivalently one can write H; : 8 € Q\ w. If the set w has just one element,
we say that the hypothesis Hy is simple. If the set 2\ w has one element, we say that
the hypothesis H; is simple.

The test of hypothesis Hy on the basis of vector X is usually made in the following
way. A suitable set W € B,, is found such that is called critical set. If the event {X € W'}
is realized, then we reject Hy. Otherwise we do not reject Hy. In this decision one of the
following cases is realized.

(i) Hp is valid and the test do not reject it. The decision is correct.
(ii) Hy is not valid and the test rejects it. The decision is correct.
(iii) Hy is valid and the test rejects it. We say that it is error of the first kind.
)

(iv) Hp is not valid and the test does not reject it. We say that it is error of the second
kind.

Assume that we test Hy : @ = 0, against alternative H; : @ = 0. Let the test have
critical set W. Then ((61) = P(X € W|0,) is called power of the test.

We show connection between testing hypotheses and confidence intervals. Let 6 be
univariate parameter and S = S(X, ) pivotal statistics. Let

W ={S(X,0) <c1,5(X,0)) > 2}, ¢ < cg,
be critical set for testing hypothesis Hy : 8 = 6y, such that
P{S(X,0) < c1]bp} = o, P{S(X,0y) > c2|0p} = o, o+ g = a.
Since S is pivotal, we have
P{S(X,0)) <1} =g, P{S(X,0y) > co} = .

67
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Assume that inequality ¢; < S(X,0) < cq is equivalent to inequality w; < 6 < ws, where
wp = ’LUl(X), Wy = wg(X) Then

1—a=P{c < 5(X,0) <o} =P{w; <0 <wsy}.

Interval (wy,ws) is confidence interval for 6 with confidence coefficient 1 — a and it is
complement to the critical set for testing Hj.

Statistical thinking is based on the following principle, which is applied in practical
life. If an event has in the experiment only very small probability,we behave as if this event
cannot come. The size of this probability denoted by a depends on consequences which
the event would have. In practical situations one chooses o = 0,05 and we shall do this
in our text. Hypothesis Hj is chosen so that the error of the first kind is more important
than error of the second kind. If we do not want to accept the error of the first kind, we
must define critical set W so that the probability of error of the first kind would not be
larger than . The best choice of the critical test W is such that under this condition the
probability of the second kind is minimal. Number supge, P(X € W) is called level of
the test. In some cases the best critical set can be found using Neyman-Pearson lemma.

Lemma 8.1 (Neyman-Pearson) Let w = {6y}, Q\w = {61}, so that both hypotheses
Hy and Hy are simple. Let X have density pg when Hy is valid and density py, under Hy.
Let for a given probability o € (0, 1) there exists a number ¢ such that for the set

Wy ={x : pi(x) > cpo(x)} (8.1)

/WO po(x) dx = a.

Then for an arbitrary set W € B,, which fulfills condition

/Wpo(w) de = o

we have

it holds

Proof. We have

/Wopl(w) dw—/wpl(:c) dSL’:/WO\Wpl(w) dm_/W\WOpl(w) da

2/ cpo(x) d:c—/ cpo(x) de
WO\W W\WO

:/ cpo(ar:)dar:—/ cpo(x) de = ca — ca = 0. O
Wo W

It follows from the lemma that from all critical sets ensuring probability of the first
kind equal to « it is W, which has the smallest probability of the second kind.

Thus W is the best critical set. The set (8.1) can be explained as follows. If for the
given x the number p;(x) is substantially larger than number py(x), then we conclude
that the parameter is 6.
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On the other side, if py(x) is considerably larger than pi(x), we decide that the
parameter is 6y. It is also problem of estimating parameters and the lemma 8.1 shows
that the reasonable procedure can be based on comparison of densities with given value
x. This leads to the mazimum likelihood method.

The critical set is often defined so that a test statistics S = S(X) is larger (or smaller)
than a calculated value. In such case it is often used p-value. It is the probability of
obtaining a value as numerically large as or larger than the observed statistics.
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Chapter 9

One-sample problem

9.1 Descriptive statistics

9.1.1 Graphs

Boxplot or more descriptively box-and-whiskers plot is a graphical summary of a distri-
bution. The box in the middle indicates hinges, nearly quartiles, and median. The lines
(whiskers) show the largest and the smallest observation that falls within a distance of
1.5 times the box size from the nearest hinge. If any observations fall farther away, the
additional points are considered extreme values and are shown separately.

If the data are not too many, we can show them on the left (or right) hand side of the
graph. In this way we obtain rugplot.

In the case of many data a picture of histogram is useful. Also other graphs are used,
for example stripchart.

9.2 One-sample Kolmogorov-Smirnov test

In this section we deal with one-sample Kolmogorov-Smirnov test. Let Xq,...,X,, be a
sample from a distribution with continuous distribution function.
Introduce random variables

1, if X;<u,
gi<”””’)—{o, if X, >z

for i = 1,...,n. Define

Fuw) =+ 3" (a), (9.1

Function F,(z) je empirical distribution function. Given a sample, it is the same as the
empirical distribution function which was introduced in section 6.1 on p. 57. We prove
that with growing n the function F,(z) approaches to the true distribution function F'(z).

Theorem 9.1 Pro every real x we have

F.(x) — F(z) almost surely for n — oo.

71



72 CHAPTER 9. ONE-SAMPLE PROBLEM

Proof. For every fixed x the variables §;(x) are independent and identically distributed.
They satisfy

Ple(e) = 1] = Fla),  E&(2) = Fla).

Since F,(z) is defined by the formula (9.1), the assertion follows from Kolmogorov theo-
rem. 0

It is possible to prove a stronger assertion.

Theorem 9.2 (Glivenko-Cantelli) Denote D,, = sup, |F,,(z) — F(x)|. Then it holds

P(lim D, =0) =1

Proof. See Gnedenko (1954). O
We want to test hypothesis H, that this distribution function is F. Let F;, be empirical
distribution function corresponding to the sample X3, ..., X,,. Define
D,, = sup |F,(z) — F(z)]. (9.2)

With respect to theorems 9.1 and 9.2 large values of the variable D,, will give evidence
against the hypothesis Hy. If n is small, special tables of critical values are used. If n is
larger, the limit formula is applied, namely that

lim P(vn D, < A) = K(\),

where .
K(A) =1-2) (1) exp(—2k7A?). (9.3)

k=1
For large n critical values D, («) for random variable D,, are approximated by means

of
1.2

D,(a) =4/ —In— 94
(@) = y/5-In= (94)

(see Likes, Laga 1978). It means that Hj is rejected when D,, > D, («).

Notice that calculation of variable D,, can be restricted to those values of x, in which
F, has a jump. In these points it is necessary to take into account not only the difference
F,(x) — F(x), but also the limit from the right.

It is necessary to emphasize that the hypothesis Hy must determine the distribution
function F' completely including all parameters.

Kolmogorov-Smirnov test can be used for testing the hypothesis that the random
sample Xi,..., X, is from rectangular distribution R(0,1). This is suitable for testing
generators of random numbers. The test cannot be used for testing hypothesis that the
sample is from the normal distribution. This hypothesis does not specify parameters pu
a o2, In the case that we estimate the parameters from the sample and the function
I take distribution function of the normal distribution with estimated parameters, the
distribution of the test statistics D,, would be considerably changed. From this reason
the critical values were determined using simulations. For the normal distribution see
Lilliefors (1967) and Iman (1982), for the exponential distribution see Lilliefors (1969)
and Iman (1982). The generalization to samples from discrete distributions is introduced
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in papers Conover (1972) and Mantel (1974). Test of hypothesis that the sample is from
the Poisson distribution is described in Campbell, Oprian (1979). Kolmogorov-Smirnov
test was generalized to censored samples (see Barr, Davison 1973).

Example 9.3 We simulated the sample with size 20 from the rectangular distribution
R(0,1).

0.29 0.79 0.41 0.88 0.94 0.05 0.53 0.89 0.55 0.46 0.96 0.45 0.68
0.57 0.10 0.90 0.25 0.04 0.33 0.95

The one-sample Kolmogorov-Smirnov test gives the results

D = 0.183, p-value = 0.4604

alternative hypothesis: two-sided

Since the p-value is larger than 0.05, the hypothesis about sample from the rectangular
distribution is not rejected. See Fig. 9.1 &

0.8

0.4

0.0 -
I I I I I I

00 02 04 06 08 10

Figure 9.1: Kolmogorov-Smirnov one-sample test

9.3 One-sample t test

Let Xi,..., X, be a random sample from z N(u,c?), where 02 > 0 and n > 2. Assume
that no parameter p and o2 is known. We shall investigate a test of Hy : = o against

Hy:p# po.

Theorem 9.4 If the true expectation of the normal distribution is p, then the random
variable

T:—XS_“\/E

has t,_1 distribution.
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Proof. 1t follows from Theorem 4.6 on p. 48 that

(n—1)52
o2

and that X a Z are independent. We use theorem 40 which says that

X/\/Z/(n—l) ~ i,
We easily get X/\/Z/(n—l) =T. O

Critical value t;(a) of Student t distribution with & degrees of freedom is defined so
that probability of its exceeding by the random variable with distribution t; is /2. Tt
means that in the case T ~ t;, is

2
~ Xn-1

X —
X=""HB/m~No1), Z=
o

P{T| > ti(a)} = a.

This is the difference from definition of most other distributions.
Let us return to the problem formulated at the beginning of this section. If Hy holds,
then using theorem 9.4 and definition of critical values of t distribution we have

X —
P %\/ﬁ >t (@)| = a (9.5)
Practical procedure for testing Hy against H; is the following:

X
(i) Calculate value Ty = 5 Ho V.

(ii) If |To| > tu—1(«), reject Hy. Otherwise do not reject H,.

Formula (9.5) ensures that the level of the test is .
If we consider the complementary event then from formula (9.5) we get
- S )
l—a=P|X - —t, 1(a)<p< X+

\/ﬁ %tn_l(oz) .
Thus the interval X Fn~"25t,_,(«) is the confidence interval for ; for unknown o2 with
confidence coefficient 1 — a.
One-sided tests and one-sided confidence intervals can be derived similarly as for the
normal distribution with known variance. The results differ so that instead of o we have
S? and instead of value u(a) we have t(2a).

Example 9.5 An automaton fills boxes with a washing powder. Each box should contain
1 kg of the powder. Five boxes were randomly taken and their contain exactly weighted.
The following departures (in dkg) were found:

-3 2 =2 0 -1

It should be detected if there is systematic departure from the considered value.

We consider our data as random sample from z N(u,o?), If there is no systematic
departure, the hypothesis Hy : 4 = 0 holds. If there is a departure, the hypothesis
Hy : p# 0 will hold. We have

n=>5, X =—-0.58, S? =3.7, Ty, = —0.9300.

Since |Tp| < t4(0.05) = 2.776, the hypothesis Hy cannot be rejected. Two-sided confidence
interval for the parameter p with the confidence coefficient 0,95 is (-3.19, 1.59). Notice
that it contains value pg = 0. &
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9.4 Variance

Consider the random sample X7, ..., X, from N(u,0o?), where n > 1 and no parameter

p and ? > 0 is known. We shall deal with the test Hy : 0 = 02 against H; : 02 >

0. Let x7() be critical value of distribution x73. It is the number which the random
variable with distribution Xfc exceeds with probability a. Test is based on the variable
52 =35" (X; — X)?/(n — 1), which is unbiased estimator of the parameter o2 and its

distribution does not depend on . We choose critical set S? > k. If Hy is true and we

want a:P(S22k)=P{(n_1)52>(n_l)k}’

2 = 2
) o)

we must have
(n—1Dk/og = X7 (),

so that
k=agxp_i(a)/(n—1).
If the true variance is 02, we obtain
—1)5?
P{(”zi) <02} —1-a
Xn—l(a)

Thus
((n—1)S%/x5_1(a),00)

is the right-hand side confidence interval for o2.
If we want to test Hy : 02 = o2 against H; : 0% # o2, we reject Hy in the case that
either S? < ky, or S? > ky. The statisticians usually choose k; and &y so that

P(S2 < k) = % P(S2 > ky) = %

This will be satisfied when

_ UgXi—l (1 - %)

n—1

USX%—l (%)
n—1

kl ) k2 =

If the true variance is o2, then

P{(n_l—)52 <02<—(n_1)52)}:1—a.

X%—l (%) X%—l (1 - %

(n—1)8? (n—1)52
Xa—1 (%) "X (1 - %)
is the two-sided confidence interval for o2 with confidence coefficient 1 — .
The two-sided confidence interval satisfying condition P(S? < k) = P(S? > ky) =
5 is not optimal in the sense that its length is not shortest possible. If the density
of the corresponding random variable is unimodal and smooth, the optimal confidence

interval may be calculated using theorem 9.6 (see Farnsworth 2004). There are two

It implies that
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complementary problems. First, we would find the interval of the given length which has
maximal probability. In the second problem we want to find the shortest interval which
has the given probability. It is clear that the solution of the second problem leads to the
solution of the first one.

Theorem 9.6 Let the random variable X have absolutely continuous distribution func-
tion F' and the differentiable density f. Let w > 0 be the given number. Consider all
couples (z,x + w) such that f'(x) >0, f'(x+w) <0. If f(z) = f(x+w) holds, then the
interval [x,x + w] has locally mazimal probability among all intervals of length w.

Proof. Define
Alx) =P(X <z+w)—P(x <z) = F(z+w) — F(x).

When w is fixed, A(z) depends only on z. We have A'(z) = f(z +w)— f(x), so that the
condition A’(x) = 0 gives f(z + w) = f(x). Since A”(x) = f'(x +w) — f'(z) < 0, local
maximum of A(z) is at point = for which f(x 4+ w) = f(x). O.

In many cases we have f(x) =0 for x < 0, f(z) increasing on (0, z() and decreasing
on (xg,00). Then A(x) has exactly one local maximum which is also global maximum.

9.5 Sign test

Let X4,..., X, be a sample from a continuous distribution with median z. It means that
1

We test the hypothesis Hy : © = xg, where z( is a given number. We start with the
two-sided test where the alternative hypothesis is Hy : ¥ # xy. We form the differences
Xy — xg,..., X, — x9. If some differences are zeros then they are dropped. Number
of positive differences will be denoted as Y. If Hy holds, Y has binomial distribution
Bi(n, %) Hypothesis Hy will be rejected, if Y is nearly zero, or nearly n. In such cases
tables of critical values ki a ko can be used. They satisfy

P(Y < k1) < % P(Y > k) < (9.6)

N e

Here k; is the largest and ko the smallest number for which (9.6) is valid. Because the
distribution Bi(n, §)is symmetric, we have ky = n — k.

Hypothesis Hy will be rejected in the cases when Y < ky or Y > k5. The level of test
is maximally «. Usually, it is considerable smaller than a.

Introduce random variables &1, ...,&, so that & = 0 in case X; — g < 0Oand & =1
in the case X; —x9p > 0. Thus Y =& +--- +&,. Since E¢; = varf, = 4, central limit
theorem ensures that the variable (Y — —) / +/n has asymptotlcally distribution N(0, ).
Thus the variable

2Y —n
\/ﬁ
has asymptotically distribution N(0,1). The hypothesis H, will be rejected when |U| >
u(5). The level of this test tends to ae. The procedure is used if n > 20. Practically, Hy
is rejected when U? > y3(«).

U=

(9.7)
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The sign test is used specially in the case when the distribution of random variables
X is considerably skew. However, the power of this test as rather small. Since this test
has considerably large probability of the error of the second kind, it is recommended to
have in the disposal larger number of observations n.

If from the technical reasons some differences X; — xy are zeros then these values are
left out and number n is correspondingly decreased.

The sign test can be one-sided. Multidimensional sign test is introduced in Bennet
(1962).

Example 9.7 Ten persons should independently estimate time one minute. The follow-
ing results (in seconds) were registered:

53, 48, 45, 55, 63, 51, 66, 56, 50, 58.

We have © = 60, n = 10, number of differences with positive sign is Y = 2. For n = 10
and o = 0,05 we have ky = 1, ks = 9. Since Y € (kq, k3), the sign test does not reject
hypothesis Hy. It can be calculated that in this case the actual level of the test is not
0,05, but only 0,02. But the test which would use values k; = 2, ks = 8, would have level
0,11.

%

9.6 One-sample Wilcoxon test

Let X4,..., X, be random sample from a continuous distribution with the density f,
which is symmetric around the point a. Then we have f(a + ) = f(a — z). Then
obviously a must be median x. If there exists finite expectation of this distribution then
for each 7 it must hold EX; = a. Finiteness of the expectation is not assumed, however.
The one-sample Wilcoxon test is designed to testing hypothesis Hy : T = zy against the
alternative hypothesis H; : T # xo.

Assume that no variable X; is equal to zy. Define Y; = X; — 5. The variables Y;
order into non-decreasing sequence with respect to their absolute value

Y|y < Ve < < [V

Let R be the rank of variable |Y;|. Define

ST=3"Rf, S => Rl

Yi>0 Yi<0

It holds S*+ S~ = n(n+1)/2. If the number min(S*, S7) is smaller or equal to critical
value wy,(«), we reject Hy.

Our assumptions imply that Y7, ..., Y, are independent identically distributed random
variables and their distribution is symmetric around zero.

Theorem 9.8 Vectors (sign Yi,...,sign Y,,)" and (|Y|@y,...,|Y|w)) are independent.
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Proof. Since the variables Y; are independent, vectors (sign Y;, |Y;|)" are also independent.
From continuity and symmetry of distribution it follows that

P(sign Y; =1) =P(sign Y; = —1) = =.
For an arbitrary y > 0 we have

1
Psign Vi =1,V <y)=P(0<Y;, <y) = §P(—y <Y, <vy)
1 .
=5P(Yil <y) = Psign Yi = ) P(JYi| <y).
Thus the variables sign Y; and |Y;| are for every i independent. The result is that the

vectors (sign Yi,...,sign Y,) and (|Yil,...,|Ys])’ are independent. Since the vector
(1Y|ays - - -+ |Y|my)" is a function of the vector (|Y3],...,|Y,|)’, the proof is finished. O

Theorem 9.9 Let S =Y R/ signY;. Then
i=1

n(n—i—l)‘

1
+ = Z
S—QS+ 1

Proof. We have ST — S~ =S5, St 4+ 5~ =n(n+1)/2. From here ST can be easily
calculated. O

Theorem 9.10 If Hy holds, then

1 1
EST = Zn(n +1), var St = ﬂn(n +1)(2n + 1).

Proof. First we notice that Esign Y; = 0 for every i. From theorem 9.8 we get that
E(R/ signY;) = (ER;")(EsignY;), and thus

E(R; sign ;) = 0. (9.8)

From here

ES =) E(R]signY;) =0.

i=1
In view of (9.8) we have
var(R; sign Y;) = E(R; sign Y;)? = E(R})*E(sign Y;)* = E(R]")?
1 1 1 1
— 2_ 2_ e 2— = —
=1 " +2 i R 6(n+1)(2n+1).
Similarly can be proved that
cov(R/signY;, Rfsigny;) =0  fori # j.

Now, we apply theorem 2.4 on p. 22. O
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It can be proved (see Héjek, Siddk 1967), that ST has asymptotically normal distri-
bution. The hypothesis Hy can be tested by means of statistics

St —EST
Vvar S+’

where ES™ and var S* are introduced in theorem 9.10. If |U| > u(%), hypothesis Hy is
rejected on the level, which is approaching to a as n — oc.

It is necessary to emphasize that one of the assumptions of the on-sample Wilcoxon
test is the symmetry of the density f around the median. Hypothesis Hy can be correctly
rejected also in the case when the median is equal to x(, but the density f is strongly
non-symmetric.

If some of the variables X; is equal to z(, usually this observation is left out.

U:

Example 9.11 We show the analysis of the data introduced in example 9.7. We remem-
ber that estimates of time of one minute (in seconds) were

53, 48, 45, 55, 63, 51, 66, 56, 50, 58.

If the median of this distribution is xy = 60 seconds, we would obtain variables Y; =
X; —60. They are equal to

—7, —12, —15, =5, 3, -9, 6, —4, —10, -2.

We order the variables in a non-decreasing series with respect to their absolute values.
We get
-2, 3, —4, =5, 6, -7, -9, -10, -—-12, -—15.

The order of the number 3 is 2, the order of 6 has the order 5. Thus ST =2+5 = 7.
We get S =10 x 11/2— ST = 48. Critical value is w10(0,05) = 8. Since min (S*,57) =
7 < wip(0,05) = 8, we reject the hypothesis that in human population half persons the
length of one minute undervalues and half overvalues. The asymptotic procedure would
give

EST = 27,5, var ST = 96,25, U= -2,09.

Since |U| > u(0.025) = 1.96, hypothesis Hy would be rejected also by this procedure.
¢

9.7 Hodges-Lehmann estimator

Let X;,..., X, be random variables and Xy < --- < X, the ordered random sample.
Define
- X(k+1), ifn:2k+1,

[X(k) + X(k_,_l)]/Q, if n = 2k.

Then X is called median of random variables X;,..., X,. We use denotation X =
median(X7y, ..., X,).

Let X1, X5 be independent random variables with identical distribution function F,
which has median Z. Consider the variable Y = (X;+X5)/2 and denote G the distribution
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function of the variable Y. Then ¢ is pseudomedian of the distribution, which has the
distribution function F. Notice that pseudomedian was introduced in the paper Hgyland
(1965).
Distribution of the random variable X is symmetric about the point u, if we have for
all real x
PIX>u+2z)=PX <pu—ux).

The distribution is called symmetric, if there exists such p that this distribution is sym-
metric about u.

Theorem 9.12 If the distribution defined by the distribution function F is symmetric
and if there exist median and pseudomedian uniquely, then median and pseudomedian
are the same. If the distribution that corresponds to the distribution function F is not
symmetric then generally T # .

Proof. Assume without loss of generality that the distribution given by the distribution
function F' is symmetric about zero. A necessary and sufficient condition for it is that
its characteristic function is real. Because characteristic function of the sum X; + X, is
the product of characteristic functions of individual summands, the distribution of the
sum X; + X5 is symmetric about zero. If median and pseudomedian are defined uniquely,
each of them must be zero.

Let X; and X5 be independent identically distributed random variables with expo-
nential distribution with the parameter A\ = 2, which has density f and the distribution
function F' given by formulas

o) = %e—w/{ F)=1—c"? >0
Median of this distribution Z is the root of the equation F'(z) = 1/2. We get £ = 2In2 =
1.386294.
Now, we take into account that f is the density of the distribution x3. Consequently,
the variable Z = X; + X5 has distribution x3 with density g(z) = 1ze*/% for z > 0. Let
Y = Z/2. Then Y has density h(y) = ye™¥ for y > 0 and the distribution function

H(y)=1-(1+y)e?,  y>0.

Median g of the distribution with the distribution function H one gets by solving equation
H(y) = 1/2. The result is § = 1.67835. Median of the distribution Ex(2) is not the same
as pseudomedian of this distribution. O

Let us return to the original formulation of the test. We defined Y; = X; — ¢, and
the unknown median of the distribution X; is a. If it holds xq = a, from theorem 9.10 we
would have ES™ = n(n + 1)/4. Tt suggest to take as estimator of parameter a such value
xo = a,for which we should have S™ = n(n + 1)/4. The solution is to choose

d:medin{%, igj}.

Each of n(n+1)/2 means (X; + X;)/2 is called Walsh mean (Walsh 1949). The variable
a is called Hodges-Lehmann estimator (it belongs to the class of estimators introduced



9.7. HODGES-LEHMANN ESTIMATOR 81

in paper Hodges, Lehmann 1963). Based on principles leading to Hodges-Lehmann es-
timator it is possible to construct nonparametric confidence interval for pseudomedian
(see Hollander, Wolfe 1973, p. 35). We remark, that the Hodges-Lehmann estimator and
nonparametric confidence interval can be constructed also in the case of two samples in
connection with two-sample Wilcoxon test (see Hollander, Wolfe 1973, p. 75).

Example 9.13 We continue with the example 9.11. The calculations are made by pro-
gram r.

p-value = 0.03711,
95 percent confidence interval: 50.0 59.5
sample estimates: (pseudo)median

54

Hodges-Lehmann estimator for pseudomedian is 54, the confidence interval for pseudo-
median with confidence level 0.95 is (50.0,59.5). &
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Chapter 10

Discrete one-sample problem

10.1 Confidence intervals and tests for p

10.1.1 Tests in binomial distribution

Assume that X ~ Bi(n,p). We describe a test Hy : p = po against Hy : p # po, where py

is given value from interval (0,1). The sign test was a special case of this problem with

1
Po = 3-
If n is a small number, we calculate for the given a the largest integer k; such that

k1

i) =3 ()b -y <

i=0

and the smallest integer ko such, that
— (n) n—i o &
Sy(k2) = Z}; <i)p0(1 —po)"" < 5

i=ko

Hypothesis H, will be rejected on the level maximally o, if X < k; or X > ks.
A direct calculation of sums S1(k;) and Sy(ks) can be mathematically very difficult.
A better procedure is to use the relation

- ny n—i * <S+ 1)(1 _p>
; (Z,)p (1= )" = Fo_ sy aosn) [W , (10.1)
which is valid for s = 0,1,...,n — 1; here F* (x) is distribution function of the Fisher-

Snedecor distribution. See Ling (1992), Peizer, Pratt (1968) and Pratt (1968).
This method is equivalent to the following procedure. Denote

X
D= N
X + (n — X —+ 1)F2(n—X+1),2X <§>
a
(X 4+ 1) Fy(x41),20—x) (§>
= )
n— X+ (X + 1) Fax11)2(m-x) <§>

83
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where [}, () denotes the critical value of the F,,,, distribution on the level 8. If 0 <
X < n, then (D, H) is confidence interval for parameter p with the confidence coefficient
1 — a. In the case py ¢ (D, H), we reject the hypothesis Hy. Here (D, 1) is right-hand
side confidence interval for parameter p with confidence coefficient 1 — § (when X = n)
and (0, H) is left-hand side confidence interval for p with confidence coefficient 1 — 5 (also

when X = 0).

Example 10.1 Simonoff (2003) on p. 66 introduces that among the 13 patients, that
had Lymski borelioza, to a given diagnostic test 8 reacted. Estimated sensitivity of the
test is 8/13=61.5 %. O

10.1.2 Wald confidence interval
Let X ~ Bi(n,p). Let u, be critical value of the distribution N(0,1) on level a. If

value X =z (z # 0, = # n), is observed, then the maximum-likelihood estimator of the
parameter p is p = z/n.
Denote g=1—p, ¢=1—p,

go PP g PP

Vpa/n' NG

Then p Lp, q L, q, & N N(0,1). Since

p—p
pg/n
R
g
pq

W

7 =

from Cramér-Slucky theorem it follows that Z LR N(0,1). From this reason an approx-
imate confidence interval for p with confidence coefficient 1 — « is equal

P % tas2/D(1 —p)/n. (10.2)

It is so called Wald confidence interval or standard confidence interval.

It is not recommended to use the Wald interval when n is small. The problem is that
the confidence coefficient can substantially differ from its nominal value and in many
cases is rather small.

10.1.3 Wilson confidence interval

Because of above mentioned problems the statisticians looked for other methods for con-
structing confidence interval. Since

< ua/2> ~ 1 -,

p(l_2—P
V(L =p)/n

we have
P(lp —p* < w?,,p(1 —p)/n) ~1—a.
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The roots of the equation
p—pl* = ul)p(l —p)/n
determine new confidence interval. Define shortly u = uq/2. Then we get the equation

(n +u”)p* — (2np + u)p + np* = 0

with roots

2np +u? £ /(2np + u2)? — 4(n + u?)np?
2(n + u?)
n 1 u? n \/ﬁ(l —p) nu? 1wt

n+u? | 2n+ ul 4

P12 =

- P n @2 Amta)r

We derived Wilson confidence interval (also called score interval or also g-interval).
Denote the center of the Wilson interval by symbol c. Since ¢ is the weighted mean of
the values p and 3, we get |5 — ¢ < |3 —pl.

10.2 Confidence intervals for parameter \

10.2.1 Standard confidence interval

Let X1,..., X, be a sample from Po(\). Maximum likelihood estimator of the parameter
Ais A = X. It is known that

X =2

A

EX=X\ varX=2\/n, Z= —45 N0, 1).

Since X — A, we obtain -
X =\
VX /n

From here it follows that the interval with endpoints

X tuap\/X/n (10.3)

is confidence interval for A with asymptotic confidence coefficient 1 — a. It is called
standard confidence interval.

—4, N(0, 1).

10.2.2 Score confidence interval

If the true value of the parameter is A, then it follows from the asymptotic normality of

the variable Z that B
X —
P | )\|§ua/g —1—a.
VA/n

Write 4 = u,/2. Then the endpoints of the score confidence interval are roots of the
equation

X — A
= Uu.

ey
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We write this equation in the form X2 — 2X\ + A\? = u)\/n and we get the solution

1| - u2\? _ _u? u u?
A2 == |[2X +— =% 2X —4X2 | =X+ —+ —/ X+ — 10.4
27 L \/( * ) "o NG TS (10.4)

10.2.3 Clopper-Pearson confidence interval

The sums of probabilities in the Poisson distribution can be calculated using the distri-
bution function of the x? distribution. Remember that the density of x? distribution
is
1
R —— e T > 0. 10.5
Ty 10

Integrating by parts it can be shown that

A= /2:0 foma(z) do

Assume that X ~ Po()). Then the Clopper-Pearson confidence interval for A based
on X is (Ag, \y), where the limits Ay and A, are given by the conditions

P(X > z|A=X\) = /2, PX <z|A=\) =a/2,

and \g = 0 for z = 0. Let x2(c) be upper a percentile of x? distribution (critical value
of the x2 distribution on the level ). Then the solution is

0 forz =0 L, a
)\ = ’ ’ )\UZ_X:B <_)
d {1 3. (1—%), foraz#0, 2n 2\ 2

%X%c

In the case that X, ..., X, is the sample from Po(\), we define X = >"" | X,. Thus we
have X ~ Po(nA). The limit A, on the basis X is given by the condition

5 =P(X <ald = X) = P(iGup 2 200).

This gives 2n\, = X3, (@/2), it means A\, = 5-x3,,5 (@/2).

10.3 Tests y?> when parameters are known

Let random vector X have the multinomial distribution. In view of (2.26) on p. 31
we can apply the central limit theorem. Define Y = D™ 'X. The vector Y has also
asymptotically normal distribution because it arises by linear transformation from X.
Using results derived in section 2.9 on p. 30 we have EY = (/np1, ..., /npr ), varY = Q.
Applying theorem 3.8 on p. 39, we can see that (Y —EY ) (Y — EY’) has asymptotically
X:_, distribution, because the rank of the the matrix @ is k—1. Variable (Y —EY )/ (Y —
EY) is denoted as x? and it equals to

Z — )" (10.6)

=1
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Variables X; are called empirical frequencies and np; are theoretical frequencies. In some
cases the value y? is calculated from (10.6) because it is important to know summands on

the right hand side. The complete value x? can be calculated from the modified formula

(10.6)

1 X?

2 7
X = - E —n. 10.7
n <= pi ( )

Using variable y? defined in (10.6) and introduced in (10.7) we can test the hypothesis
that the true values of probabilities of a multinomial distribution are equal to numbers
P1,- -, Pk I we get x2 > x2_ («), we reject the hypothesis Hy. This Pearson x* test can
be applied for testing regularity of dice, (where the probability should be 1/6 for each
possibility), for checking generators of random numbers and in many other cases.

It is necessary to emphasize that the test y? is asymptotic and so it can be recom-
mended only if the sample size n is sufficiently large. Modern computers enable to find
the critical value using simulations.

Example 10.2 In the book Yule, Kendall (1950) are introduced results of 4096 throws
with 12 dices. For each throw it was recorded how many six’s were obtained. The results
are introduced in table 10.1.

Table 10.1: Results of 4096 throws with 12 dices

Number of 6
0 1 2 3 4 5 6 7 and more | Total
n; | 447 1145 1181 796 380 115 24 8 4096
p; 10.112 0.269 0.296 0.197 0.089 0.028 0.007 0.001 1.000
np; | 459 1103 1213 809 364 116 27 5 4096

Probability of a 6 is 1/6 and results are independent, number of 6 is random variable

with binomial distribution Bi (12, %) Thus

12 1IN /5 12
g = | . = = , =0,1,...,12.
=06 G-

Using (10.6) or (10.7) we get x? = 5.484. Since this result is less than critical value
x2(0.05) = 14.07, we cannot reject the hypothesis that the dices are regular. &

10.4 Tests x> when parameters are not known

It happens frequently that the probabilities py, ..., pr depend on an unknown parameter
a=(ay,...,a,). We can write p; = pi(a),...,pr = pr(a). Pro each a we must have

If the functions p;(a) are sufficiently smooth then we obtain from here

0p1(a) 8pk(a)
0aj * * 0aj

=0, j=1,....m. (10.8)
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This relation is used for derivation of other formulas. Instead of (10.7) we have now

k
1 X?
2 7
X a) = —
(a) =~ 2 pi(a)

—n. (10.9)

For estimating a similar procedure can be used as it was least squares method in the case
of linear model. Let a* be the value of the parameter a, which minimizes (10.9). Then
a* is called estimator of the parameter a using method of minimal x?. We get it solving
the system of equation

Ox(a ——li : (a) =0 =1 (10.10)
8a] 0 - a 8a] = U, J=1...,m. .

Usually, it is difficult to solve this system and so another procedure was looked for.
Instead of (10.9) we can differentiate relation

X’(a) :; X ;p:lézga)] . (10.11)
This leads to
10x%(a) <~ (Xi —npi(a) | [Xi —np(a@)]? dpi(a)
3 o, _Z( ) B =0 (1012

for j =1,...,m. It is the same as the system (10.10). It can be shown that with growing
n the influence of the second member on the right hand side of formula (10.12) has less
influence. If we leave it out, we come to a new system of equations

k

Z npz aPZ():O 7=1...,m.

a .
— da;

Using the relation (10.8), we have finally the system

lpi(a) 8aj

M-

=0, j=1,...,m. (10.13)

(2

The solution of the system (10.13) denote a. It is called estimator of parameter a by
modified method of minimum 2.

System (10.13) is related to problem of estimating parameter a by maximum likeli-
hood method. Likelihood function of multinomial distribution is

(@) = ey @] @)

Thus the logarithmic likelihood function is

L(a) =1In f(a) :mﬁ +;X JInp;(a).
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Likelihood equations are

JL(a)
8aj

=0 fory=1,...,m.

Estimator of the parameter a using maximum likelihood method is solution of the system

of equations
k

X; Opi(a) .
=0 forj=1,...,m, 10.14
2 @) o, J (10-14)

which is the same as the system of equations (10.13) for estimator a by modified method
of minimum 2.

Theorem 10.3 Let m < k — 1 and assume that for all points a from nondegenerated
finite closed interval A z R,, hold:

(1) pi(a) + -+ pr(a) = 1.
(2) There exists such ¢ > 0, that p;(a) > ¢ fori=1,... k.

(8) Every function p;(a) has continuous derivatives

dpi(a) 9*pi(a)
da; and da;0as

for j,s=1,...,m.

(4) Matrix (8];-((0) , which is of type k x m, has rank m.
aj

Let a® be inner point of A. Denote p? = p;(a®). Let X = (Xi,..., Xy) have multinomial
distribution with parameters n,p?,...,pY. Then in the case n — oo there exist such
sequences of positive numbers €, — 0 and 6, — 0, that the system (10.13) has with
probability at least 1 — &, one root a,, such that |a, —a®| < 6,. If we insert this root into
(10.14) [or equivalently to (10.13)], the variable x*(a,) for n — oo has asymptotically
X,y distribution.

Proof. See Andél (1978) or Cramér (1946). O

Let us remark that assumption (4) excludes to introduce superfluous parameters a;
into model. Analogous theorem can be proved also for other kind of estimators, see
Rao 1978. But there exist nice estimators of the parameter a which do not satisfy
assumptions of theorem 10.3. Typically x? test is used as test for distribution and as the
test of independence in contingency tables. We shall introduce these methods. Also here
it is necessary to have theoretical frequencies np;(a) sufficiently large.

10.5 Test of independence

Let the random vector X = (Y, Z)" have discrete distribution, variable Y takes values
1,...,r and variable Z values 1,...,c. We shall write

py=PY =i,Z=3j), p.= me pj= sz'a*
P i
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Assume that we have sample of size n from this distribution. Let n;; be number of
the cases when the pair (7, j) appeared in the sample. Random variables n;; then have
simultaneous multinomial distribution with parameter n and with probabilities p;;. There
is a difference in comparison with section 10.4, namely that probabilities p;; as well as
empirical frequencies n;; are written as matrices instead of vectors. Matrix (n;;) is called
contingency table. Further we write

n; = E Ny, n; = E Ny
j )

Clearly it holds
D DI BTES 3 »i
i j i g
Numbers p; and p; are called marginal probabilities and values n,; and n; are marginal

frequencies. Matrix of probabilities (p;;) and the contingency table (n;;) are introduced
in tab. 10.2.

Table 10.2: Matrix of probabilities and contingency table

Matrix of probabilities Contingency table
Z A
Y 1 - ¢ > Y 1 --- ¢ by
1 P11 - Pie| P 1 Ny - MNic| N,
r Pr1 * DPrc Dr. r Nep t 0 Nype Ny,
pl ... p.c 1 2 nl ... n.C n

In practical situations the contingency table arises in the following way. We follow
two characteristics. They can be discrete and have only a few values (man - woman,
blood group 0 - A - B - AB) or we prepare only some categories. In many cases we give
numbers 1,2, ... only as marks, but they are not exact values.

The most frequent problem solved in contingency tables is testing hypothesis that the
variables Y and Z are independent. Before derivation of the test independence, we prove
an auxiliary assertion.

Theorem 10.4 Variables Y and Z are independent if and only if for all pairs (i,j) the
relation p;; = p; p.; holds.

Proof. 1t is known that Y and Z are independent if and only if P(Y € A,Z € B) =
P(Y € A)P(Z € B) for arbitrary sets A C {1,...,r}, B C {1,...,c}. If we choose
A = {i}, B = {j}, then it follows that in the case of independence Y and Z we must
have p;; = p; pj. Choose A = {1,2}, B = {1,2,3}. The general case is similar. We have

(Zp.j —P(Y e AP(Ze B). O
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Thus the hypothesis of independence Hy can be written in the form
Hy : pij = pip.j, 1=1,...,m 5=1,...,c

It means that probabilities p;; of multinomial distribution are functions of smaller number
of unknown parameters, namely of marginal probabilities p; a p;. But the marginal
probabilities are not independent, since

Zpi. :Zp.j =1
i j

If we wish to fulfil condition (4) from theorem 10.3, then we cannot include probabilities
pr. and p . among unknown parameters, because they can be calculated from other prob-
abilities. Thus we have m =r — 1+ c¢— 1 = r 4+ ¢ — 2 unknown parameters. However,
we consider only situations where all marginal probabilities are positive. Otherwise we
would skip some rows or some columns.

Unknown parameters py ,...,p,—1, and p1,...,p .1 can be calculated from the sys-
tem (10.13). Instead of X; we have here variables n;;. We obtain

Z(@—@)zo, i=1,...,r—1 (10.15)

j=1 Di. Dr.
and .
Z(@—n—): L =11, (10.16)
i=1 P D.c
since we have for h =1,...,r — 1 that
p; fori=nh,
Opip; —p,; fori=r,
Oph.

0 in other cases.

Similar result can be obtained for partial derivatives with respect to p;. Formula (10.15)
holds also for ¢ = r and (10.16) holds also for j = c. Instead of (10.15) we can write

;. s .
Di. Dr.
From here we get
Ny, .
n;, = —pPi., 221,...,7’.
Dr.

Summing over i we have n = n,. /p,, so that estimator for p, is p, = n, /n. Finally,
inserting into (10.17) we have estimators

o n;. .
pi. = —, 1=1,...,7
n

Similarly can be solved (10.16) and the result is

~ n.; .
Dj= j, j=1...c

n
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Theorem 10.3 ensures that the variable

= ZZ J S (10.18)

has asymptotically distribution y2, and its number of degrees of freedom is
re—(r+c—2)—1=(r—1)(c—1).

If we get x? > X%T_l)(c_l)(oz), we rejct the hypothesis Hy that the variables Y and Z are
independent. Of course, the theoretical frequencies n;n_j/n must be sufficiently large.

Example 10.5 U 6800 mu byla zjiovna barva o a barva vlas (viz Yule, Kendall 1950).
Vsledky jsou uvedeny v tab. 10.3.

Table 10.3: Colour of eyes and hair

Color of hair
Colour of eyes | Fair Chestnut Black Red-haired | Total

Blue 1768 807 189 47 2811
Green 946 1387 746 53 | 3132
Brown 115 438 288 16 857
Total 2829 2632 1223 116 | 6800

We obtained x? = 1073.508, df = 6, p-value < 2.2e — 16.
Because of small p-value we reject the hypothesis that color of eyes and color of hair
in men population are independent variables.

%

10.6 2 x 2 tables

10.6.1 Test x?

Test of independence in contingency table 2 x 2 can be based on formula (10.18). In the

case 1 = c = 2 we get
n;n;\2
2 (nw — > 2

2 2
SOy e Wm
nn )

i=1 j=1 i=1 j=1

>‘<l\')

I
N
™
S
3
<.
zm

For every pair (7, j) we have
(nnij - ni.n.j>2 = (n11n22 - n12n21)2,

and thus
2

2
2 (7111”22 - 7112”21 Z Z . (n11m22 — 7112”21) n
n; n]

n nNypNoN 1M 2
i=1 j=1

(n11n22 - n12n21)2

—n . (10.19)

nina2nin 2
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If hypothesis of independence is valid, then the statistic x* has asymptotically x? distri-
bution.

10.6.2 Odds ratio

Another approach to 2 x 2 tables can be motivated in the following example. Assume
that a man has a disease. He checks up that this disease had 18 men. Some of them were
cured, some not. Some are alive, some not. Data are in tab. 10.4.

Table 10.4: Data on sick men

Alive Dead Total
Cured 5 6 11
Not cured 3 4 7
Total 8 10 18

The man can think as follows. If he cures, his chance to alive can be estimated 5:6.
If he does not cure, then the chance to alive is 3:4. Using division we find the better
possibility: the expression
5:6 5x4 20
3:4 6x3 18

is larger than 1, and so it will be better to cure. Such expression is generally

n11M22
b —

N12N21

and we call it odds ratio. Since n;;/n is estimator of probability p;;, b is estimator of C.

_ PuiPp22
P12P21

Theorem 10.6 In 2 x 2 table the equality 3 = 1 holds if and only if p;j = pip; for all
couples (i,7),1 % j.

Proof. If p;j = p;.pj,i # j for all couples (7, j), then we get immediately that § = 1.
Now, assume that 5 = 1 holds. If we denote p;1/p12 = A, then from § = 1 it follows
that also pa;/pae = A. From here

P11 = Api2, P21 = Apaa.

The corresponding table of probabilities can be written as tab. 10.5.

Table 10.5: Table of probabilities

Ap1i2 pia | (A4 1)pr2
Apa2 Doz | (A + 1)pae
(>‘ + 1)]9.2
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Since (A + 1)po = 1, we get that A+ 1 = 1/p,. Because (A + 1)p12 = p1., we see
that p1o = p1.p2. Similarly from the relation (A + 1)pas = po. it follows that pas = po.poo.
Finally we get

pri=p1. —pi2 = p1. — pr.P2 = pr.(L —p2) = prp1,
Pa1 =Do2. — Doz = P2, — P2 P2 =p2.(1 —pa) = papi. O

The dependence of variables will be larger if 3 is far from 1. However, do not forget
that 0 < # < oo. It was proved (see Edwards 1963), that every reasonable measure of
dependence in 2 x 2 table must be function of parameter (3, in the sample the function b.

Values ( are not symmetric around point 1. From this reason the characteristics
logarithmic interaction d and theoretic logarithmic interaction ¢ were proposed, which
are defined as

d=1Inb, 0 =Ing.
It was proved (see Goodman 1964), that variable
d—o
1 1 1 1

—_—t— +— + —
ni ni2 N2y 22

D=

has asymptotically distribution N(0,1). If we want to test hypothesis independence H
using this method, we insert § = 0 and Hy is rejected in the case that [D| > u (%). It
is important that using D it is possible to test Hj also against one-sided alternatives.
Again, the test is asymptotic and should be used when the frequencies are sufficiently
large.

Let us return to the parameter 5. It can be expressed in the form

_ bupa _ pu(l—p1. —p1+pu)

P12P21 (Pl. - pll)(p.l —pll) '

Probability p; is function of 3,p;,p1. The same holds also for other probabilities p;;.
Conditional distribution of frequencies n;; for given marginal frequencies depends only
on 3. Then it suffices to know only the frequency n;; since other frequencies n;; are
determined. Conditional probability P(n;; = t) depends only on ny,ni,n, 5. Fisher
(1935) derived, that this probability is given by non-central hypergeometric distribution

V)
Z ( ul) (n.l - ;)ﬁ“

u

P(niy =tlni,na,n,B) =

Using formula (10.20) it is possible to obtain conditional confidence interval for 3 (see
Agresti 2002, p. 99). The value 3, which maximizes probability (10.20), is called condi-
tional mazimum likelihood estimator of the parameter (3. The estimator

b= (n11n22)/(n12n21)

mentioned above is unconditional maximum likelihood estimator of the parameter (3, since
it is based on maximum likelihood estimators of probabilities p;; of this multinomial
distribution.



10.6. 2 x 2 TABLES 95

Example 10.7 In England it was investigated if the weight of criminals and their intel-
lect are independent variables. Data (see Yule, Kendall 1950) are presented in tab. 10.6.

We test the hypothesis Hy : 6 = 0 against H; : § # 0. For 6 = 0 we get D = —3,03.
Since |D| > u(0,025) = 1,96, we reject the hypothesis H,.

Table 10.6: Data on criminals

Intellect Weight

to 150 1b over 150 1b Total
Normal 272 124 396
Lowered 82 15 97
Total 354 139 493

We compare this result with the classical Pearson test. We get x? = 9,67, p-value
= 0.002. Since p-value is smaller than 0.05, hypothesis of independence would be rejected
also by this test. Notice that D? = 9,18 is not very different from the value y? = 9,67.

¢

The application of the odds-ratio can also sometimes give paradoxical results. Con-
sider again the example presented at the beginning of this section. Let us imagine that
a woman is ill. She would have for disposal data on 23 ill women (see tab. 10.7).

Table 10.7: Data on sick women

Alive Dead Total
Cured 6 3 9
Not cured 9 5 14
Total 15 8 23

Table 10.8: Data on sick people

Alive Dead Total
Cured 11 9 20
Not cured 12 9 21
Total 23 18 41

This woman calculates odds ratio b = (6 : 3)/(9 : 5) = 30/27. Since b > 1, for her it
would be better to cure.

If the data are collapsed, we obtain tab. 10.8.

In the collapsed table we have b = 99/108 < 1. This leads to the surprising conclusion
that for men and women it is better to cure but for people not to cure. This is Simpson
paradoz.
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10.6.3 Fisher’s factorial test

If the frequencies are small and it is not appropriate to use in the 2 x 2 the limiting
distribution x? , in such a case is applied the following method. Probability that given n
frequencies nq1, n12, No1, Noo, Will be realized is

|
n. 7011 0 1012 ) 1021 ) 1222

P11 P12"Po1 P22
n11! Nyl ngp ! ngy!

P(n11,n12, 191, n92) =

Assume that the hypothesis independence Hy : p;; = p;.p; is true. Denote
Then under Hy we get

n!

(10.21)

P(n117n127n217n22) = , , , ,
MN11:N12: N21: N29g-

Probability that a table with marginal frequencies ni,ns,n.1,no arizes, is equal to

min(ni.,n.1)
R= > P(i,ny. —i,ny —i,i+ns —n,).

i=max(0,n.1—n2.)
Inserting from (10.21) we obtain
n' min(ni.,n.1) n n
R=Q—— > - =)
nylng! ) ny—1
i=max(0,n.1—n2.)

But for arbitrary nonnegative integers r, s and k fulfilling condition r + s > k comparing
coefficients by t* in the formula

1+t (14t =1+t)*
we get Vandermond convolutory formula
minz(sk) T S _[r+s
, iJ\k—i) \ k )
t=max(0,k—s)

This gives
(n!)?

nl,! ng,! n,ll n_2! ‘

R=Q

Conditional probability P, that in given table with marginal frequencies ny, no, n.1, n.o
a table with frequencies nii, nia, no1, Noo arises, is equal

P(ni11,m12, n21, no2)

pP—=
R

nl.! ng.! n.ll n.g!

P_

= (10.22)
M1 MN12: N21: Noo:
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Sometimes P is introduced in an equivalent form
(nl.) <n2)
pP— N1 21 .
n
<n-1)

An advantage of the conditional probability P is that it does not contain any unknown
parameters and so we have no problem in estimating them.

The testing procedure depends on the problem if we want to test hypothesis Hy against
one-sided or two-sided alternative. Let d be the logarithmic interaction of he given table.
If we test Hp against the alternative H; : 6 < 0 (where 0 is the theoretical logarithmic
interaction), probabilities P are summed for the tables which have the same marginal
frequencies as the original table and their logarithmic interactions are smaller or equal
number d. If this sum is smaller or equal «, Hy is rejected.

When testing H, against H; : 6 > 0 we add probabilities P of the tables with the
same marginal frequencies as the original table, the logarithmic interactions having larger
or equal d. If the sum of probabilities smaller or equal o, Hj is rejected. The two-sided
test can be done analogously.

This test was derived by R. A. Fisher. Since calculation of probabilities is based on
formula (10.22), the test is called Fisher’s factorial test. The actual level of the test is
usually less than «. Sometimes it is called Fisher’s exact test.

Example 10.8 Some 24 randomly chosen students were asked if they have good or bad
results in maths and if the study music. Denote M+ good and M — bad result in math
and denote H+ (and H—) the case when the student studies (or not studies) music. The
results are in tab. 10.9.

Table 10.9: Mathematics and music

H+ H-— Celkem
M+ 6 4 10
M— 1 13 14
Total 7 17 24

We should test the hypothesis that the results in math and study of music are inde-
pendent.

We find all tables with the same marginal frequencies as the starting table (see
tab. 10.10). Then we calculate their logarithmic interactions d and Fisher’s probabil-
ities P.

You can see that the sum of all probabilities P is really 1. We do two-sided test and so
we sum the probabilities P, which correspond to tables with absolute value of logarithmic
interaction larger or equal to the number 2.97. We get the number

0.009916 + 0.008 495 + 0.000 347 = 0.018 758.

The sum 0.018 758 is not larger than o = 0.05, and so we reject the hypothesis about
independence. We emphasize that this does not prove the causality.

¢
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Table 10.10: Set of contingency tables with the same marginal frequencies as tab. 10.9

0 10 1 9 2 8 3 7
7 7 6 8 ) 9 4 10
d=—o0 d=-191 d=—-0.80 d=0.07
P =0.009916 P =0.086766 P = 0.260297 P = 0.347063

4 6 b} 5 6 4 7 3

3 11 2 12 1 13 0 14

d=0.89 d=1.79 d=297 d=o00

P =0.220858 P =0.066258 P =0.008495 P = 0.000347



Chapter 11

Paired problem

11.1 Paired t test

Consider the random sample (Y3, 71)',...,(Y,, Z,) from a twodimensional distribution
with vector of mean values (p1, 112)’. We want to test the hypothesis Hy : p3 — p2 = A
against alternative Hy : g —pe # A, where A is given number (mostly zero). Define X; =
Y;—Z;, 1 =1,...,n. Variables Xy,...,X,, are independent and identically distributed.
Assume that X; ~ N(u,0?). Obviously pu = py — po. Now, we have to test H) : p = A
against Hj : p # A and the problem is changed to the one sample ¢ test, which is in this
case called paired t test.

The hypothesis H), and also the hypothesis Hy, will be rejected at level a,if |X —
Aly/n/S > t,—1(a), where S is calculated from z Xi,..., X,,. The most frequent case
is the situation when {(Y;, Z;)'} is the sample from a two-dimensional normal normal
distribution. This assumption ensures that the paired ¢ test can be used. The paired
t test is used usually in situations when we have on each from n objects measured two
variables and individual objects are considered as independent but not the measurements
on the same object.

Confidence interval for A can be derived from the fact that

P{|X —AlWVn/S <t, 1(a)} =1-a.

Thus confidence interval for A has endpoints

- 1

Example 11.1 It should be decided if two front tyres go down equally fast. Six new
cars were chosen and after some time it were measured how much two front tyres went
down.

Differences in go down can be considered as independent random variables with dis-
tribution N(u,0?). If both tyres go down equally fast, the hypothesis Hy : p = 0
is valid. We have n = 6, A = 0, X = 0,0833, S? = 0,0377, T = 1,0518. Since
1,0518 < ¢5(0,05) = 2,571, we cannot reject the hypothesis that both front tyre go down
equally fast. &
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Table 11.1: Tyres go down

Number of car 1 2 3 4 5 6

right tyre : 1.8 1.0 2.2 0.9 1.5 1.6
left tyre : 1.5 1.1 2.0 1.1 1.4 1.4
Difference 0.3 —-0.1 0.2 —-0.2 0.1 0.2

11.2 Paired sign test

Let (Y1, 7Z1),...,(Yn, Z,) be a random sample from a two-dimensional distribution. De-
fine X; =Y;— Z;,,i=1,...,n. Assume that the variables X; have a continuous distribu-
tion with a unique median . We should test the hypothesis Hy, that & = x(, where x
is a given number. Thus the problem is transformed to one-dimensional sigh test. The
procedure is called paired sign test.

11.3 Paired Wilcoxon test

Consider a random sample (Y3, 7;),...,(Y,, Z,) from a two-dimensional distribution.
Denote X; = Y; — Z;,, 1 = 1,...,n. Assume that the variables X; have a continuous
distribution with a density which is symmetric around the point a and positive in its
neighbourhood. Then a is a median of this distribution. We want to test the hypothesis
Hy, that a = z(, where z( is a given number. The problem is transformed to one-sample
Wilcoxon test. This procedure is called one-sample Wilcoxon test.

11.4 Spearman correlation coefficient

We have seen that the analysis of sample correlation coefficient has the assumption that
the sample is from the normal distribution. However, it happens quite often that this
assumption is not valid. And sometimes in the random sample (X3, Y1), ..., (X,,Y,) the
values of the mentioned random variables it is not possible to determine, only their order
is in our disposal. But if the order X-values and Y-values are very similar it indicates
some dependence between X; a Y.

Assume that (X1,Y1), ..., (X, Y,) is the sample from a continuous two-dimensional
distribution. Let Ry,..., R, be orders of variables Xi,...,X,, and @4,...,Q, orders of
variables Y7, ..., Y,. It is quite usual to order couples (X1,Y7)’,...,(X,,Y,) in advance
such that R, =4, =1,...,n.

Spearman correlation coefficient rg is defined as sample correlation coefficient calcu-
lated from (Ry, @), ..., (R,, @), it means

ZRiQi - nRQ ‘
VO R —nR?)(3- Q7 — n@?)

rs =

Theorem 11.2 We have

6 - 2
Tszl—mZ(Ri—Qz) : (11.1)

i=1



11.4. SPEARMAN CORRELATION COEFFICIENT 101

Proof. We have

— ZRzQz —HRQ ’ (11.2)
V(Z B —nR2) (S Q2 - nQ?)
where . .
= 1 1 . on+1 _
RzglleZ:E;Z: 5 Q:Rv

_ n(n + 1)6(2n+ 1) _%Z(Ri _ Q)

These results we insert into (11.1) and after some simplification we get formula (11.2).
O

Critical values are denoted by rg(a). If |rg| > rg(a), we reject hypothesis of inde-
pendence Y; and X;. For n > 30 we use asymptotic normality of the coefficient rg. We
calculate

oy )
Vi1
Hypothesis of independence is rejected in the case that |rg| > 75(a). One-sided tests can
be derived similarly.
If (X1,Y1),...,(X,,Y,) is the sample from the regular two-dimensional normal dis-
tribution with correlation coefficient p, then it can be proved (see van der Waerden 1957),
that

(11.3)

Erg = aresin p + 6 aresin
ST an+1 2 wn+1) P

With growing n the second member on the right-hand side tends to zero and the sample
correlation coefficient r tends almost surely to p. We get an approximation

r = 2sin (%rg).

If in our data from which rg is calculated, there are many agreements, it is recom-
mended to use corrected Spearman correlation coeficient (see Kendall 1962 and Sachs
1974). 1t is defined by the formula

6> (1 — Qi)°

TS korig = 1 —
,korig n?’—n—Txl—Ty/’

where 1 1
T.’E’ = 5 Z(til - t:ﬂ), Ty/ == 5 Z(tzl - ty/>.

Here symbol ¢,, denotes number of equally large X-values. (If we have among X- values
a few groups with the same number of observations, then ¢, are sizes of the groups.
Symbol ¢,/ is defined analogously.)
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Chapter 12

Discrete paired problem

12.1 McNemar test

In some cases we want to apply another test than the test of independence or the test
of homogeneity. Sometimes we have a set of n randomly chosen statistical units and
presence and absence of a characteristic is investigated. Then an intervention in every
unit is executed and repeatedly it is investigated if the characteristic is present or not.
The aim of the investigation is to find if the intervention changed probability of the
occurrence of the characteristic.

Denote 1 presence and 0 absence of the characteristic. In this case it is necessary
to have data in the form of tab. 12.1. We assume that these data are sample from a
multinomial distribution with parameter n and with probabilities introduced in tab. 12.2.

Table 12.1: Frequencies for the McNemar test

Before After intervention|

intervention 1 0 Total
1 ni1 N2 ny,
0 N21 22 na.

Total n1 N n

Table 12.2: Probabilities for McNemar test

Before After intervention|
intervention 1 0 Total
1 P11 P12 P
0 P21 P22 2.
Total P P2 1

We want to test Hy : p1. = p.1. By chance Hj is equivalent to hypothesis of symmetry
H{ : p1a = p21. In this case all probabilities in tab. 12.2 are determined by two unknown
parameters pi; and pyo. If Hj holds then po; = p1o and pae = 1 — p11 — 2p1a.
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From formula (10.13) we get

=0,
y4i! D22
n n n
h2 2L 92
P12 P21 D22
It implies
UDY)
N1 = — P11, (12-1)
D22
UDP)
N1 + No1 = 2— P12 (122)
P22
We include a trivial equality
22
Nog = ——P22
P22
and then we add all relations. This gives
Na2
n=—,
P22

so that an estimator for pos is Pog = m9e/n. Inserting in (12.1) and (12.2) we obtain

n11 R N2 + Noy

P =—, D12 = ) P21 = P12-
n 2n

The variable

2 SRV A2
nu NnP;; Ny — N N9l — N
Z p —I— ( 12 P12) 4 ( 21 le)

i1 npii np12 npa1

is equal to
2 (n12 - n21)2
V= e (12.3)
N2 + N2y
and has asymptotically x? distribution. Hypothesis Hy is rejected, when x? > x?(«). In
textbooks it is introduced that this asymptotic result is applicable for ni5 +ns; > 8. The
test was published in McNemar (1947).

When frequencies are small then we use the result that under H, the conditional
distribution of frequencies nq, is binomial Bi (n12 + Noy, 2) A detailed derivation can be
found in the book Andél (2007), for example. Define N = njy + ng;. Hypothesis Hy is
rejected, if nyo < ki or nig > ko, where ky and ko are corresponding critical values. This
test is two-sided. Using its variant based on the binomial distribution it is easy to apply
the McNemar test also against its one-sided alternatives.

Example 12.1 It was investigated if application of a medicament has as a side effect
change of speed of shrinkage of blood. Randomly was determined 100 patients. Each of
them was determined if his shrinkage of blood is slow or fast. Then the patients obtained
the mentioned medicament and after adequate time the speed of shrinkage of blood was
determined again. The results are in tab. 12.3.
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Table 12.3: Shrinkage of blood

Before After application
application Slow Fast Total
Slow 24 28 52
Fast 12 36 48
Total 36 64 100

Using (12.3) we get x? = 6,4. This value is larger than x?(0,05) = 3,84. Thus we
reject the hypothesis that the application of medicament has no influence on speed of
shrinkage of blood.

For N = 28 + 12 = 40 and o« = 0.05 critical values are k; = 13, ky = 27. Since
ni = 28 > ko, we reject the hypothesis that the application of medicament has no
influence on speed of shrinkage of blood, too.

The calculation using the program R can be following one.

slow.aft <- c(24,12)
quick.aft <- c(28,36)
tbl <- cbind(pomala.aft,rychla.aft)
rownames (tbl) <- c("pomala.pred","rychla.pred")
names (dimnames (tbl)) <- c("reakce.pred","reakce.po")
mcnemar .test(tbl, correct=F)
McNemar’s Chi-squared test
data: tbl McNemar’s chi-squared = 6.4, df = 1, p-value = 0.01141

%

12.2 Stuart test

Consider a square contingency table with dimension ¢ x ¢. The data should be used for
testing hypothesis of homogeneity of marginal probabilities

Ho:pi.=p1, ... DPe =Dpe

We describe the Stuart test, which is direct generalization of the McNemar test. Introduce
the following notation:

dZ:n,—n, fOTizl,...,C, d:(dl,...,dc_l)/.

.....

are

Vii=n; +n,; — 2ny,
‘/ij = —(nij —+ nji) fOl" 7 7A j

Theorem 12.2 (Stuart) If the hypothesis Hy is valid, then the variable Q = d'V~'d
has asymptotically x*_, distribution.
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Proof. See Stuart (1955) or Andél (2007). O

It is easy to check that for ¢ = 2 the variable () is the same as the variable y? which is
introduced in formula (12.3). If ¢ = 3 the variable @) can be calculated using the formula

Nozd? + Nigd3 + Niodj

= , 12.4
@ 2(N12Nag + NiaNi3 4+ Ni3Nas) ( )
where
N — nij + nji
iJ 9 .

A similar but more complicated explicit formula was derived also for ¢ = 4 (see Krauth
1985).



Chapter 13

Two-sample problem

13.1 Descriptive statistics

The description of data and their graphical representation will be illustrated on data
called energy available in library ISwR. The data are in form data.frame with 22 rows
and 2 columns. It is a description of energy expenditure in the groups of lean and obese
women. The first column called expend is numerical vector giving expenditure of energy
in MJ during 24 hours. The second column is called stature and it is factor with levels
lean a obese. (See Dalgaard 2002.)

library(ISwR)

data(energy)

attach(energy)

expend.lean <- expend[stature=="lean"]

expend.obese <- expend[stature=="obese"]

expend.lean

[1] 7.53 7.48 8.08 8.09 10.15 8.40 10.88 6.13 7.90 7.05 7.48 7.58
[13] 8.11

expend.obese

[1] 9.21 11.51 12.79 11.85 9.97 8.79 9.69 9.68 9.19

For each group we prepare histogram. The histograms are placed in such a way that
they can be compared (see fig. 13.1).

opar <- par(mfrow=c(2,1))

hist(expend.lean, breaks=10, xlim=c(5,13), ylim=c(0,4), col="white")
hist(expend.obese, breaks=10, xlim=c(5,13), ylim=c(0,4), col="grey90")
par (opar)

Data can be also represented by bozplots (see fig. 13.2) and using figure called
stripchart (see fig. 13.3). Figures were created using program

boxplot(expend ~ stature, boxwex=0.2, las=1)
stripchart(expend ~ stature, method="jitter", jitter=0.03, vertical=T,
las=1)

In the case of stripcharts the method called jitter was used to show also data which
are identical or very nearly the same.

107



108 CHAPTER 13. TWO-SAMPLE PROBLEM

Histogram of expend.lean

Frequency
2
|

expend.lean

Histogram of expend.obese

Frequency
2
|

[ I I I
6 8 10 12

expend.obese

Figure 13.1: Histograms

13.2 Two-sample Kolmogorov-Smirnov test

Let Xi,...,X,, be a random sample from a distribution with continuous distribution
function F' and let Y7,...,Y,, be an independent random sample with a continuous dis-
tribution function G. Consider a test of hypothesis Hy : F = G against H; : F' # G.
Let F), be the empirical distribution function of the first sample and G,, of the second
sample. Theorems 9.1 and 9.2 imply, that the functions F;, and G, with increasing m
and n converge to distribution functions F' and G. Define

Dy, = sup |F(x) — Go(2)).

If Hy is true then the Glivenko-Cantelli theorem gives that D,,,, — 0 almost surely when
m — 00, n — 00. An exact result is described in the following theorem.

Theorem 13.1 (Smirnov) Let M = mn/(m + n). Define
K(\) =1-2) (1) exp(—2k>A?). (13.1)
k=1

Then for every A we have

lim P(VM Dy, <\ =K(\).

m,n—00
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Figure 13.2: Boxplots

Proof. See Smirnov (1944). Modern proof can be found in the book Hajek, Sidak (1967).
Function K(\) was introduced in the formula (9.3) on p. 72. O

Dist{"ibution of the variable D,,,, for finite values m, n is introduced in the book
Hajek, Sidédk (1967). Function K()\) can be approximated by some members from the
beginning of the series 1 — 2e~2" (see Likes, Laga 1978). Then

A 2
P(Dpp < —=)=1-2e".
(20 7

The expression on the right hand side equals to 1 —a for A = A\, = % In % The critical

. AN 12

Practical use of the Kolmogorov-Smirnov test is the following one. From samples
Xq,...,X,, and Y7,...,Y, empirical distribution functions F,, and G,, and the variable
D,,, », are calculated. If the numbers m and n are small, the variable D,, ,, is compared with
exact critical values D, ,(c). If the numbers m and n are not very small, theorem 13.1
can be applied. Define \g = VM D,,,, and calculate K (o). If we get K(\) > 1 — a,
we reject Hy on the level which tends to a when the sizes of the samples go to infinity.
The critical value for the variable D,,, is approximated by Dy (). Hypothesis Hy is
rejected when Dy, ,, > Dy, ().

The Kolmogorov-Smirnov test was generalized to the case of comparing three and

more samples in the paper Kiefer (1959). Critical values were tabulated in Wolf, Naus
(1973). See also Domanski (1990).

value is approximately

Example 13.2 Two methods of fertilization were compared. Eight fields were fertilized
using the new method and five by old method. The crop of wheat on hectares in tons
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Figure 13.3: Stripcharts

Table 13.1: Yield of wheat in tons on hectare

X;|95.7 55 43 59 52 56 58 5.1
Y;15.0 45 42 54 44

are labeled X; for new method and Y; for the old method. The data are presented in
tab. 13.1. We should find out if the method of fertilization has influence on the yield of
wheat.

First, we construct graph of the both distribution functions (see fig. 13.4).

new <- ¢(5.7,5.5,4.3,5.9,5.2,5.6,5.8,5.1)

old <- ¢(5.0,4.5,4.2,5.4,4.4)

plot.ecdf (new, verticals=T, las=1, xlab="", ylab="", pch="", main="")
plot.ecdf(old, verticals=T, add=T, pch="", 1lty=2)

The full line shows ecdf of yields concerning the new method of fertilization and the
dashed line concerns the old one.

In our example we have Dgs = 0.675. Critical value on the level 5 per cent is 0.75.
(By the way, the approximate critical value is Dg5(0.05) = 0.774.) Since Dgs < 0.75,
Kolmogorov-Smirnov test does not reject the hypothesis that both samples are from
populations with the same distribution functions.

Both samples have small sizes. Application of theorem 13.1 is recommended for
m +n > 35. If we use the approximation, we get A\g = 1.184, K()g) = 0.879. Since
K()\g) < 0,95, we cannot reject the hypothesis.

Using the program R the calculations can be done in the following way.

ks.test (new,o0ld)

Two-sample Kolmogorov-Smirnov test
data: new and old D = 0.675, p-value = 0.07925 alternative
hypothesis: two.sided



13.3. TWO-SAMPLE T TEST 111

1.0 §

0.8

0.6

0.4

[

0.0 -

Figure 13.4: Two-sample Kolmogorov-Smirnov test

¢

13.3 Two-sample t test

Let Xi,..., X,, be a sample from N(u;,0?) and let Y1,...,Y,, be a sample from N(us, 0?).
Assume that m > 2, n > 2, 02 > 0, and that both samples are mutually independent.

Denote -
_ 1 _ 1
X:E;Xi, Y:E;}/zﬁ

m - 1 -
== S (- XP, S= > (N-TPR
i=1

m — -
=1

Under these assumptions the following theorem holds.

Theorem 13.3 Random variable

X-Y - mn(m+n — 2)

T =
V(m —1)S2 n—lS2 m+n

(13.2)

has distribution t, . ,_o.
Proof. Theorems 4.6 (b) on p. 48 and 3.6 on p. 38 give that
Z =[(m—1)S% + (n — 1)S§]/0” ~ Xgin_a-

Similarly as in theorem 4.6 (c) can be proved that the variables X —Y and (m — 1)S% +
(n — 1)S% are independent. We get

2 2
X—YNN<M1—M270—+U—)-
m n
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In the same time we have

X —Y — (1 — pa)

o o2

m n

Theorem 3.10 ensures that the variable U / VZ/(m+n—2) has distribution t,, o
However,U/\/Z/(m—l—n—Q) =T. O

Two-sample t-test is the test of hypothesis Hy : p1 — o = §, where ¢ is a given number
(very often it is § = 0). If it is a test against alternative Hj : g — pg # 9, the procedure
is following one. First, we calculate T from formula (13.2) where we insert p; — ps = 0.
If |T| > tmin—2(a), we reject the hypothesis Hy on the level a. The one-sided tests are
analogous.

Among assumptions of two-sample t test we have that both samples come from normal
populations with the same variance. The violation of these assumptions does not influence
the result of the test too much. Yet in the case of substantial non-normality we prefer
some non-parametric tests (very often it is two-sample Wilcoxon test, see section 13.6).
Assumption that the variances are equal can be checked by help of the F' test (see section
13.5). If it is known that the variances are different the Welch test is applied (see section
13.4).

Example 13.4 Eleven piglings were randomly divided into two groups. The first group
contained 6 piglings and they were fed by diet A. In the second group were 5 piglings
on diet B. Average daily increments after 6 months are given in tab. 13.2. It should be
established if both diets are equally effective.

U=

~ N(0,1).

Table 13.2: Average daily increments in dkg

Diet A|[62 54 55 60 53 58
Diet B|52 56 49 50 51

Data are plotted in fig. 13.5 and we apply two-sample t test.

da<-c(62,54,55,60,53,58) # data
db<-c(52,56,49,50,51)
boxplot(da, db, names=c("da", "db"), boxwex=0.3, las=1) # graph
t.test(da,db,var.equal=T) # test
Two Sample t-test

data: da and db
t = 2.7712, df = 9, p-value = 0.02171
alternative hypothesis: true difference in means is not equal to O
95 percent confidence interval:
0.9919634 9.8080366
sample estimates:
mean of x mean of y

57.0 51.6

Since p-value is smaller than 0.05, we reject hypothesis that both diets are equally effec-
tive. &
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Figure 13.5: Boxplots for diet a and b

13.4 Two-sample Welch test

Let X1,..., X,, be a sample from N(u;,0?) and Y7, ...,Y,, an independent sample from
N(pg,03). Assume that oy > 0, 09 > 0, ny > 2, ny > 2. Define fy =ny — 1, fo = ny — 1,

B 17’L1 _ 17’L2 1”1 B 1”2 B
X=—) X, Y=—) Y, SZ=_— N (X;-X)?, S2=_0N (V;-Y)%
o> e SR L S 2 )

Welch test (see Welch 1938) was derived for testing the hypothesis Hy : 1 = uo against
one-sided or two-sided alternative. If variances 0? and o2 were known, we would use the

test statistic _ _
- X-Y

2 2’
o o

1 2
__|__
ni no

which has distribution N(0, 1) under Hy. If the variances o? and o3 are not known, it is
natural to substitute them by their estimators S? a S3. Thus we will investigate the test
statistic L

Sk (13.4)

B
ny (%)
The statistics can be written in the form

X-Y o} o}

of oz Vo M

(13.3)

s o
2 2 2 2
J1571 oi i J255 03

U% ny f1 U% na fa
—— ——

t =

m 2
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Define
LS} _hS3
T 0_% 3 P 0_3 .
We know that
= X?l’ 2 =~ X?"z‘
Inserting from (13.3) we get
t =
o o3
n1f 1 nzf 2
U_% U_% m + —O'_% (7_% 772
ny N2 ni N2
\ a b
Let
i
- O_znlf10_2 , b= Un2f202 , w = any + bns.
-1 + -2 -1 + Z2
s Mo s N9
Then
t=

To calculate exact distribution of the variable ¢ would be difficult. Welch suggested the
following approximation of the distribution of the variable w:

L(w) = L(gZ),

where ¢ is an appropriate constant and Z is a random variable having distribution X?&
The number of degrees f must be determined. The constants g and f can be calculated

using moment method from conditions

Eam + Ebn, = EgZ,
varan; + varbn, = vargZ.

Thus we obtain system of equations

afi +bfa=gf,
2(a2f1 + b2f2) = 292f

The solution is
g= a’fi + 0% fy
afi +bfy’

In the frame of the used approximation we have

w
9

Y

(afi 4+ bf2)?
a?fi+0f
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Thus
&
1

I

" ~ty.
g
A simple derivation gives
gf =afi +bfy=1.

It implies

§ t
= ~ty,
Vw
where )
3.9
_ (CLfl + bf2)2 _ 1 _ nq N9
a’fi +V2fy  @fi+0fa o] oy
nifi = nifa
In this formula the unknown parameters o7 a o3 are substituted by estimators S? a Si.
Instead of f the degrees of freedom are taken as

g2
nq N9
St 5

”%fl n%f2

/=

and the approximation ¢ ~ ty is used.
It can be derived that

min{ f1, fo} < f* < fi + fo
Example 13.5 We use data from example 13.4. We get

da<-c(62,54,55,60,53,58) db<-c(52,56,49,50,51) t.test(da,db)
Welch Two Sample t-test
data: da and db t = 2.8487, df = 8.947, p-value = 0.01924
alternative hypothesis: true difference in means is not equal to O
95 percent confidence interval:
1.107981 9.692019
sample estimates: mean of x mean of y
57.0 51.6

Since the p-value is smaller than 0.05, we reject the hypothesis that the true difference
in means is equal to 0.

13.5 Test of equality of variances

Theorem 13.6 Let Xi,..., X, be a sample from N(uy,0?) and Yy,...,Y,, a sample
from N(po,03). Let these two samples be independent. Assume that n > 2, m > 2,
0?2>0,05>0. Let X, S% and Y, SZ be characteristics of the samples. If the equality

0? = o3 holds, then Z = S%/S% ~ Fp_1m—1.
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Proof. The assertion follows from theorem 3.11 on p. 40. O

We shall test hypothesis Hy : 07 = 02 against H, : o7 # o3. We reject Hy if
S%/S% < ky, or S%/S2 > ko. The constants k; and kq are chosen so that under Hy

P(S3/S% < k)= /2, P(S%/SE > k) = /2. (13.5)

Then the probability of error of the first kind is a. Theorem 13.6 gives that (13.5) holds
in the case

o 1 o
b (1-2) = =R (8), (s
1 1,m—1 5 Fo i (%) 2 Lm=1\5 ( )

where F, , () is the critical value of F distribution. It is recommended to introduce such
denotation that S% > S%. Then it suffices to see if the inequality S% /S% > F,_1m-1 (%)
holds, and it is not needed to calculate the inverse of critical values.

If the variances are o? and o3 and (13.6) holds, then

2 2 2
P{S‘Xl <ﬁ<S—Xi}:1—0z.

S_}Z/k_g_ag _532/]{71

S% 1 S% a
(S 2 )

Then

2

is two-sided confidence interval for the ratio o3 /03 with confidence coefficient 1 — a.
Since F'-test is sensitive to assumption about equality of variances, the Levene test is
often used instead (see section 15.6, p. 143).

Example 13.7 Consider again data introduced in example 13.4. We have

da<-c(62,54,55,60,53,58)
db<-c(52,56,49,50,51)
var.test(da,db)
F test to compare two variances
data: da and db
F = 1.7534, num df = 5, denom df = 4, p-value = 0.6063
alternative hypothesis: true ratio of variances is not equal to 1
95 percent confidence interval:
0.1872423 12.9541010

sample estimates: ratio of variances

1.753425

Since p-value is larger than 0.05, the hypothesis that the true ratio of variances is equal
to 1 is not rejected. Now, we show Levene test.

prirust <- c(da, db)
dieta <- factor(c(rep("A",6), rep("B",5)))
library(car)
leveneTest (prirust, dieta)
Levene’s Test for Homogeneity of Variance (center = median)
Df F value Pr(>F)
group 1 1.3439 0.2762
9
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Since p-value 0.2762 is larger than 0.05, Levene test also does not reject hypothesis
that true ratio of variances is equal to 1.

Let us remark that in the case of data prepared like in this example the classical
two-sample t-test will be calculated using

t.test(prirust ~ dieta, var.equal=T)
and Welch two-sample t-test using

t.test(prirust ~ dieta).

%

13.6 Two-sample Wilcoxon test

Let Xi,...,X,, be a random sample from a continuous distribution with a distribution
function F' and Yj,...,Y, an independent random sample with a distribution function
G.

We want to test the hypothesis Hy : F' = G against the alternative Hy : F' # G. All
m + n variables Xi,..., X,,,Y7,...,Y, form a pooled sample. Let T; be sum of ranks
Xq,...,X,, and Ty sum of ranks Y7,...,Y,,. It is clear that

1
Th+T, = §(m+n)(m+n+1).
First we investigate general properties of tests of this type. Let N = m + n and let R;
be the rank of the ith variable. Finally, let a(i) be a function defined for i = 1,..., N.

The variable
N

S == C; CL(RZ)
i=1
is called simple linear rank statistic.
The numbers ¢y, ..., cy are regression constants and a(i) are scores. Define

Theorem 13.8 If Hy holds, then

N2
ES = Nac, varS = N 102002.
Proof. If Hy holds, then R; is a random variable which is equal to every value 1,..., N
with probability 1/N. Thus
1
Ea(R;) =) a(t) 5 =0 (13.7)

t=1
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so that

N N

ES =) ¢Ea(R) =) ca=Nac

i=1 i=1

If i # j, then under Hy, we have
1
P(R — — ) = f 1< <N
(Ri=s,R;=1) NN -1 or s#t

Using (13.7) we get
vara(R;) = E[a(R;) — Ea(R;)]* = Ela(R;) — a)* = %Z[a(t) —a?*=o2

and then for i # j
covla(R), alRy)) = Ela(R:) — aa(Ry) —
- =T L L lels) alfa(t) —a

—

s#t
- N(Nl_ 1) {ZZ[CL(S) —alla(t) — al — Z[a(s) _ a]z}
1 1

This implies that

var S = Z c?var a(R;) + Z Z cicj cov[a(R;), a(R;)]

7]

~o (;ci—ﬁZZ%)

]

1 1
:gg(% C?_iN—l EZ Ej CiCj—l—iN_l EZ C?)
2
:No-j]_ [N EZ C?— (E Ci>2] = N]\—flo-z EZ (Ci—5)2

N2
:mgsgg. O

Theorem 13.9 If Hy holds, then

1 1
ET1:§m(m—|—n+1), varleﬁmn(m—irn—l—l).

Proof. Variable T is special case of S, if we insert a(i) =i and

o= 1 pro 1=1,...,m,
10 pro i=m+1,....,m+n.
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Define again N = m + n. We have

N
N+1 sl o1
_ E :_E — N+1)(N-1
m 1 il mn
_ 2_ 2 2 _
‘TN Uc_ﬁzizlcl_c N2
It follows from theorem 13.8 that
 mm+n+1 N2 mn(m+n+1

Instead of Tj the variable U; = mn + = m(m + 1) — Ty is used. The test based on
U, is called Mann-Whitney test. Let Uy = mn + = n(n + 1) = Ty. Then Uy + Uy = mn.
The statistic U; gives number of cases when X; < Y;. Similarly, U, gives number of
cases when X; > Y; holds. If min(U;, Us) is less or equal to the critical value then the
hypothesis Hj is rejected. The samples are denoted so that m > n. If m and n are large,
the following procedure is used. It follows from theorem 13.9 that

1 1
EU, = 5 M, varU; = Emn(m+n+ 1). (13.8)

Since Uy = mn — Uy, we have EU, = EU;, var Uy = varU;. It is proved that for m — oo
and n — oo the variable U; (as well as the variable 7)) has asymptotically normal

distribution. We obtain U — EU
U= ¥7 13.9
VvarU; ( )

where EU; and var U; are given in (13.8). If |U| > u(5), Ho is rejected on the level which
tends to a. The test based on (13.9) can be used for m > 10, n > 10.

If some variables are equal, we have ties. Then such a variable gets corresponding
average rank. If the number of ties is large, instead of U introduced in formula (13.9) the

variable
U, —

2
3 )

mn S3-8 ro -l
\/S(S—l)( 12 Zi:l 12 )

is used, where S = m + n, r is number of ties and ¢; is multiplicity of the i-th tie.
Although the Wilcoxon test is formulated as a test against a general alternative, it

is sensitive especially to a shift H| : G(z) = F(x — A), A # 0. For other alternatives,

Kolmogorov-Smirnov test described in section 13.2 on p. 108 is recommended.

z =

Example 13.10 We shall analyze data introduced in example 13.2, p. 109. The numbers
are ordered. The values X; are underlined and their rank is introduced (see tab. 13.3).
Thus
Tl - 70, Ul - 6, T2 - 2]_, U2 - 34

Critical value is 6. Since min(Uy, Us) = 6 < 6, we reject the hypothesis. The asymptotic
procedure calculated in (13.9) gives U = —2.049. We have |U| > u(0.025) = 1.96, and
so we would reject the hypothesis, that both diets are equally effective, also by this
procedure.

Program R gives
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Table 13.3: Yields of wheat and their ranks
Yields (4.2 4.3 44 45 5.0 5.1 5.2 54 5.5 5.6 5.7 5.8 5.9

Ranks 2 6 7 9 10 11 12 13

new <- ¢(5.7,5.5,4.3,5.9,5.2,5.6,5.8,5.1)

old <- ¢(5.0,4.5,4.2,5.4,4.4)

wilcox.test(new, old, alternative = "two.sided", exact=T, correct=F)
Wilcoxon rank sum test

data: new and old

W = 34, p-value = 0.04507

alternative hypothesis: true mu is not equal to O

The hypothesis is also rejected.



Chapter 14

Discrete two-sample problem

14.1 Testing homogeneity of two binomial distribu-
tions

Let p; be probability that the event A occurs in an experiment. Assume that in m
independent experiments the event A occurred X times. Then the experiment is repeated
under different conditions so that the event A occurs with probability p;. Assume that
in those n additional experiments the event A occurred Y times. Using these data we
wont to test hypothesis Hy : p; = py against alternative Hy : p; # py. The hypothesis
H, is called hypothesis of homogeneity of two binomial distributions, since X ~ Bi(m, p;)
and Y ~ Bi(n, ps).

This is one of the oldest statistical problems which occurs frequently till now.

Denote z = X/m, y = Y/n. We shall assume that z(1 — z) + y(1 — y) # 0. Central
limit theorem gives that for large values m and n the approximation

pl(ln; pl)} (1n— ]92)]

p
.TNN|:p1, 9 yNN|ip27 2

can be used. Since x a y are independent variables, in the frame of this approximation
we have result
l’ p— — —
\/pl(l —p1) n p2(1 — p2)

m n

If Hy holds, then we insert in numerator simply p; —py = 0. However, in denominator the
unknown values p; and ps remain. They can be substituted by their estimators. It can
be proved that the limiting distribution remains the same, namely N(0,1). Two kinds of
estimators of the parameters p; and p, can be used. Thus we have two variants of the
test of homogeneity.

In the first case we use x as estimator of the parameter p; and y as estimator of ps.
The strong law of large numbers ensures that x — p; and y — py almost surely. To test
the hypothesis Hy we calculate variable

T —y

\/fr(l—fr) +y(1—y)'

U, = (14.1)

m n

121
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If |Us| > u(5), we reject Hy. The tests of Hy against one-sided alternatives are similar.
In the second case we use the fact that under Hy we have p; = ps. This value can be

estimated by
X+Y
= + :mzz—l—ny'
m+n m-+n

Thus we calculate
Tr—Y

Ja-a(Eel)

If |Uy| > u($), we reject Hy. Similar procedure could be used for one-sided alternatives.
Some information about properties of U, and U, is contained in the following assertion
published in the paper Eberhardt, Fliegner (1977).

Uy, =

(14.2)

Theorem 14.1 If m = n, then |Uy| < |U,| and the equality holds if and only if x = y.

Proof. Function f(x) = z(1 — z) is concave for x € [0, 1]. Thus for all v € [0, 1] and for
all numbers a,b € [0, 1] it holds

flva+ (L= > vf(a) + (1 =) f(b).
Choose v = %, a=x, b=1y. Then we get
1 1 1 1
sty |1 =5@+y)| =521 —2) + 5yl —y). (14.3)
2 2 2 2
For m = n we have z = (z + y)/2. Numerator of the fraction (14.1) has under the root

2 |1

2 |ge-)+ o1 =)

and denominator of the fraction (14.2) has under the root

3 T+y 1_ Tty

m| 2 2 '
Inequality (14.3) gives that |Uy| < |U,|. The equality in (14.3) holds if and only if z = y.
O

We remark that for m # n there is no simple relation between U, and Uj,.

Seemingly for m = n it would be better to use the test which is based on U,, since
it is more powerful. However, if the size of the sample is small, the probability of the
error of the first kind is larger than «. For example, for a = 0.05 and m = n = 20 the
probability of the error of the first kind is 0.081 and for m = 20, n = 40 even 0.085.

Data can be written in the form of a contingency table (see tab. 14.1). If we use in
this table the denotation of frequencies by n;; introduced in section 10.5, we get

(7111 7121)
T 2
2 ni. N, n(n11n22 - n12n21)

U p— pr—
b ninz n N1 N2 NN 2

n n Nnino.
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Table 14.1: Table of successes and failures

Successes Failures Total
1. experiment X m—X m
2. experiment Y n—Y n
Total X+Y m4+n—-X-Y m+4+n

The result is the formula for the variable x? in 2 x 2 contingency table (see formula
(10.19)). We can say that frequently used statistic is Uy, whereas U, is rare.

Comparison of probabilities p; and p, in small samples can be found in the papers
Santer, Snell (1980), Gart, Nam (1990), D’Agostino et al. (1988).

Example 14.2 It is not recommended to change quickly hot and cold meals because
then the teeth have temperature shock. In an experiment 50 teeth were plunged into
boiled and cold water. Other 50 teeth were in boiled water without temperature shocks.
Finally, all teeth were crushed. From 50 teeth with temperature shocks 21 teeth were
broken. From 50 teeth without shocks were only 11 broken. It should be tested if the
temperature shocks influence mechanical resistance of teeth. (Osborn 1979).

We have m =n =50, X =21, Y =11, x = 0,42, y = 0,22, 2 = 0,32. This gives

U, =2195 U, =2144.

If we test the hypothesis of homogeneity against two-sided alternative, we would com-
pare the calculated results with the critical value «(0.025) = 1.96. The result would be
statistically significant. It means that the effect of temperature shocks is statistically
proved.

However, our example leads to the test against one-sided alternative. Shocks cannot
fasten the teeth. Thus the test statistics should be compared with the critical value
1u(0.05) = 1.645. The results larger than this critical values are significant. In the
introduced example the hypothesis Hy must be rejected.

In program R we get

zlomene.zuby <- c(21,11)
zuby.celkem <- c¢(50,50)
prop.test(zlomene.zuby, zuby.celkem)
2-sample test for equality of proportions with continuity correction

data: zlomene.zuby out of zuby.celkem X-squared = 3.7224, df = 1, p-value = 0.05369
alternative hypothesis: two.sided 95 percent
confidence interval:

0.001395761 0.398604239
sample estimates: prop 1 prop 2

0.42 0.22

Since we used the continuity correction, the result is not significant. If we do not use the
correction, we would have

prop.test(zlomene.zuby, zuby.celkem, correct = F)

2-sample test for equality of proportions without continuity correction
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data: zlomene.zuby out of zuby.celkem X-squared = 4.5956, df = 1, p-value = 0.03205
alternative hypothesis: two.sided 95 percent
confidence interval:
0.02139576 0.37860424
sample estimates: prop 1 prop 2
0.42 0.22

It gives significant result. One-sided test is

prop.test(zlomene.zuby, zuby.celkem, correct = F,
alternative="greater")

which gives significant result

X-squared = 4.5956, df = 1, p-value = 0.01603

O

14.2 Confidence interval for difference of probabili-
ties

Let X ~ Bi(m,p;) and Y ~ Bi(n,py) be independent random variables. The problem is
to find confidence interval for A = p; — py. A review of 11 methods described in papers
for a construction of this interval can be found in Newcombe (1998). Here we introduce
only three of them.

Denote py = X/m, 2 =Y/n, A=pi—po, g =1 —pi, G =1 —p; (i =1,2). Let u,
be the critical value of the distribution N(0, 1) on the level ar. Then p1G;/m + paga/n is
estimator of var A. Since the random variable

T = (A—A)/\/ﬁlﬁl/m‘f‘ﬁﬁz/n

has asymptotically distribution N(0,1), Wald confidence interval is

A F g2/ D11 /m + Padoa/n.

Denote u = uq2. Let (I;,u;) be the Wilson confidence interval for p;. As we know,
endpoints of this interval are roots of quadratic equation

(pi — pi)* = w’pi(1 — p;) /.

Then Newcomb confidence interval is

(A_u\/ll(lﬂ; zl)+u2(1n—u2)7A+u\/u1(1ﬂ;ul) +z2(1n—z2)>.

Confidence interval based on score test is obtained by inverting test

pr—p2— A
o

= Ugq,
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where . . . .
o pi(l=p1) (1 —A)A—=p1+A4)
"= + ,
m n
and p; is maximum likelihood estimator of the probability p; under the condition p; —ps =
A. Explicit solution is not known, numerical methods can be used.

The following conclusions follow from numerical studies (see Brown, Li 2003):

o If the sizes m and n are small, then the Wald confidence interval has confidence
coefficient smaller than its nominal value. However, its length is short.

e Score and Newcomb intervals behave similarly and have good properties.

e If min(m,n) > 50, then all confidence intervals give good results.

Thus Brown, Li (2003) apart from the test suggested in their paper and called re-
centred recommend to use score and Newcomb intervals. Because there exists explicit
formula for the Newcomb interval, its use can be especially recommended.

14.3 Confidence interval for ratio of probabilities

Let X ~ Bi(ny,p1) and Y ~ Bi(ng, p2). Assume that X and Y are independent variables.
Denote

b1 X Y
0==—, @ =1-—p, @ =1-ps, r=—, y=—
b2 1 N9
It is known that
P1q1 D2G2
Ex = py, Ey = po, varx = —, vary = —.
s N9

Introduce function g(u,v) = u/v. The value g(z,y) = z/y can be expressed using Taylor
expansion around the point (p1,ps). If we neglect the remaining term we have

1

P
g(z,y) = g(p1,p2) + —( — 1) — 5 (y — pa).
D2 V%)

In the frame of this approximation we have

£ _m
Yy p27

£ > Pt lpgn | P
22 2 2 T T
Yy by Py M Py T2

2
varE:Ex—Q—(EE) :p_%(ch + qQ).
y P Y 3 \pini  pang

It can be proved that for ny — 0o, ny — oo the ratio x/y has asymptotically normal

distribution and
r nm

U* — Y P2
b q1 I q2
D2\ pin1 pang
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has asymptotically N(0, 1) distribution. An exact proof of this assertion can be performed
using delta method. In the denominator p; is approximated using x, then py using y, ¢;
using 1 — x and ¢» using 1 — y. Then
Ty
U= Y

z [1l—x 1-—

: [ T

yy Ing Yyna
has asymptotically N(0, 1) distribution, so that the event

z_g'
Y

x\/l—x 1—y
= +
yv I Yna

has asymptotically probability 1 — «. This implies that

1-— 1-—
f (]_j:ua/g\/ * + y)
Yy rng Yyna

are endpoints of the confidence interval for § = p;/ps with confidence coefficient which is
asymptotically equal to 1 — a. A detailed derivation of this confidence interval and some
other intervals can be found in the paper Noether (1957).

< Uey/2

14.4 Test of hypothesis A\;/\y =1

Let X; and X5 be independent random variables such that X; ~ Po(A1), X5 ~ Po(As).
Denote v = A1/Ae. Consider a test of hypothesis Hy : v = r against several alternatives.
We have A\; = yAg. Since X + Xy ~ Po(A; + A\2) = Po(yAs + A2), we obtain

Me_7>@ )\_3‘26_72

] 7ol
P(Xi =2, Xo =2 X1 + Xop =21 +22) = L e
(A2 + X))
(213'1 +LIZ‘2)'

() Gh) )
xy v+1 v+1 .

Conditional distribution is binomial. When testing H, against the alternative H; :
~v > r, then Hy will be rejected in the case

T1+x2 [ r1t+xr2—1
S (L j— <a. (14.4)
7 r+1 r+1

1=x1

Similarly, when testing Hy against Hj : v < r we reject Hy in the case that

x1 7 x1+x2—1
1+ To r T
1-— < . 14.5
Z( 1 )(7‘+1) ( r—i—l) =« ( )

=0
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Test Hy against H{ : v # r is usually carried out so that it is found out if at least one
of inequalities (14.4) and (14.5) holds when « is substituted by the number a/2. There
exist also other variants of the two-sided test.

Example 14.3 We introduce an example which is presented in the book Hatle, Likes
(1972), p. 334. It is known that the number of failures of an equipment during 100
hours of operation is a random variable with Poisson distribution. Equipment A had 8
failures and equipment B 5 failures. If A ~ Po(\;) and B ~ Po(\y) and failures occur
independently, we want to test Hy : A = 1 against H; : A > 1. This can be done using
program

library(stats)

poisson.test(c(8,5), r=1, alternative="greater")
Comparison of Poisson rates

data: c¢(8, 5)

time base: 1

countl = 8, expected countil = 6.5, p-value = 0.2905

alternative hypothesis: true rate ratio is greater than 1

95 percent confidence interval:

0.5499053 Inf
sample estimates: rate ratio
1.6

Right hand side confidence interval for A is (0.5499, co), p-value is 0.2905. Hypothesis
Hy : A =1 is not rejected.

Another program can be based on function poisson.exact in library exactci. One-
sided tests in both cases give the same result, but the function poisson.exact in two-
sided test presents three different variants. <
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Chapter 15

Problem of k& samples

15.1 Linear model

This section is an introduction and it serves as theoretical background for methods of
analysis of variance described later in this chapter. The results will be also used in the
chapter devoted to regression analysis.

Let Y = (Y1,...,Y,) be a random vector and X, ., a matrix of given numbers.
Assume that Y follows linear model

Y = X3 +e, (15.1)

where B8 = (f1,...,0) is a vector of unknown parameters and e = (ey,...,¢e,) is a
vector of random variables satisfying conditions

Ee =0, vare = o1I.

The parameter o > 0 is also not known. However, the vector Y is observable. It can
be characterized as vector of errors. Under the term “errors” they are understood errors
which follow from inaccuracies when the vector Y is measured, sometimes the errors
include deviations from the exact linear dependence Y = X (3. The vector e is not
observable. The assumption Ee = 0 reflect the fact that observations of vector Y do
not include systematic errors. The relation vare = oI says that the measurements of
different components of the vector Y are made with equal precision, and the errors of
measurements of different components of the vector Y are uncorrelated.

For simplicity we assume in this section that the rank of the matrix X is k and that
n > k. Linear model (15.1) which fulfills these additional assumptions is called regression
model.

It follows from our assumptions that EY = X3, varY = o0?I. Vector 3 is estimated
using least squares method, i.e. from the condition that the expression

S(B)=(Y - XB)(Y - XB)

is minimal. This estimator is denoted by b = (by, ..., bg)".

It is known that for every matrix A it holds h(A) = h(A A’) = h(A'A), where h(A)
denotes the rank of he matrix A. Since h(X) = k and the matrix X' X is of type k x k,
we conclude that the matrix X’'X is regular.

129
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Theorem 15.1 [t holds b= (X'X)'X'Y .

Proof. First, we verify that the vector b introduced in assertion of the theorem fulfills
the condition X'(Y — Xb) = 0. Then we write S(3) in the form

S(B) =Y — Xb) + (Xb—- XB)[[(Y - Xb) + (Xb - X)].
Using the condition X'(Y — Xb) = 0 we get
SB)=(Y - Xb)(Y -Xb)+(b-08)X'X(b-0).
It follows from the assumption h(X) = k that the matrix X'X is positive definite. Thus
(b—B)X'X(b-p) =0

and equality holds if and only if 3 = b. O

The vector b can be calculated from the system of normal equations X' Xb = X'Y .
The expression
R=(Y - Xb)(Y — Xb)

is called residual sum of squares and it plays an important role in statistical tests. Quite
often instead of R the denotation S, is used. We shall also write Y = Xb.

Theorem 15.2 The estimator b satisfies Eb = 3, varb = ¢*(X'X) 1.
Proof. We have

Eb=(X'X)"'X'EY = (X'X)'X'X3 =3,
varb= (X'X)' X' IX(X'X) ' =0 X'X). O

Theorem 15.3 [t holds
R=Y'[l - X(X'X)'X'Y, R=Y'Y -bX'Y.
Proof. Denote M =TI — X (X'X)™'X'. We can write
Y -Xb=Y - X(X'X)'XY =MY.
The matrix M is symmetric and idempotent, so that M? = M. Thus
R=(Y -Xb))(Y - Xb)=YM'MY =Y'MY.

The first formula is proved. The second formula follows from the first one. a
Further we shall use the following auxiliary theorem.

Theorem 15.4 Let the random vector Z = (Z1,...,%,)" have finite second moments
and let EZ = p, varZ = V. Then for arbitrary matriz A, , we have EZ'AZ =
TrAV + p/Ap.

Proof. Since var Z = E(Z — p)(Z — pn) = EZZ' — pp/, we obtain
EZ'AZ =ETrAZZ' =TrAEZZ' =TrA(V + pup/) =TrAV + /' Ap. O
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Theorem 15.5 Denote s> = R/(n — k). Then Es* = .
Proof. We use theorems 15.3 and 15.4. Since EY = X3 and M X = 0, we obtain

ER=EY'MY =TrMo’I + B3 X' MXB =0c>TrM = (n — k)o*. O

Variable s? is called residual variance. We proved that s? is unbiased estimator of the
parameter o2.

Now, we shall also assume that the vector e is normally distributed. This implies
immediately that Y ~ N(X 3, 0*I).

Theorem 15.6 Under assumption of normal distribution we have

(a) b~ N[B, o*(X'X)7],

R
(b) 52 ~ X?L—k)’
(¢) b and R are independent.

Proof. Assertion (a) follows from theorem 15.1 because linear transformation of normally
distributed vector is again a vector with normal distribution.

Now, we prove (b). It is known that rank of an idempotent matrix is equal to its trace.
The trace of matrix A will be denoted by Tr A. For arbitrary matrices K a L, such that
their product is a square matrix we have Tr KL = Tr LK. Define £ = (Y — Xb)/o. We
insert for b and obtain £ = ¢ 'MY, where M = I — X(X'X)X'. Thus £ ~ N(0, M).
Matrix M is idempotent and its rank equals to

A(M)=Tr[I - X(X'X)'X'|=TrI - Tr X(X'X)' X’
=n—-Tr(X'X)'X'X =n—k.

Since R/c?* = ¢'€, property (b) follows from theorem 3.8 on p. 39.
Finally, we calculate

cov(b, &) = cov[( X' X) ' XY, 07! MY] = (X' X) ' X'0*Toc M = 0.

Vectors b and & are uncorrelated. Since

(¢) =[5

they have simultaneous normal distribution. Thus b and 02¢’¢€ = R are also independent.
O

Theorem 15.7 Let v;; be (i,7)-th element of the matriz (X'X)~'. Then for every i =
1,...,k the random variable
_bi— G

Vs

1;

has the distribution t,_y.
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Proof. Tt follows from theorem 15.6 (a) that b; ~ N(3;, 0%v;;). Define
bi — i

g U“'.

Ui

We can see that U; ~ N(0,1). Theorem 15.6 (b) gives that the variable Z = (n —k)s? /o>
has distribution x2_,. Finally, assertion (c) from theorem 15.6 ensures independence U;

and Z. We know from theorem 3.10 that
Ui
T = ———— ~ t O

VZn—k) "
Theorem 15.8 Let ¢ = (cq1,...,cx) # 0 be a given vector. Then E¢'b = '8 and
B cb—- g
V2 (X' X) e

t k.

Proof. The unbiasednes of the estimator ¢'b is obvious. From theorem 15.2 we obtain
varc'b = o?c (X' X) e

Thus
B cb—- g
Vo2d (X' X) e
Since U depends only on b, it does not depend on Z = (n — k)s*/o?. Tt is easy to see
that

~ N(0,1).

U

Theorem 3.10 ensures that T ~ t,,_. O

Let us remark that theorem 15.7 is special case of theorem 15.8. It suffices to choose
vector ¢ in such a way that its ¢-th component equals to 1 and the remaining components
are all 0.

Vector u =Y — Y is called vector of residuals. It is easy to check that

u=MY, Eu =0, varu = 0> M.

Let m;; be elements of the matrix M and h;; elements of the matrix H = X (X'X)~1X".
We see that the matrix var e is diagonal with equal elements on the diagonal, the matrix
varu has not this property. From this reason normed residuals
Ut Ut
’Ut = =

S~/ Myt S\/l _htt

are used. The observation Y; is influential if its small change leads to rather large change
of vector Y. The influential observations can be detected by diagonal elements h;; of the
matrix H. The elements h;; are called leverages, i.e. influences. It can be proved that
> hi =k, hyy > 1/n for every i. If hy; > 2k/n then such observation is influential. The
influence of individual observations is measured using Cook statistics

(b—bg) X' X (b— b))
ks? ’

where b(;) is estimator of the vector 3 when the i-th observation is excluded.

Di:
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15.2 Weighted average

In some cases it is necessary to apply the least squares method, although the observations
have not the same variances. A model for such situation we investigate in this section.

Theorem 15.9 Let Y, ...,Y, be independent random variables. Assume that EY; = 3,
varY; = o2 > 0, where (3 is an unknown parameter and o%,... 0% are known numbers.

Then the estimator b of the parameter B by the least squares method is

2
o; Y.

J
p=1" (15.2)
o2
=1 ‘

7

and it holds .
Eb = 3, varb = (Z a;2> .
i=1
Proof. Variables Y; correspond to the model
Y;':ﬂ—Fei, izl,...,n, (153)

where ¢; are independent variables with moments Ee; = 0, vare; = 2. Variables e; have
not equal variances so that it is not possible to use results derived in section 15.1. If we
multiply (15.3) by expression o; ', we get

Zi=o0,'B+e, i=1,...,n, (15.4)

where Z; = 0;'Y; and e = o, 'e;. Now, the variables e are not only independent with
vanishing expectations, but they have the same variances vare; = 1. Thus we can write

(15.4) in the form Z = X + e*, where
Z=(Z,...,7,), X = (o7t 00, e’ =(e,...,e).

rn

From theorem 15.1 we get for arbitrary [ least squares estimator

> 0%
b= (X'X)'X'Z ="
>0
i=1
Unbiasednes of the estimator b and the formula for var b follow from theorem 15.2. O

It can be proved that b is the best linear unbiased estimator — BLUE — of the
parameter (3.

Theorem 15.10 Let the variables Y; fulfil assumptions of theorem 15.9 and, moreover,
have normal distribution. Then the estimator b is also normally distributed and the

random variable ,
= (Y; — b)
Q= Z o2
i=1 i

has x2_, distribution.
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Proof. 1t is obvious that b has normal distribution, since b in view of (15.2) is a linear
function of normally distributed vector Y. Further we get

-1
Q=) o7V} - <Z o—;2> > oY) oY (15.5)
i i J k
-1
= 77— (Z o—;2> > 072 o'z,
i i J k

where Z; = 0;'Y;. We can see that Q = Z'AZ, with

0

-1
A=1- <Zo—i‘2) b (o).

o, 1
Matrix A is idempotent and its rank (which is equal to its trace) equals to n — 1. Ex-
pectation of the vector Z is

EZ = (o7",... 0_1)/5.

rn

Vector Z — EZ has distribution N(0, I). It can be checked that
QO=Z'AZ =(Z -EZ)A(Z —EZ).

Theorem 3.9 implies that Q ~ x2_;. O

Theorem 15.10 can be used for testing hypothesis Hy, that all variables in model
(15.3) have equal expectation. If Hy does not hold, then @ is large. Thus Hj is rejected

when Q > x2_,(«).

15.3 Extrapolation in linear model

Assume that the model (15.1) holds. We expect that a new observation Y; will be realized,
which will correspond to a new row of the matrix X, say @ = (zo1,...,Zo). The new
variable Yy follows the model Y, = 8+ ey, where ¢ is a random variable with vanishing
mean and with variance o2, which is independent of the vector of errors e. We want to
estimate the variable Yy, i.e. to calculate its extrapolation. We intend to calculate a
point estimator and an interval estimator. Obviously, Yo = xyb can serve as the point
estimator. The interval estimator will be calculated under assumption of normality. Thus
let Y be normal and ey ~ N(0,0%). Then Yy ~ N(x{3,0%). We are interested in the
difference
Yo — Yy =xpb—x,B8 — e = x)(b— B) — eq.

Calculate its expectation and variance. We have
E(Y) — Yo) = Elah(b— B) — e =0,
var(Yy — Yp) = var[z) (b — B) — eg] = varz, (b — 3) — 2cov[z) (b — B), eg] + var e
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Since b and e are independent, we have cov[xzj(b — 3), eg] = 0. This gives
var(Yy — Yp) = ) (varb)zy + 0® = o’x)(X'X) x4+ 0.

Denote .
_ Yy - Y, (n — k)s?
o\/xy( X' X) g+ 1 .

It was proved that & ~ N(0,1), n ~ x2_, and that ¢ and 1 are independent. Thus

§

T=—— ot
R

§

This can be written in the form

_— Yo~ Yo
sv/xh(X' X))z + 1

and it follows from formula P{|T| < t,_r(a)} =1 — « that

P{Yo — tui(@)sy/zh(X'X) 1w + 1 < Y (15.6)

< Yo+ tusn(@)sy/zh(XX) g + 1) = 1 o

Thus we derived confidence interval for Yy with confidence coefficient 1 — .

15.4 Submodel of the linear model

We say that the linear model
Y =U~v+e (15.7)

is submodel of the model (15.1), if the columns of the matrix U,,«; are linear combinations
of the columns of the matrix X and in the same time h(U) = [ < k. Also here we shall
deal only with such matrices U, which have full column rank. It happens quite often
that the submodel (15.7) arises from the model (15.1) by the omitting some columns
of the matrix X. It corresponds to the procedure where we define the corresponding
components of the parameter 3 as zero. We show generally that linear bindings among
the components of the vector B always lead to the submodel (15.7).

Theorem 15.11 Let the components of the vector B3 fulfil the condition GB = 0, where
hMGixk) =t < k. Definel = k —t. Then there exists such a matriz Q,., of rank | and
such a matriz U, «; of rank [, that the columns of the matriz U are linear combinations
of the columns of the matriz X and it holds X3 = U~, where v = QQ.

Proof. Since h(Gixy) = t, there exists such a matrix @, that the matrix

-(8)
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is regular. We shall write the matrix X A~" in the foorm X A~' = (U, T), where U is of
type n x [ and T is of type n x t. We have

XB=XAT"AB=XA" ( gg ) = (U,T) < %ﬁ ) =UQB=U~. O

It is important to realize that if the submodel (15.7) holds, then the model (15.1)
holds, too. The estimator of the vector « using the least squares method is

g=(U'U)'U'Y
and the residual variance R; in case of the submodel (15.7) is
Ri=(Y -Ug)(Y ~Ug)=Y'[I - UUU)'UYY.

At the same time it holds Ry > R, since R is the minimum of the function S(3) without
any restriction on the vector 3, whereas R; is minimum of the function S(3) under some
subsidiary conditions (e.g. under condition HB = 0). Test of the hypothesis that the
vector 3 fufills the subsidiary conditions, is the test of hypothesis that the model (15.1)
can be reduced to the submodel (15.7). The test is based on the following theorem.

Theorem 15.12 [f the submodel (15.7) holds (i.e. when the vector B is tied by t = k —1
linearly independent relations) then the random variable

(n—k)(R — R)
tR

F =
has Fy,—i distribution.

Proof. Again, denote M = I — X(X'X)'X' and ¢ = 07'!MY. In the proof of
theorem 15.6 (c) it was derived that o2¢'¢ = R, and it follows from theorem 15.6 (b) that
gé~ X%—k'

Denote B = X(X'X)'X' —U(U'U)"'U’. Then Ry — R = Y'BY. Let n =
o 'BY . Since the columns of the matrix U are linear combinations of the columns of
matrix X, there exists a matrix K,; such that U = X K. Matrix B is symmetric and
idempotent. If (15.7) holds, we have n ~ N(0, B). The rank of the matrix B is equal to
its trace k —[ = t. The trace can be derived similarly as in the proof of theorem 15.6 (b).
Theorem 3.8 on p. 39 implies that n'n ~ x?. We have

cov(§,m) = cov(c MY ,0 'BY) =0 *Mo’IB = MB = 0.

Thus the vectors £ and 1 are uncorrelated. Because thy are normally distributed, they
are independent. Then the variables 'n a €€ are also independent. Using theorem 3.11
on p. 40 we obtain

nn/t ¢
§e/in—k) "k
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15.5 Omne-way analysis of variance

The problem is similar as in the case of two-sample t test, but now it is more complicated
because we have more samples. Assume that

Yii, ..., Y, is the sample from N(jy, 0?)

etc. and
Y, .., Y, is the sample from N(yz, 0?).

Let the samples be independent. Such a model is called one-way analysis of variance.
We want to test hypothesis Hy : uy = - - - = p; against the alternative Hy, that some of
the means pq,...,u; are different. Let us remark that if Hy is rejected it is necessary
to find all pairs p;, pt;, which caused this rejection, i.e. for which it can be statistically
proved that p; # p;.

Seemingly it could be done so that all two-sample ¢ tests are calculated. However,
the number of such tests is I(I — 1)/2. If each of them has the level a, the level of
the complete test would be substantially larger than «. The level of each test could be
smaller, say 2a/[I(I — 1)], which would ensure that the overall level would not be larger
than a. The power of such test would nod be large enough and its real level would be
considerably smaller than a. Thus another procedure is chosen. We form one vector Y
from all variables Y;; so that first we give all members of the first sample, then of the
second and finally the last. Let

n=ny+---+ny.

Our assumptions lead to the model

Y =XB+e, (15.8)
where

1 0 ... 0

............ } nq

1 0 ... 0

01 ... 0 } 111
I IR o o .

............ 2

0 0 . 1

............ nr

0 0 . 1

The vector e has n components and it holds e ~ N(0, o%I). Denote

Y;
Vi =Yn+-4Y, y=— for i=1,...,1
n;

and v
Yo=Yitoo+Vi=) 3V, V=y=-x
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Since
X'X = Diag{ni,...,n;}, XY =(Yi,...,Y.),

we have

b= (X'X)_IX'Y = (y1,..-,yr.)-

Theorem 15.3 gives that the residual sum of squares is

R=Y'Y-VXY =) > YV->yY, :ZZ@_Z%E
g i i g i

If Hy holds, we have the submodel
Y =U~ +e,

where U, »x; = (1,...,1) and ~ is of type 1 x 1. This time U'U = n, U'Y =Y, and
the estimator g of the parameter v using method of least squares is

=(U'U)'UY =y. .

Residual sum of squares is

Ri=Y'Y-gUY =) > Y:-yY = ZZW__.
g

Thus 2y
R, —R= S e
n; n

The rank of the matrix X is I, the rank of the matrix U is 1. If Hy holds, we get from

theorem 15.12, that

(n—I)(”1 — R)
(I-1)R

In practical calculations the total sum of squares is calculated first

=T yw-L

Then the sum of squares R; — R is calculated. It is

Fy = ~Fr_in-r.

Y2 Y?
SA: - .
n; n

Residual sum of squares is usually denoted S, instead of R and it is calculated from the
formula

Se =S — Sa.

The variable s> = S./(n — I) is residual variance.

The results are written in the table of analysis of variance (see tab. 15.1). Sum of
squares is denoted S5, degrees of freedom are df and the ratio (mean square) is MS.

In the case that Fiy > Fj_1,_s(a) we reject the hypothesis Hy. Then it is necessary
to decide which pairs of indices satisfy p; # ;. Since y;. is an estimator of p;, the table
of differences y; — y;. is calculated (see tab. 15.2).

Here we introduce only Tukey method of multiple comparisons, since it is one of the
most sensitive.
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Table 15.1: One-way analysis of variance

Source Sum | Degrees of MS Test
squares | freedom statistic
SS MS
SS df MS = T F= =
Groups Sa fa=IT—-=1| Sa/fa Fy
Residual S, fo=n—1|s*=S./f. -
Total ST fT =n-—1 - -

Table 15.2: Differences of means

J
i 2 3 I
Iy =% vi.—ys. -+ Y. —yrL
Y2. —Y3. -+ Y2. — YL
-1 Yr—1,. — YI

Lemma 15.13 Let Xy,...,X,, be random sample from the distribution N(u,c?), where
o > 0. Denote R = max X, —min X; the range. Let s> be an independent estimator for o>
with v degrees of freedom; it means that vs®/c* ~ x* and that s* and X = (X1,..., X))
are independent. Denote () = R/s random variable called studentized range. Then the
distribution of the random variable (), which is denoted by symbol g, ,, does not depend
on p and o.

Proof. Tt holds
max(X; — p)/o —min(X; — p)/o
s/o ’

Variables (X; — p)/o (i = 1,...,m) are independent with distribution N(0,1). Thus
the distribution of the expression in the numerator of formula (15.10) does not depend
on 4 and o. The distribution of the variable s/o does not depend on p and o, too.
Since numerator and denominator of the formula (15.10) are independent variables, the
distribution of the variable ) does not depend on p and o. O

Q=

(15.10)

We will not derive the density of the variable () here. The critical value ¢, («) is
defined as the number satisfying P{Q > ¢, .(o)} = a.

Theorem 15.14 (Tukey) Let Xi,...,X,, be independent random wvariables and let
X; ~ N(ui, b*0?), i = 1,...,m, where b is a known positive constant. Let s* be inde-
pendent estimator for o with v degrees of freedom; it means that vs*/o? ~ x* and that
s? and X are independent. Then probability that

Xi — Xj —bsqm() < pii — p; < Xy — X + bsgm, ()

holds for all pairs (i, 7) simultaneously, equals to 1 — a.
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Proof. Denote Z; = X; — ;. Variables Z; are independent and each of them has distribu-
tion N(0,b?c?). Vector (Zi, ..., Z,,) does not depend on s?. It is clear that b*s? is inde-
pendent estimator for the variance b*c? with v degrees of freedom, since vb*s? /b*c? ~ x2.
It follows from lemma 15.13 that

P {maxZ,-b— min Z; < Qm,u(@)} 1
s

This is equivalent to the formula
P{|Z; — Z;| < bsgm () for all pairs (i,5)} =1 — a.

Inserting for Z; and Z; we get the assertion of the theorem. O

Tukey theorem is used in connection with testing hypothesis Hy : iy = -+ = . If
H, holds, then all intervals [X; — X; — bsgm, (), X; — X + bSqym,» ()] overlap zero with
probability 1 — a. If some of them does not cover zero, i.e. if

| X — Xjo| > b5 () (15.11)

holds for a pair (or for some pairs) (ig, jo), then it leads to the conclusion that we have
i, 7 Ij,- This procedure has an advantage that probability of the error of the first kind
equals o and the rejection of Hy shows directly to the pair or pairs responsible for this
rejection.

Tukey method can be applied in the one-way analysis of variance if ¥ ,...,y;. have
equal variances. It comes in the case that ny = --- = n;. If this condition is satisfied,
we say, that the model is balanced. In such a case we denote size of each sample by
P (e, P =mn = --- =ny). Then y; ~ N(u;,0°/P). In theorem 15.14 we have
b> = 1/P. According to theorem 15.11 the equality of expectations of i-th and j-th
sample is rejected, if

S
lyi. — y;.| > ﬁfﬂ,n—](a)-

Tukey method can be modified to the case of unbalanced classification. It was proved
(see Hayter 1984), that

1/1 1
P {|y, —yi| < sqrn-1(a)y/= (— + —) for all z',j} >1—a.
2 n; n;
If we get

1/1 1
= 1> sansln 5 (o ).
then we reject the hypothesis about equality p; = ;. This modification in programs is
called Tukey HSD. The abbreviation HSD means honest significant difference.

In tab. 15.2 to each difference which is statistically significant on the level 0.05, a star
as the upper index is added. If significance is on level 0.01, two stars are added and for
significance on level 0.001 three stars. This holds also for other tests.

At the beginning of this section we introduced the model of one-way analysis of
variance in the form (15.8) and (15.9). Writing it in components we get

Y;'j::ui“'eija izla"'ala ]:17777’1
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This form simplifies the derivation of the procedure, since the matrix X in (15.9) has full
rank. However, usually this model is applied in the form

Yij = p+ai+ e

New matrix X, which now corresponds to parameters u, aq, ..., ay, is of type n.x (I +1),
but it has rank I. Null hypothesis was py = --- = py, but now it has the form a; =
0,...,ar = 0. Both models are equivalent and lead to the same formulas. Only the
methods of derivations are different.

Example 15.15 Four sorts of potatoes, namely A, B, C, and D, were cultivated. Each
sort was cultivated on 7 fields of equal area. The yields in ton/hectare are introduced in
tab. 15.3.

Table 15.3: Yields of potatoes in t/ha

Sort Yield Average
A 119.3 18.0 21.6 224 20.9 20.1 24.0| 20.9
B |23.1 26.5 25.2 25.0 24.3 21.4 26.7| 24.6
C |23.7 20.8 19.8 24.1 22.2 22.6 22.9| 223
D |17.2 16.6 16.9 17.7 21.3 15.2 19.0| 17.7

The results of analysis of variance are in tab. 15.4.

Table 15.4: Analysis of variance

Source Sum Degrees of |  Ratio Test
of squares | freedom statistic
SS MS
Sorts 174.9125 3 58.3042 | 17.0148*
Residual 82.2400 24 3.4267 —
Total 257.1525 27 — —

Since 4 = 17.0148 > F524(0.05) = 3.01, we reject the hypothesis that the sorts do
not influence the yield of potatoes. The differences among means are compared with the
critical value

We prepare table of differences of means (tab. 15.5).

Then the means are ordered and with the continuous line are underlined the groups
of means the members of which are not significantly different. We get tab. 15.6

We can see that the yield of the sort D differs from the yield of all other sorts. Further
it is proved that the yields of the sorts A and B are different. On the other side it was
not proved that the yields of the sorts A and C and sorts C and B are different.

Program R gives
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Table 15.5: Differences of means

B C D
A|-37 —-14 3.2*
B 23 6.9
C 4.6*

Table 15.6: Sorted means

D A C B
17.7 20.9 22.3 24.6

vynos <- c(19.3, 18.0, 21.6, 22.4, 20.9, 20.1, 24.0,
23.1, 26.5, 256.2, 25.0, 24.3, 21.4, 26.7,
23.7, 20.8, 19.8, 24.1, 22.2, 22.6, 22.9,
17.2, 16.6, 16.9, 17.7, 21.3, 15.2, 19.0)
odruda <- factor(c(rep("A",7), rep("B",7), rep("C",7), rep("D",7)))
tapply(vynos, odruda, mean) # calculation of averages
A B C D
20.9 24.6 22.3 17.7
bram.aov <- aov(vynos ~ odruda) # analysis of variance
summary (bram.aov)
Df Sum Sq Mean Sq F value Pr (>F)
odruda 3 174.91 58.304 17.015 3.872e-06 **x*
Residuals 24 82.24  3.427
Signif. codes: O **xx 0.001 ** 0.01 * 0.05 . 0.1 1
(tk <- TukeyHSD(bram.aov))
Tukey multiple comparisons of means
95), family-wise confidence level

Fit: aov(formula = vynos “ odruda) $odruda

diff lwr upr p adj
B-A 3.7 0.9704439 6.4295561 0.0052375
C-A 1.4 -1.3295561 4.1295561 0.5026381
D-A -3.2 -5.9295561 -0.4704439 0.0173519
C-B -2.3 -5.0295561 0.4295561 0.1204298
D-B -6.9 -9.6295561 -4.1704439 0.0000019

D-C -4.6 -7.3295561 -1.8704439 0.0005518
plot(tk) # figure for Tukey method
bartlett.test(vynos, odruda)
Bartlett test of homogeneity of variances
data: vynos and odruda
Bartlett’s K-squared = 0.4537, df = 3, p-value = 0.9289
library(car)
leveneTest (vynos, odruda)

Levene’s Test for Homogeneity of Variance (center = median)
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Df F value Pr(>F)
group 3 0.1209 0.9469
24
leveneTest (vynos, odruda, center=mean)
Levene’s Test for Homogeneity of Variance (center = mean)
Df F value Pr(>F)
group 3 0.126 0.9438
24

95% family—wise confidence level
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Figure 15.1: Tukey method

When applying Tukey method we look which interval does not contain zero. It cor-
responds to the significant difference. This is easy using the graph (see fig. 15.1). Also
Bartlett test and Levene test were performed. These tests will be explained in the next
section. &

15.6 Tests of homogeneity of variances

One of assumptions which we used in derivation of formulas for one-way analysis of
variance was that variances of all I normal distributions are the same. If we admit that
Yii,...,Y:,, is the sample from the distribution N(yu;,0?) for i = 1,...,I, the problem
arises how to test the hypothesis

HO:O-%:"':O-?
against alternative H;, that Hy does not hold.

Several tests of the hypothesis Hy has been derived. First, we describe Bartlett test.
The denotation will be the same as in sec. 15.3.
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Define

I
(n—1I)lns” = (n;— 1) 1ns§] .
i=1

We have s> = S,./f., where S, and f, are introduced in tab. 15.1. If H, holds,
then the random variable B has approximately x7_, distribution. Thus Hj is rejected in
the case that B > x?_,(a). However, this result can be used only in the case that the
sizes nq,...,ny are sufficiently large. In textbooks is usually introduce that it must hold
n; > 6 foralli=1,... 1. Glaser (1976)published exact critical values. In the case I = 2
Bartlett test can be used as the test for homogeneity of two variances instead common F
test. Manoukian a kol. (1986) published exact critical values for this case. Some other
results about Bartlett test can be found in paper Nagarsenker (1984).

Unfortunately, Bartlett test is sensitive to violation of the assumption of normality
(Box 1953, Box, Andersen 1955). The robust tests were suggested instead of it, see
Layard 1973, Brown, Forsythe 1974.

Probably most often the Levene test (Levene 1960) is used for testing homogeneity of
variances. The I groups of random variables introduced in rows of tab. 15.7 is created.

Table 15.7: Levene test

Dﬁl - y1.|>' s >|Y'1n1 - y1|

|Y}1 - y1.|7' .- 7‘}/[”1 - yl‘

Analysis of variance or Kruskal-Wallis test are applied to the variables in tab. 15.7.
Nowadays in tab. 15.7 instead of means the medians are subtracted. Levene test can be
found in the library car as the function leveneTest.

If we get a significant result, we reject the hypothesis about homogeneity of vari-
ances. This test is only approximate, since the assumptions of analysis of variance or
its nonparametric variant are not fulfilled. The variables Y;; — v;,..., Yin, — v:. are not
independent and their absolute values have not a normal distribution. In spite of this
Levene test is one of the best. It is shown in the paper Conover et al. (1981).

Example 15.16 We use data from example 15.15. We get

s?=3,9933, s2 = 3,5200, s2=2,3600, s3=3,8333,
s = 3,4266, C'=1,0694, B =0,4537.

Since B < x3(0,05) = 7,81, Bartlett test does not reject hypothesis of homogeneity of
variances in the fourth partial samples.
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Levene test based on Kruskal-Wallis test gives test statistic Q = 0.426 with three
degrees of freedom, which asymptotically corresponds to the level p = 0.935. Levene
test based on analysis of variance when medians are subtracted gives F' statistic 0.121
and the level of the test is p = 0.947. When the averages are subtracted, then we get
F = 0.126 and p-value 0.9438. None of the tests leads to the rejection of the hypothesis
about homogeneity of variances. &

15.7 Analysis when variances are not equal

Let Yj1,...,Y;,. be a sample from N(u;,0?), 4 =1,...,I. Assume that the samples are
independent. Let n; > 2, af > (. Denote

ng

1 1 1
i = — Yij i=mni—1 P=— Yij — yi)? A = —.
y n; 4 79 f n ) Sz fz Z( J y) ) n;
7j=1 7j=1
We know that y; ~ N(u;, A\io?). We shall test the hypothesis Hy : yuy = -+ = uy. The
common (but unknown) value of parameters iy, ...,y will be denoted p. We use the

results derived in section about weighted mean (see sec. 15.2 on p. 133). If H, holds,
then NNLO ji of the parameter u equals to

N 1 1
Zz )wlcri2 ; )\jajz !

and it holds ]
= Z W(y" — ) ~ X7

Usually, the variances o%,...,07 are not known. Thus we substitute o7 by unbiased

estimator s7. Define

1
R O DL U A D
(2 ] Z

Then Z can be used as the test statistic for testing Hy. James (1951) approximated the
critical value of the variable Z by

2
1
bl) =i (o) [1+ 22 “Zﬁ( 7)

Thus it holds (approximately)
P{Z > h(w)} = «a.

Welch (1951) denoted

. P 3 1
fi=1-1, f2= ﬁ;ﬁ(l_zw
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and proposed to use

- (I —1)~"3, wilyi — 9)?
14+2(1 = 2)(12 = 1)~ szz( Zfiv)

as the test statistic. He proved that when Hj holds then the variable v? has approximately
distribution F; ;. His method is used in program R in function oneway.test.

Example 15.17 We use data introduced in example 15.15. We get

oneway.test(vynos ~ odruda)

One-way analysis of means (not assuming equal variances)
data: vynos and odruda
F = 14.5298, num df = 3.000, denom df = 13.256, p-value = 0.0001764

It means that the difference is significant. &

15.8 Kruskal-Wallis test

Kruskal-Wallis test is a nonparametric analogue of one-way analysis of variance and it is
a generalization of two-sample Wilcoxon test. It is used mainly in the situations when
the samples are from very non-normal populations.

Let Yi1,..., Y., be a sample from a distribution with a continuous distribution func-
tion F;, ©+ = 1,...,I. Let all the samples be independent. We are going to test the
hypothesis

Hy: Fi(z)=---= F(z) for all x

against the alternative H;, that H, does not hold. All variables Y;; together form the
pooled sample with size n = n; +---+n;. They are ordered into increasing sequence and
the rank R;; of each variable Y;; in the pooled sample is determined. This rank can be
written in tab. 15.8.

Table 15.8: Kruskal-Wallis test

Sample Rank of variables in pooled Sum
random sample of ranks
1 Rll R12 e Rln1 Tl
Ry Rao e Rop, 15
I Ry Rpo Rin, Ty

Proposed test statistic is
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Since
N

1 N+1
ERij:NZk:T*’

we have

ET, _EZRW NH.

From this formula we obtain

N(N + 1)

hlkl}—‘

-y L
— n;
Define 02 = L(N 4 1)(N — 1). Instead of Q* the test statistic

N -1 12 T:
=——Q" = — — -3 1
Q="Fz 0 n(nH);m (n+1)
is often used. It can be proved that EQ =1 — 1.

Instead of @ the symbol H is written and one speaks about H test. If data contain
more than 25 % ties, we should calculate corrected statistic

Quoris = e
= )T - )
where tq, t5, ... are numbers of ties in groups with the same value.

It can be proved (see Héjek, Siddk 1967), that under Hy the hypothesis @ has asymp-
totically x? distribution, when all n; tend to infinity. Since EQ = I — 1, we will have
asymptotically y? distribution with I — 1 degrees of freedom. Thus we reject hypothesis
Hy when Q > \2_, ().

Kruskal-Wallis test is sensitive especially in the cases when the distribution functions
differs by shift. If we reject Hy, it is worth to decide which pairs of samples significantly
differ. In analysis of variance Tukey method was used. Kruskal-Wallis test can be sup-
plemented as follows (see Miller 1966). Denote t; = T;/n;, 1 = 1,..., 1. Let hy_;(«) be
critical value of Kruskal-Wallis test on level a. If the sizes of samples are small, h;_1(«)
can be found in special tables and in greater sizes the approximation h;_;(a) = x?_,(«)
can be used. We decide that the distribution functions of the i-th and the j-th sample
significantly differ if it holds

It —t] > \/1—12 <ni + i) n(n + 1) hi_(a). (15.12)

5

Probability that at least two of I(I — 1)/2 distribution functions F;, F; will be declared
that they are significantly different, although Hj holds, is not greater than a.

If the sizes of all samples are the same, say ny = --- = ny = m, then procedures of
multiple comparisons can be based on Tukey idea which was applied in one-way analysis
of variance (see Neményi 1963 and Miller 1966). For small values m and I are critical
values for |T; — T}| tabulated. If m and I are large, we use the following method. Let
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q1.00(@) be critical value of the range of I independent random variables with distribution
defined as follows. If &,...,&; is the sample from N(0, 1), we denote R = ) — &) its
range. Then ¢ () is defined by the condition

P[R Z C_ILOO(Q)] = Q.

We declare that F; and F} significantly differ if

1t — 1] > qro(a) 1—12](Im +1). (15.13)
If possible, we prefer Neményi method, since it is more sensitive.
Other tests, which can be used instead of Kruskal-Wallis test, are described in the
paper Bhapkar, Deshpande (1968).
It is necessary to point out that assigning ranks is monotonous transformation, but
nonlinear. The nonlinearity may lead to paradoxal results, as it is shown in the next
example (see Haunsperger, Saari 1991).

Example 15.18 Two workshops are in a factory, in each of them 6 identical machines.
However, 2 are from producer A, 2 from B and 2 from C. The production is described in
tab. 15.9 — 15.11.

Table 15.9: Workshop No. 1

Producer |Productivity of machines Rank Sum of ranks

A 5.89 5.98 3 5 8
B 5.81 5.90 2 4 6
C 5.80 5.99 16 7

Table 15.10: Workshop No. 2

Producer | Productivity of machines Rank Sum of ranks

A 5.69 5.74 3 5 8
B 5.63 5.71 2 4 6
C 5.62 6.00 16 7

Table 15.11: Factory

Producer | Productivity of machines Rank Sum of ranks
A 5.89 598 5.69 5.74 8 10 3 5 26
B 5.81 590 5.63 5.71 7 9 2 4 22
C 5.80 5.99 562  6.00 6 11 1 12 30

V workshop 1 the arrangement is A = C' > B. Also in the workshop 2 we have
A > C > B. In the factory we have C' = A > B, which is completely different. &
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Table 15.12: Ranks of the yields of potatoes

Sort Ranks

A 8 6 15 17 12 10 22
B [20 27 26 25 24 14 28
C |21 11 9 23 16 18 19
D 4 2 3 513 1 7
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Some paradoxes are described in papers Haunsperger (1992) and Saari (1989).

Example 15.19 We use data from example 15.15, p. 141. The numbers given in tab. 15.3
will be ordered and their ranks assigned. We get tab. 15.12.
We have n; = 7 for i = 1,2, 3,4 and further we get

Ty =90, T, = 164, 15 =117, T, = 35, Q = 18.3609.

Since @ > x3(0.05) = 7.81, we reject the hypothesis that the samples arise from the dis-
tributions with identical distribution function. Now, we calculate multiple comparisons.
We get

t1 = 12,857, ty = 23.429, t3 = 16.714, ty =5.
Critical value is 12.3. In our case the samples have the same size and thus we can calculate
also critical value using (15.13). The result is 11.3. We use this second critical value,

because it is smaller. The differences t; —¢; are introduced in tab. 15.13. The significance
is denoted by a star.

Table 15.13: Values t; — t;

J
l 2 3 4
1]1-10.57 —3.86 7.86
2 6.72 18.43*
3 11.71*

The sorts are arranged according t; and we underline by unbroken line the groups
which do not differ significantly. We obtain tab. 15.14.

Table 15.14: Sorted means
D A C B

It is proved that D is significantly different from C and also from B. These results are
weaker than those obtained from the analysis of variance in example 15.15.
Using program R we get

kruskal.test(vynos ~ odruda)
Kruskal-Wallis rank sum test
data: vynos by odruda
Kruskal-Wallis chi-squared = 18.3695, df = 3, p-value = 0.000369
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We obtained significant result. &



Chapter 16

Discrete problem of k£ samples

16.1 Testing homogeneity by method \?

Test of homogeneity of two binomial distributions was described in sec. 14.1. It was proved
that it corresponds to the test of homogeneity in 2 x 2 table. For test of homogeneity of
r binomial distributions we can use y? test for r x 2 table.

Theorem 16.1 Let c= 2. Then
2
9 n 41 na
= il——-—] . 16.1
X ning Zn <nz n ) ( )

Proof. We use formula (10.18) for calculating x? in contingency tables. We insert n;, =
n;. — n;1, no =n — nq, and we obtain

n;n.g\?2 n;no\?2
r i1 — N2 —
2 _ § : n n

nyni + nins

n n

r 2
1 Z (nniy —ning)? N (nne —nins)
n;n n;na .
i=1

Since
nNig — NiNg = n(n; —Nix) —Nine = —nng + (N1 +na)n; —ning = —nn; +n;na,

we get

1 « 1 1
2 _ — . 2
X n Z(nml nan.1) |:nzn1 * nzn2:|

2n2—|—n1
:—E (nny —nyn,) ——
1 nininsg

Z

_ i (nnil - ni.n.1)2
nyninsg

=1
n 2
_ Z” <_ﬂ__) D
ning
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Theorem 16.2 Let c= 2. Then

n? <ni  ng
X2 = e (16.2)
nang = M. n.2
1=

Proof. From formula (16.1) we obtain

2 r 2 2 T2 r 2 T
n M1 na n n; na n
2 i1 1
X = R e > 2=y g 2>
nino 4 1 ;. n nin.o n; n 1 n
i= i=

i=1 ' i= =1

T
n? n? n1
= — —n—. O
ning < 1 n;. n.2
1=

Formula (16.1) can be used for calculating x? also in the case that we are interested
in testing independence in table 2 x ¢. Formulas for test of independence and test for
homogeneity are identical.

16.2 Test based on weighted average

Now, we shall consider the problem of testing homogeneity from other aspect. Let X; ~
Bi(ny,p1),..., Xx ~ Bi(ng,pr) and let the variables Xj,..., Xy be independent. We

intend to test hypothesis of homogeneity Hy : py = --- = px. Denote x; = X;/n; and
N =ny+---+ng. We know that Ex; = p;, varz; = p;(1 —p;)/n;. Assume that Hy holds.
The common value of all probabilities p; will be denoted by p, so that p =p; = -+ = pg.

Theorem 15.9 gives that
1

is estimator for parameter p (see formula (15.2).
1—
The central limit theorem gives that x; has asymptotically distribution N [p, u}
n;

if hypothesis of homogeneity holds. From theorem 15.10 we get that

1
Q= ———> milwi )’
p(1—p) Z -
has asymptotically x?_, distribution. However, we do not know the parameter p. Thus
we use the estimator p instead and we use () instead of (), where

_ 1 Y
Q= m an(xz —p)~. (16.3)

It can be proved that the asymptotic distribution of the variable () remains the same as
the asymptotic distribution of variable @, namely x7_,. We reject Hy when Q > x3_,(a).
Since the test is asymptotical, for all ¢ it must hold n;p > 5. Formula (16.3) can be a
little simplified.
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Theorem 16.3 Let c = 2. Then

k R
~ 1 9 P
0= 72:«—1\] _ 16.4

This formula is called Brandt-Snedecor formula.

Proof. First, we write (16.3) in the form

1 b 2 ~ : ~2 - )
— B i_2 7 i+ (s
ST (;n:): p;nx p ;n

Q=-

Since Y n;x; = np, the formula (16.4) follows. O

16.3 Remark on tests

Theorem 16.4 If k = 2, then the test based on statistic Q is identical with two-sided
test which is based on Uy defined in formula (14.2).

Proof. Since y3(a) = [u (%)]2, test based on U, rejects homogeneity of two binomial
distributions when U? > x?(a). If we compare denotation used in (14.2) and in our
theorem, we can see that

A

T =T, Y = T, Z=D, m=n, n = mnas.

According to (16.3) and to (14.2) we have

~ 1
Q= qrogylmla =2 +nly =2
Since
_ mx +ny
 m+4n’
we obtain ( ¢
~ 1 r—y 2
= = O
Q Z(l - Z) l + 1 ’
m n

Similarly, for arbitrary & > 2 it holds Q = x?, where x? is defined in formula (16.2)
and @ in (16.4).

Theorem 16.5 Let ¢ =2. Then
5k

O=" Z”—%—nﬂ. (16.5)

nang = M n.2

Proof. We have p = =+ 1 —
theorem. O

= 22 We insert into (16.4) and obtain assertion of

3>
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16.4 Example

Example 16.6 The Faculty of Mathematics and Physics organizes camp for students
who enrolled into the first year of study. The camp is in Alber in district Jindfichuv
Hradec. The students are divided into groups with respect to the branch of their study.
It is Mathematics (M), Physics (F), Computer Science (I), and Teaching (U). Since 2004
the students write the same test from Mathematics. The test consists of 12 problems.
Each correctly solved problem brings 1 point. The student having 9 or more points is
successful. The unsuccessful solvers are recommended to attend a special introductory
course in Praha. The results of the test in year 2010 are introduced in tab. 16.1.

Table 16.1: Results of test from Maths in 2010
Branch
Year M F 1 U

2010 | Successful 104 55 52 7
Unsuccessful | 54 42 70 10

We will deal with the problem if in year 2010 were significant differences among the
branches. Using program R we obtain

uspl0 <- c(104, 55, 52, 7)
neulO <- c(54, 42, 70, 10)
tb110 <- rbind(uspl0,neul0)
colnames(tbl110) <- c("M","F","I","U")
(tbl10.am <- addmargins(tbl10))
M F I U Sum

usp10 104 55 52 7 218
neul0 54 42 70 10 176
Sum 158 97 122 17 394
clk10 <- uspl0+neull
prop.test(usp10,clk10)
data: usplO0 out of clkiO
X-squared = 16.4601, df = 3, p-value = 0.0009125
alternative hypothesis: two.sided sample estimates:

prop 1 prop 2 prop 3 prop 4
0.6582278 0.5670103 0.4262295 0.4117647

The difference in year 2010 is statistically significant. However, in other years the differ-
ence was not significant.

In case of significant result the statistician must decide which pairs are significantly
different. This can be done using the following program.

pairwise.prop.test(uspl0, clk10)
Pairwise comparisons using Pairwise comparison of proportions
data: uspl0 out of clkiO
1 2 3
2 0.554 - -
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3 0.001 0.265 -
4 0.328 0.714 1.000
P value adjustment method: holm

The result is represented by the matrix of adjusted p-values, calculated by Holm
method (see Holm 1979). It is one of the methods of multiple comparisons. We can see
that there exists only one adjusted p-value, which is smaller than 0.05, namely 0.001. It
corresponds to the comparison of the students of mathematics and informatics. These
two groups are significantly different. No other differences were significantly different.

¢
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Chapter 17

Calculation of power of test

17.1 One-sample test

Let Xi,...,X, be a random sample from the distribution N(u,0?), where 0% > 0. At
the beginning we assume that the variance o2 is known. Test of Hy : p = o against

Hy @y > po has critical set -
X —
Ho Jm > u(a).
o

If the true expectation is u, then the power of test (probability of rejection Hy) is

s —p{ ot )
i}

X — _
:P{J\/ﬁZu(a)jL'uo 'u\/ﬁ
o o

Denote A = (i — po)/o. If we want that for the given A the test has power 3, we
must have

Vn > u(a)

o o

P{X_“\/ﬁzu(aH“O_Mﬁ

u} = 3. (17.1)

Consider size n of the sample which ensures that for the given A the power of test
B(p) will be equal to the given probability 5. From (17.1) we have the condition

u(a) + Av/n = u(p),
so that )
[u(3) — u(e)]
A2 '
We solved the right-hand side test. The results for left-hand side test and for the two-sided
test can be derived analogously. For details see Hatle, Likes (1972), p. 287.

If the variance o2 is not known, then the test of Hy : p = o against H; : p1 > po has
critical set

n =

= X ;MO\/E > tn-1(a).

If the mean value is p, then the random variable (X — pg)+/n/c has distribution N(4, 1),
where § = (u — po)y/n/o. Thus T has non-central t distribution t,_, 5. The power is

Bp) = P[T" 2 th1(20)] = 1 = Foy s[tn-1(20)),

T/

157
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where F,,_;s is distribution function of t,_;s. The size n of sample ensuring that for
a given p > po the power of test is # can be obtained by solving equation ((u) = 3.
Similar procedure can be used for left-hand side and for two-sided test.

Example 17.1 We analyze data introduced in example 9.5, p. 74. We calculate power
of two-sided test Hy : p = 0 against alternative H; : p = 1. This number 1 is denoted
delta. First, the data are odch <- ¢(-3,2,-2,0,-1). Then we use sd(odch) and have
standard deviation 1.923538. The unknown standard deviation ¢ will be taken as 2.
Further we have

power.t.test(n=5, delta=1, sd=2, type="one.sample")

One-sample t test power calculation

n=25
delta = 1
sd = 2

sig.level = 0.05
power = 0.1384528

alternative = two.sided

In this function we have sig.level = 0.05. The power of the test is only 0.14. If
we want to have the power of test 0.9, the sample size is obtained as follows.

power.t.test(power=0.9, delta=1, sd=2, type="one.sample")

One-sample t test power calculation

n = 43.99552
delta = 1
sd = 2
sig.level = 0.05
power = 0.9

alternative = two.sided

The size of the sample would be n = 44. &

17.2 Paired t-test
It is only a variant of one-sample t-test and so we show only an example.

Example 17.2 We use data introduced in example 11.1, p. 99. We shall calculate power
of test for the case that the difference of means is delta=0.3. We have

\/

ppneu <- c(1.8,1.0,2.2,0. 9, 5,
lpneu <- c¢(1.5,1.1,2.0,1.1
rozdil <- ppneu-lpneu
sd(rozdil)

0.194079

\/

b ,

The unknown standard deviation o is replaced by the number 0.2. We obtain
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power.t.test(n=6, delta=0.3, sd=0.2, type="paired")

Paired t test power calculation

n==6
delta = 0.3
sd = 0.2

sig.level = 0.05
power = 0.8325291
alternative = two.sided

NOTE: n is number of *pairs*, sd is std.dev. of *differences* within pairs

In this case the power of test is 0.83, which is rather large. &

17.3 Two-sample t-test

We show only a practical application of the test.

Example 17.3 Consider data from example 13.4, p. 112. The program can be applied
only in the case that the sizes of both samples are equal. Assume that when the difference
of means is 5, the power should be 0.9. We obtain

da<-c(62,54,55,60,53,58)
db<-c(52,56,49,50,51)
sd(da) [1]

3.577709

sd (db)

[1] 2.701851

Standard deviation of the first sample is 3.6, of the second 2.7. The unknown standard
deviation o will be taken as 3. We calculate

power.t.test(power=0.9, sd=3, delta=b)
Two-sample t test power calculation
n = 8.649245

delta = 5

sd = 3
sig.level = 0.05
power = 0.9

alternative = two.sided

NOTE: n is number in *each* group

The required power of test would be reached in the case that the sample size in each
group would be n = 9. &
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17.4 Analysis of variance

Using function power.anova.test it is possible to calculate power of test in one-way
analysis of variance when the classification is balanced, Function power.anova.test has
arguments

groups Number of groups
n Number of observations (per group)
between.var Between group variance

[}

[}

[}

e within.var Within group variance

e sig.level Significance level (Type I error probability)
[}

power Power of test (1 minus Type II error probability)

Example 17.4 We calculate power of test for data in example 15.15, p. 141. Value of
within.var can be estimated by residual variance 3.43, value of between.var can be
estimated by variance of class averages as follows.

x <- ¢(20.9, 24.6, 22.3, 17.7) # class averages
var (x)
8.329167

Now, we calculate the power of the test:

power.anova.test(groups=4, n=7, between.var=8.33,
within.var=3.43)

Balanced one-way analysis of variance power calculation

groups = 4
n=7
between.var = 8.33
within.var = 3.43
sig.level = 0.05
power = 0.9999658

In this case the power is very high, which corresponds to small p-value from exam-
ple 15.15. &

17.5 Test for homogeneity of two binomial distribu-
tions

It happens quite often that we have two binomial distributions and we want to test
if probability of success is the same for both distributions. Let X; ~ Bi(ny,p;) and
Xs ~ Bi(ng, p2) be two independent random variables. If we have their realizations, we
are interested in the power of test of hypothesis Hy : p; = p, against the alternative that
the true probabilities p; and p,y are different. If we prepare the samples, we are interested
in sample sizes which ensure that the power of test will be 3. In the case ny = ny =n
we can use the function power.prop.test. We have
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power .prop.test(n=NULL, p1=NULL, p2=NULL, sig.level=0.05, power=NULL,
alternative=c("twosided","one.sided"), strict=FALSE)

If one of the parameters n, pl, p2, power, is unknown, then the function sig.level the
parameter calculates. We introduce some examples.

Example 17.5 We restrict ourselves to the usual situation sig.level=0.05. If n=50,
p1=0.5, p2=0.6, then we get

power.prop.test(n = 50, pl = .5, p2 = .6)

Two-sample comparison of proportions power calculation

n = 50
pl = 0.5
P2 = 0.6

sig.level = 0.05
power = 0.1685815
alternative = two.sided

NOTE: n is number in *each* group
The power of the test is only 0.1685815. If we want power 3 = 0.9, then the calculation

power.prop.test(pl = .5, p2 = .6, power = .9)

Two-sample comparison of proportions power calculation

n = 518.0372
pli = 0.5
p2 = 0.6
sig.level = 0.05
power = 0.9

alternative = two.sided

NOTE: n is number in *each* group

gives that we must have at least 518 variables in each group.

%
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Chapter 18

Linear regression models

18.1 Introduction

Linear regression models were described in section 15.1 on p. 129. In this chapter we
introduce some special cases. At the beginning we shall assume that eq, ..., e, are inde-
pendent random variables with distribution N(0, 02).

18.2 Basic regression models

18.2.1 Line with zero intercept

Consider the model
Y;‘Zﬁflfi—i—ei, Z:]_,,TL

If we write this model in the form (15.1), then we can see that the vector 8 has only one
component 3 and it holds X = (z1,...,x,)". It follows from theorem 15.1 on p. 130 that
the estimator of the parameter 3 is

b= E T;Y;
oXa
Using the second formula in theorem 15.3 on p. 130 we have
,_ R _YYZobYay
n—1 n—1 '

Usually, we test the hypothesis Hy : § = 0. We use theorem 15.7 on p. 131. If Hy holds,

then the variable ;
T =24/ 2
S Z Ti

has the distribution t,,_;. If |T'| > t,_1(«), we reject Hy.

Example 18.1 Bend Y; (in mmx107?) of plastic material was measured in dependence
on pressure z; (in kp/cm? ). The results are introduced in tab. 18.1, see fig. 18.1.

It is known that in this range of values x; the bend is linearly dependent on pressure.
This linear function has zero intercept. We obtain

b=17.857, s? = 4.7143, T = 69.041.

163
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Table 18.1: Bend of material in dependence on pressure

Pressure z;| 2 4 6 8 10 12
Bend Y; 14 35 48 61 80 93

The value of T exceeds the critical value t5(0.05) = 2.571, and so we reject hypothesis
H,. The calculation is as follows.

tlak <- 2%1:6

pruhyb <- c(14, 35, 48, 61, 80, 93)
g <- lm(pruhyb ~ tlak -1)
summary (g)

Call:

Im(formula = pruhyb “ tlak - 1)
Residuals:

1 2 3 4 5 6
-1.7143 3.5714 0.8571 -1.8571 1.4286 -1.2857
Coefficients:

Estimate Std. Error t value Pr(>|tl)
tlak 7.8571 0.1138 69.04 1.210-08 **x*

Signif. codes: O *xx 0.001 ** 0.01 * 0.05 . 0.1 1

Residual standard error: 2.171 on 5 degrees of freedom

Multiple R-squared: 0.999, Adjusted R-squared: 0.9987
F-statistic: 4767 on 1 and 5 DF, p-value: 1.207e-08
confint (g)

2.5 97.5
tlak 7.564601 8.149685
plot (pruhyb ~ tlak, las=1, xlab="pressure", ylab="bend")
abline(g)

¢

18.2.2 Regression line

Consider the model
Y; = Bo + Bz + e, 1=1,...,n. (18.1)

We have 8 = (0o, #1)" and

Denote
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80 —

60 0

bend
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20

T T T T T 1
2 4 6 8 10 12

pressure

Figure 18.1: Bend of material in dependence on pressure

We obtain estimators

iY; —nzY S Y2 —bod Y= 1Y
DL Sl i S P S Jp DLl D DL (D DL
dox?—nx n—2

We show an interpretation of b;. Assume that x; # T holds for all 7. Then

>z —2)(Y; = Y)

- Ti— X Y, -Y
by = = - 4 = i g oy
T Y —ap Zm—x rma 2t

J

where weight w; is

(v — 2)°
> (z; —2)?

J
and o; is the angle between horizontal line and the line joining points (x;,Y;) and (z,Y).
Sum of the weights w; is one. Thus the regression line is weighted average of all hnes
which go through points (z;, Y;) and their center of gravity (z,Y).

For testing Hy : 31 = 0 calculate

= b—sl\/Zx?—nz?

If |T7] > t,—2(c), then Hy will be rejected.
Let ¢ = (1,z)’, where z is a given number. We verify that

_ 1 (x — z)?
(X' X)le=-4+ 2
e )7e n+2x?—n§72

Theorem 15.8 on p. 132 implies that the interval with endpoints

w; =

1 (x — T)?
b() + bll’ F tn_Q(Oé)S \/E + W (182)
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with probability 1 — a covers the value Gy + Sz (and so it is confidence interval for
Bo+ 1z with confidence coefficient 1 — ). Formula (18.2) defines a hyperbola and thus a
confidence band. The band ensures that a value 3y + B2 will be covered with probability
1 — a but not the line y = By + f1x. Such a confidence band can be also derived. Instead
of t,—o(a) number /2F5,,_o(c) must be used.

Now, we calculate prediction interval and prediction confidence band. Assume that a
new observation Yy corresponds to the row xy = (1,2(). We get

(w0 — 7)?

1
(X' X))t 1=—-4 9 7
o )" mo+ n + ST a? — nz?

+ 1.

Formula (15.6) on p. 135 defines interval with endpoints

1 (g — T)?
bo+b to— 14—+ =——""—.
o + 019 F k(a)s\/ '+’n +‘§:1¥ ni2

3 J—

It is confidence interval for Y{ with confidence coefficient 1 — .. If x varies continuously,
we get prediction confidence band.

Example 18.2 (Continuation of example 6.3, p. 61.) Concentration of the milk acid in
the blood of mothers (values x;) and their newborn children (values Y;) was measured.
The results are introduced in tab. 6.1 and in tab. 18.2. We assume that the concentration
of the milk acid in blood of new born children depends linearly on the concentration in
blood of mother.

Table 18.2: Concentration of milk acid

x; |40 64 34 15 57 45
Y;[33 46 23 12 56 40

We insert data and calculate basic characteristics.

matky <- c(40,64,34,15,57,45)
deti <- c(33,46,23,12,56,40)
g <- 1lm(deti ~ matky)
summary (g)

Call:

Im(formula = deti

~

matky)
Residuals:

1 2 3 4 5 6
0.1358 -7.3677 -4.7384 0.4936 8.6125 2.8642

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -1.3082 7.3615 -0.178 0.86759
matky 0.8543 0.1623 5.265 0.00623 **
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Signif. codes: O ‘***’ 0.001 ‘%’ 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ 2 1
Residual standard error: 6.312 on 4 degrees of freedom
Multiple R-Squared: 0.8739, Adjusted R-squared: 0.8424
F-statistic: 27.72 on 1 and 4 DF, p-value: 0.006232
confint (g)

2.5 Y 97.5 Y,
(Intercept) -21.7469727 19.130521
matky 0.4038278 1.304795

The results are presented graphically in fig. 18.2.

pred.frame <- data.frame(matky=seq(15, 65, by=0.5))
pred.matky <- pred.frame$matky
pp <- predict(g, int="p", newdata=pred.frame)
pc <- predict(g, int="c", newdata=pred.frame)
plot(matky, deti, xlim=c(15,65), xlab="mothers",
ylab="children", ylim=range(0,70,deti, pp, na.rm=T), pch=16, las=1)
abline(g)
matlines(pred.matky, pc, lty=c(1,2,2), col="black")
matlines(pred.matky, pp, lty=c(1,3,3), col="black")

children

I I I I I
20 30 40 50 60

mothers

Figure 18.2: Concentration of milk acid

We have got by = —1.3082, b; = 0.8543. Estimator b; is significant, its p-value
is 0.00623. Confidence bands are presented in fig. 18.2. Confidence interval for (3, is
(0.40,1.30). &

Asymptotic properties of estimators can be derived without assumption of normal-
ity. It suffices to assume that eq,...,e, are random independent variables with zero
expectation and equal variance o2 > 0.
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Theorem 18.3 Let exist numbers ¢y, ¢1 such that for n — oo it holds

n n
1 1,
— E xr; — Co, — E T; — C1,
n 4 n <

=1 i=1

and ¢; — ¢t > 0. Then by and by are consistent estimators of parameters By and (y. If
additionally E(Y; — EY;)* < D holds for some D > 0, then s? is consistent estimator of
parameter o2.

Proof see Dupa¢, Huskova (1999), p. 141. O

Theorem 18.4 Assume that the assumptions of theorem 18.3 are fulfilled. Moreover,
assume that
1 n
lim sup — ;]2 < o0.
msup - ; i

Then each of variables

bo — Bo by —
Vvarby’ V/var b,

has asymptotically distribution N(0, 1).

Proof see Dupa¢, Huskova (1999), str. 143. O

18.2.3 Quadratic regression

Under this name we understand the model
Y =00+ Bixi + Box +e;,  i=1,...,n (18.3)

Here we have

1 oz 2?2 no Sox doa? Y,
X=1......... XX =Y Y22 Y|, XY = Yoy,
1z, i da Y > 7Y,
Estimator b = (b, by, by)’ of vector 3 = (0, 81, F2)" can be obtained by solving system of
equations
X'Xb=X'Y.

Then we obtain

P (V- YY)

Denote
Voo Vo1 Vo2
(X/X)_l = V1o Vi1 V12
V20 V21 V22
Very often we test the hypothesis Hy : §o = 0. This is a test if the dependence Y; on x;
is linear. If Hy holds then it follows from theorem 15.7 that
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In case |Ts| > t,_3(a) the hypothesis Hj is rejected.

Consider test of hypothesis Hj, : ; = (2 = 0. If H| holds, then Y; does not depend on
x;. Alternative hypothesis is that Y; depends on z; either linearly or quadratically. For
testing H|, we use theorem 15.12. We know that residual sum of squares is R = (n — 3)s®.
Here k£ = 3 (matrix X has three columns and rank 3). If H} holds, we have submodel

Y =B+ e

Least squares estimator of the parameter 3, is Y, so that

Ry =) (Yi—=Y)=> Y2 —n¥?
We have two independent linear bindings (; = 0, f = 0), so that k —[ =t = 2. Thus

(fr — R)/2

==

“’FZn—&

If F>Fy,_s(a), we reject H.
Example 18.5 In tab. 18.3 we have measurements of density of water p in dependence

on temperature. Temperature is introduced in degrees of Celsius, density in kg/dm?. See
fig. 18.3.

Table 18.3: Density of water

We calculate

teplota <- 10%0:10

t p t p t p
0 1,000(40 0,993| 80 0,973
10 1,000 |50 0,987| 90 0,964
20 0,997|60 0,983 100 0,958
30 0,996 |70 0,978

hustota <- c¢(1, 1, 0.997, 0.996, 0.993, 0.987,
0.983, 0.978, 0.973, 0.964, 0.958)

g <- 1lm(hustota ~ teplota + I(teplota”2))

summary (g)

Call:

Im(formula = hustota * teplota + I(teplota~2))
Residuals:

Min 1Q Median 3Q Max
-1.114e-03 -5.753e-04 -6.853e-05 6.727e-04 1.052e-03
Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 1.000e+00 6.870e-04 1456.302 < 20-16 ***
teplota -6.312e-05 3.196e-05 -1.975 0.0837 .
I(teplota~2) -3.660e-06 3.078e-07 -11.888 2.30-06 ***
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1.00 —

0.99

0.98

density

0.97

0.96 —

I I I I I I
0 20 40 60 80 100

temperature

Figure 18.3: Density of water in dependence on temperature

Signif. codes: O **xx 0.001 ** 0.01 * 0.05 . 0.1 1

Residual standard error: 0.0009017 on 8 degrees of freedom
Multiple R-squared: 0.997, Adjusted R-squared: 0.9962
F-statistic: 1316 on 2 and 8 DF, p-value: 8.428e-11

Program for figure is

pred.frame <- data.frame(teplota=seq(0, 100, by=5))
pred.hustota <- predict(g, newdata=pred.frame)

new <- pred.frame$teplota

plot(teplota, hustota, ylim=range(hustota, pred.hustota), las=1)
matlines(new, pred.hustota)

Since F'is significant, we proved that density of water depends on its temperature. The
coefficient by quadratic component is significant, we reject hypothesis that the dependence
is linear. &
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18.2.4 Two independent variables

Consider the model

so that
1 r1T 21
X=1 ......... ,
1 z, 2z,
n DT >z NG
X'X=\| Sz Y22 Szz |, XY=[ >V

Du 2wz YA > 2Y;
Estimator b = (bo, by, b2)’ of vector 8 = (0, f1, 32)’ can be calculated from the system of

normal equation
X'Xb=X'Y.

Using formulas

R=3 Y'=b) Yi=bi ) a¥i=b) =Y, o= njj?)

we obtain residual sum of squares R and residual variance s2. Elements of the matrix
(X'X)~! will be again denoted vyj, 4,7 = 0,1,2. If we want to test Hy : B = 0, we
calculate

by

vV 821)22 .
In the case that |T| > ¢, 3(a) we reject Hy and it is proved that Y; depends on z;.
Similarly, for testing Hy : 8; = 0 calculate

T, =

b
vV 82’1111

and H| will be rejected, when |T1| > t,_3(a). If Hj is rejected, the dependence Y; on x;
is proved.
Consider testing hypothesis Hj : 8; = 2 = 0. We start with calculation

Ri=> Y?—nY?

General theory gives that the variable

T =

(R —R)/2

R/(n —3)

has distribution Fg,_3 when Hj holds. If F' > F,,_3(«a), we reject Hj. This will prove
that Y; depends either on x; or on z; or on both x; and z;.

F =

Example 18.6 (Continuation of example 6.3, p. 61.)

Remember that in year 1957 statisticians investigated expenses Y; for food and drinks
in households in dependence on number X; of people in the household and on net earnings
Z;. The data concerning 7 randomly chosen households are given in Tab. 6.2. Assume that
the dependence of expenses on remaining two variables is linear and calculate regression
analysis. The program is
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vyd <- c(4,3,4,1,6,4,5)
velik <- c(4,2,4,1,5,3,4)
prijem <- ¢(10,8,12,3,15,12,13)
potr <- data.frame(vyd,velik,prijem)
g <- lm(vyd ~ velik + prijem)
summary (g)
Call:
Im(formula = vyd “ velik + prijem)
Residuals:
1 2 3 4 5 6 7

0.029903 0.252419 -0.536500 -0.003518 0.285840 -0.208443 0.180299
Coefficients:

Estimate Std. Error t value Pr(>lt])
(Intercept) -0.17414 0.40812 -0.427 0.6916
velik 0.32806 0.271256 1.209 0.2931
prijem 0.28320 0.09473 2.990 0.0404 *
Signif. codes: O *** 0.001 ** 0.01 * 0.05 . 0.1 1
Residual standard error: 0.3571 on 4 degrees of freedom
Multiple R-squared: 0.9657, Adjusted R-squared: 0.9485
F-statistic: 56.25 on 2 and 4 DF, p-value: 0.001179

Statistic F is significant. Expenses for food depend on number of people in the house-
hold and on income. However, influence of number of people is not significant. The
number of data is very small.

o
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the length of the confidence interval, 66
theoretical frequencies, 87

theoretical odds ratio, 93

third quartile, 58

tie, 119
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