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1 Random sequence

We fix a probability space (2, F,P), i.e. {2 is a non-empty set, F is a o-algebra on {2 and PP is a probability
measure on (2, F). We consider a sequence of real random variables {X,,n € N}, ie. measurable
mappings X, : (2, F) — (R, B), where B = B(R) is the Borel o-algebra on R.

Definition 1.1. A sequence X1, X5, ... of random variables is called a random sequence.

Let RN be the space of all sequences of real numbers. The random sequence Xi,Xs,... creates
a mapping X : Q@ — RY defined by

X(w) = (X1(w), Xo(w),...), we. (1)
The question is whether this mapping is measurable in some sense.

(oo}
Definition 1.2. If (S,,,S,) are measurable spaces, we define the product o-algebra Q) S,, of subsets of

n=1

o0
the product space X S, as

n=1

Q) Sn = 0{A1 x Ay X -+ X Ay X Spy1 X Spya X -+ 1 Ay € Sp,n € N}

n=1
The set of the form A; x Ay X -+ X Ay X Spg1 X Spao X -+ is called a finite-dimensional cylinder set.
When S, = S and S,, = S for all n € N, we use the notation SN = X S,, and SN = Sh.
n=1 n=1
In our situation we have S,, = R and S,, = B.
Proposition 1.1. If X1, X5, ... is a random sequence, then X defined in (1) is measurable with respect

to BY. We write X : (Q, F) — (RN, BY).

Proof. Applying Definition 1.2 for S,, = R and S,, = B, it suffices to verify that F' = [X € A; x Ay X
XAy XRXxRx---] € F for any Ay,..., A, € B and n € N. However, this is obvious because
F:ﬂ;;L:l[XkGAk]G]:. O

The space RY can be naturally turned into a metric space.

Definition 1.3. The distance of two real sequences x = (z1,x2,...) and y = (y1,y2, ... ) is defined as
o0
|Zn — yn| A1
d({l?, y) = Z %7
n=1

where a A b = min{a, b}.



Remark: Note that the series in definition of d is always convergent and d(z,y) < 1 for any =,y € RY.
Proposition 1.2. (a) The function d is a metric on RY.

(b) The sequence {z" = (a7, 2%,...) € R¥n € N} converges as n — oo to the sequence v =
(w1, 22,...) € RN in metric d if and only if ¥} — x; for all j € N.
n—oo

(c) The metric space (RN, d) is separable and complete.

(d) For —oo < a, < b, < 00, the set X [an,by] is a compact subset of RY.
n=1
Proof. (a), (b), (c) Exercise class.
(d) Without loss of generality assume [a,,b,] = [0,1]. Let {a" = (a7, 25,...),n € N} be a sequence

of elements from [0, 1]. Since x1,22,... is a sequence of real numbers in compact interval [0, 1], there is

a subsequence xT(l’l),x?(l’m,. mT(l’k), ..., that converges to some z; € [0,1] as k — co. Then we can
find a subsequence {n(2,k),k € N} of {n(1,k), k € N} such that 13(2’k) a2 € [0,1]. By induction we
—00

construct

cey

1,1 1,2 1,k

1:?( ),xrf( ),...,:z:;l( ),...kjoasle[(),l],
2,1 2,2 2,k

a:g( ),xg( ),...,a:g( ),...k:)oxge[O,l],
2,1 2,2 0k

m?( ),m?( ),...,x?( ),...k;zxge[o,l},

so that {n(¢+ 1,k),k € N} is a subsequence of {n(¢,k),k € N}. We use the diagonal selection principle
and consider the sequence {n(k,k),k € N}. For any £ € N we have {n(k,k),k > ¢} C {n({,k),k € N}
and hence

xn(k’k) — Ty.
k—oco
Using part b) we get that {z"(*F) = (x?(k’k),xg(k’k), ...), k € N} converges in metric d as k — oo to the
sequence ¥ = (1,2, ...) € [0,1]N. This proves that [0, 1]" is compact. O

Now let us examine what the Borel o-algebra B(RY) looks like.

Theorem 1.3. The relation BY = B(RY) holds, i.e.
o{A; x - x Ay xR x---:Ay,..., A, € BneN} =o{U:U CR" open set}.

Proof. The inclusion BY C B(RY) is obvious. We have to show that every open set U C RY lies in the
o-algebra BY. For each z € U there exists 6, > 0 such that B(z,d,) C U, where B(z,d,) = {y : d(y,z) <
6.} is an open ball in RN with the centre  and radius &,. Therefore, U = (J,;; B(%, ;). The metric
space RN is separable (Proposition 1.2). Therefore, from an open covering of U we can select a countable
subcollection (Lindelf’s covering theorem) which also covers U. We get U = (i, B(z, 65, ), where
x5, € U. In order to finish the proof it suffices to show that B(x,d) € BY for any z € RY and 6 > 0. For
fixed z € RY the mapping T : RY — R* given by T : y > Z;’il 279(|z; — y;| A 1) is measurable with
respect to BY. Hence, B(x,8) = T~1((0,6)) € BY. O

Definition 1.4. Let F be a metric space. Then X : (Q, F) — (E, B(E)) is called a random element with
values in F.

Corollary 1.4. A random sequence X = (X1, Xo,...) is a random element with values in RY.
Proof. The assertion follows from Proposition 1.1 and Theorem 1.3. O

There exist several useful non-trivial sub-c-algebras of the o-algebra B(RY).



Definition 1.5. The mapping p : RY — RN is called a finite permutation (of order n) if there exist n € N
and a permutation (ki,...,ky,) of the set {1,...,n} such that

P(T1, o Ty Tpgts o) = (Thys ooy Tl T 1y - -+ )y (21, 20,...) € RV
Definition 1.6. The mapping s : RN — RN given by
s(z1,20,...) = (x2,23,...), (r1,2,...) € R,
is called a shift.
Definition 1.7. The set T € B(RY) is called terminal if the following implication holds:
= (x1,29,...) €T,y = (y1,92,...) € RY : g = x, for all but finitely many k € N =y € T
We say that T € B(RY) is n-terminal if
r=(x1,29,...) €T,y = (y1,92,...) ERN sy = fork>n =yeT.
Definition 1.8. Denote the following collections of sets:
o n-symmetric sets: S, = {S € B(RY) : p(S) = S for any finite permutation p of order n},
o symmetric sets: S = {S € B(RY) : p(9) = S for any finite permutation p},
e shift-invariant sets: T = {I € B(RY) : s71I = I},
o n-terminal sets: T, = {T € B(RY) : T n-terminal}.
e terminal sets: T = {T € B(RY) : T terminal}.
Proposition 1.5. (a) Any finite permutation p : RY — RY is a homeomorphism.
(b) Shift s is continuous mapping.
(c) The set T € B(RY) is n-terminal if and only if there exists T, € B(RY) such that T =R" x T,,.

(d) The collections Z, T and S are c-algebras such that T C T, C S, for any n € N. Consequently,
I CT CS. All inclusions are strict, i.e. T+ T, #S, andZ #T #S.

Proof. Exercise class. O

By Corollary 1.4 the random sequence X = (X1, Xo,...) is a random element with values in RY.
Hence, it has a probability distribution.

Definition 1.9. Let X : (2, F) — (E,B(E)) be a random element with values in a metric space E. Let
P(E) denote the family of Borel probability measures on E. Define Px(B) = P(X € B) for B € B(E).
Then Px € P(FE) is called the probability distribution of X.

It means that the probability distribution of a random sequence X = (X1, Xo,...) is a probability
measure Py on B(RY) defined as Px(B) = P((X1, Xa,...) € B) for B € B(RY). We are going to show
that the distribution of X is determined by the set of finite-dimensional distributions.

Definition 1.10. We say that the set B € B(RY) is finite-dimensional if there exist n € N and B,, €
B(R"™) such that B = B,, x RY.

Proposition 1.6. Let A be the family of finite-dimensional sets. This system is an algebra that generates

BRY), i.e. o(A) = B(RY).
Proof. Exercise class. O

Theorem 1.7. The probability distribution of a random sequence X = (X1, Xa,...) is uniquely deter-
mined by the probability distribution of all random vectors (X1, Xa,...,X,), n € N.



Proof. Let X = (X1,X,,...) and Y = (Y1,Y>,...) be random sequences satisfying Px, . x,) =
Py,,...y,) for all n € N. We have to show that Px = Py. Let B = B,, x RN be a finite-dimensional set.
Then

Px(B)=P(X € B) =P((X1,...,X,) € By) =P((Y1,...,Y,) € B)=P(Y € B) = Py(B).

The measures Py and Py coincide on the algebra A of finite-dimensional sets. From the measure theory
we know that if two finite measures coincide on some 7-system (system closed under finite intersections)
then they coincide on the o-algebra generated by this m-system. Applying Proposition 1.6 we get that
PX:PY ODB(RN). O

Fundamental problem: We prescribe finite-dimensional probability distributions P, € P(R™) for
n € N. When does the random sequence X = (X1, Xo,...) exist such that Px, . x,) = P, for every
n € N?

We easily find a necessary condition.

Definition 1.11. We say that a sequence {P, € P(R™),n € N} of probability distributions is projective
if Ppy1(Bn X R) = Py(B,), B, € B", n € N, i.e. P, is a marginal distribution of P,;, for arbitrary
n € N.

The distribution P, € P(R™) is uniquely determined by its distribution function
Fo(z1,...,2,) = Pn((—oo,acl] X oo X (—oqxn]), (x1,...,2,) € R™
Therefore, we easily get the following result.
Proposition 1.8. The system {P,, € P(R™),n € N} is projective if and only if

lim  Foi1(21,. .oy @ny Tng1) = Fu(21, .. xn)  for(zy,...,2,) €ER® andn € N,
Tp41—+00

where F,, denotes the distribution function of P,.

It is obvious that {P,,n € N} in our fundamental problem must be projective. A deep result is that
this condition is also sufficient. The following two theorems are special cases of the Daniell-Kolmogorov
extension theorem.

Theorem 1.9. (Daniell’s extension theorem) Let {P,, € P(R™),n € N} be a projective family. Then
there exists a random sequence X = (X1, Xa,...) such that Pix, .. x,) = Pn for alln € N.

Theorem 1.10. Let {P, € P(R"),n € N} be a projective family. Then there exists a unique Borel
probability measure P on RY such that

P(B, xRYY=P,(B,), B,cB" neN. (2)
Theorem 1.9 is a consequence of Theorem 1.10.

Proof. (of Theorem 1.9) By Theorem 1.10 there exists P € P(RY) satisfying (2). We use a canonical
construction. Take (Q, F,P) = (RN, B(RY), P) and X = id. The projections X,, : RY — R, n € N, given
by

Xo(X1,e oy Ty Tpg1y ... ) =, for (z1,29,...) € RN,

are continuous and hence measurable in the sense (RY, B(RY)) — (R, B). The distribution of the random
vector (X1,...,X,) is

Pix,...x,)(Bn) =P((X1,...,X,) € B,) =P(X € B, xRY) = P(B, xRY) = P,(B,), B,€B"
The random sequence X = (X7, Xs,...) satisfies the required property. O

Now we prove Theorem 1.10.



Proof. (of Theorem 1.10) Let {P,, € P(R™),n € N} be a projective system. Relation (2) defines a finitely
additive probability measure P on the algebra A C B(RY) of finite-dimensional sets.

We first need to verify that the definition is correct. Let a finite-dimensional set be expressed in two
ways as B, x RN = B,, x R, where B,, € B*, B,, € B™ and m > n. Then B,, = B, x R™™" and the
projectivity property implies Py, (By,) = P (Bn x R™™") = P, (B,,).

Next we verify that P is finitely additive on A. If A and B are finite-dimensional sets, then there
exist n € N and A,,, B,, € B" such that A = A,, x RN and B = B,, x RY. For disjoint sets A and B it is
obvious that A,, and B, are disjoint and AU B = (A,, U B,,) x RY. Therefore,

It remains to show that P is o-additive probability measure on the algebra A. Then by Hopf extension
theorem, P can be extended to a unique probability measure P on the o-algebra o(A). Proposition 1.6
claims that the algebra A generates B(RY). Thus, the extension P is defined on B(RY) and has the
desired properties.

Let A™ = By x RN, n € N, be sets from A such that A' O A2 D ... and N2, A" = ) (we write
shortly A™ (). Since A™ is a monotone sequence, we can assume that the sets Bgn € BF are chosen
so that k; < ko < ---. Choose arbitrary ¢ > 0. The measure P,, € P(R*") is tight for any n € N.
It means that there exists a compact set K™ C By satistying P, (B} \ K") < ¢/2". We construct
finite-dimensional sets C" = K™ x RN € A. From the construction it follows that C" C A™ and hence

e, 0™ =.

We can find m € N such that N_,C™ = (. For contradiction assume that N"_;C™ # ( for all
m € N. Then there exist sequences ™ = (7%, z5*,...) € RN, m € N, such that (27, ... ;7 ) € K™ for
allm = 1,...,m. So we obtained a sequence {z™,m € N} in RY such that every sequence (z},22,...)

is bounded in R. By Proposition 1.2d, the sequence {2™,m € N} has a limit point 2 € RY. From the
construction we see that x € N2, C™ = (), which leads to the desired contradiction.
Let m € N be such that N7, C™ = ). Then

m

P(A™) = P(A™\ Mp_,C") < > P(A"\C") =Y P, (Bf \K") < 223

We used the relation A™\ N, C™ C U™ ,(A™\ C™). Hence, we have P(A™) < P(A™) < ¢ for n > m,
leading to P(A™) N\ 0 for n — oo.

If A, A2 ... € A are pairwise disjoint sets such that U,;";lflk € A, then A" = Uzoznflk € AforneN
and A™ N\, (). We have already shown that P(A™) \, 0 for n — co. From this fact and finite additivity
of P we can deduce that

o n—1 n—1
1k _ 1k ny __ 1k n k
P(UA ) _P<UA>+P(A )= P(A")+P(A n:;ZPA

k=1 k=1 k=1
We proved the desired o-additivity of P, which completes the proof. O

Recall the notion of product measure from the measure theory.

n
Definition 1.12. Let @Q1,...,Q, € P(R). The product measure Q = @ Qk is the unique probability
k=1
measure in P(R") satisfying the property

Q(Bl X X Bn) = Ql(Bl) te Qn(Bn)

for all By,...,B, € B.
For Q1,Q2,--- € P(R) there exists a unique probability measure @ € P(RY) such that

Q(By X By X+ XBy xRx--)=Q1(By) - <®Qk> (By X -+ X By)

for any finite-dimensional cylinder set By x By x --- X B, x R x --- € B(RY). This measure is denoted

(o]
by Q@ = @ Q and it is called the infinite product measure of Q1,Q2, . ..
k=1



Proposition 1.11. The random wvariables Xi,...,X, are independent if and only if Px,, . . x,) =
® PXk .

k=1

Proof. See Probability Theory 1. O

If {Qr € P(R),k € N} is a sequence of probability measures, it is clear that {P,, = @ Qk,n € N} is
k=1
a projective family. Then Theorem 1.10 has the following form.

Theorem 1.12. For an arbitrary sequence {Qy € P(R),k € N} there exists a unique probability measure
P € P(RY) satisfying

P(B, xRY) = (é Qk> (Bn), Bn€B",neN.
k=1

Theorem 1.9 then can be stated in the following form.

Theorem 1.13. For an arbitrary sequence {Qr € P(R), k € N} there exists a sequence X = (X1, Xa,...)
of independent random variables such that Px, = Qp, k € N. Moreover, Px = @ Q 1is the infinite
k=1

product measure.

n
Proof. Since the system {P, = & Qk,n € N} is projective, by Theorem 1.9 there exists a random
k=1

sequence X = (X1, Xs,...) such that Pix, . x,) = P, = @ Qk, n € N. Hence, Px, = Qj for any
k=1
k € N and random variables X1,..., X, are independent for any n € N by Proposition 1.11. This in

turn implies that random variables X1, Xo,... are independent. The equality Px = @ Q. follows from
k=1

Pix,,..x,) = /@1 Qk, n € N, and Definition 1.12. O

Theorem 1.13 states that if we specify one-dimensional distributions (g, then there always exists
a sequence of independent random variables X that have distribution Q, kK € N. When the Q; are
Bernoulli distributions with parameter p € [0, 1], this gives a mathematical model for a sequence of
Bernoulli trials with the probability of success p. In the case p = 1/2 we can proceed directly without
the need of Daniell’s extension theorem.

Definition 1.13. Binary ezpansion of a number x € (0, 1] is a sequence 1, s, ... of zeros and ones that
contains infinitely many ones and
o0
Tk
k=1

Binary expansion of z = 0 is a sequence of zeros.

Proposition 1.14. Let X be a random variable with uniform distribution on [0,1] and let

(oo}
Xi(w)
X(@)=Y " @
k=1
be its binary expansion. Then X1, Xs, ... is a sequence of independent random variables having Bernoulli

distribution with parameter 1/2.

Conversely, if we consider a sequence of independent random variables having Bernoulli distribution
with parameter 1/2, then the random variable X defined by (3) has a uniform distribution on the interval
[0,1].

Proof. Exercise class. O

We will deal with several important types of random sequences that describe the motion of a particle
at timesn =1,2,...



Definition 1.14. We say that a random sequence X = (X1, Xs,...) is

e 7id, if random variables X, j € N, are independent and identically distributed,

o n-symmetric, if (Xq,..., X, Xpny1,...) and (Xg,, ..., Xk, , Xnt1,...) have the same distributions
for every finite permutation (k1,...,k,) of order n € N,

e symmetric, if it is n-symmetric for all n € N,

e stationary, if the distributions of (Xi,...,X,, Xp41,...) and (Xp41, Xnq2,...) coincide for all
n € N.

Examples and relations between these types of sequences are left to exercise class. Other important
types are Markov chains (course Stochastic processes 1) and martingales, which we are going to study in
more detail in next sections.

2 Stopping times, filtrations, and martingales

Let X = (X1,Xs,...) be a random sequence. It models the random motion of a particle at times
t=1,2,... Then the events which the particle encounters until time n are collected in the g-algebra

o(Xy,..., Xpn) ={[(X1,...,Xn) € By),B, € B"}.
All events are collected in o-algebra o(X) = {[X € B], B € B(RY)}.
Proposition 2.1. The following relation holds: o(X) = o (US2,0(X1,...,Xn))-
Proof. Exercise class. O

Definition 2.1. Let (2, F) be a measurable space and F; C F C --- C F be a non-decreasing sequence
of o-algebras. We say that {F,,n € N} is a filtration. We denote Fo = o (U2, F},).
Let X = (X1, Xo,...) be a sequence of random variables defined on (2, F) and let {F,} be a filtration
satisfying o(X1,...,X,) C F, for all n € N. We say that the sequence X is F,,-adapted.
Ifo(Xy,...,X,) = F, forall n € N, we say that {F,} is the canonical filtration of X = (X1, Xo,...).

Proposition 2.2. Let X = (X1, Xa,...) be a random sequence and let S = (S1,S52,...) be a sequence
of its partial sums, i.e. S, = Y p_; Xp, n € N. Then X and S have the same canonical filtration,
i.e. 0(Xy,...,X,) =0(S1,...,5,) for alln € N. Consequently, o(X) = o(S)

Proof. Exercise class. O
An important event occurs when a particle first enters some barrier set B.

Definition 2.2. Let X = (X1, Xs,...) be a random sequence. For B € B denote Tp(w) = min{n :
X, (w) € B}, where min ) = co. We say that T's is the first hitting time of the set B by the sequence X.

Note that T : @ — NU {c0} and
[Tp <n]= U X, eBleo(Xy,...,X,) CF, neN.

It means that Tz is a random variable.

Definition 2.3. The mapping T : 2 — NU{oo} is called a stopping time (or Markov time) with respect
to the filtration {F,,} provided that [T' < n] € F,, for all n € N. Shortly we speak about an F,-stopping
time (or Fp-Markov time).

Let X = (X1,Xo,...) be a random sequence. A stopping time T with respect to the canonical
filtration is called a stopping time of the sequence X, i.e. T : Q@ = NU{oo} and [T < n] € o(X1,...,Xp)
for all n € N.



The first hitting time T is a stopping time of X because [Tp < n] € o(X1,...,X,) for every n € N.
This stopping time is a random variable that gives no information about the behaviour of X after the
time T'g.

We are looking for a suitable definition of a o-algebra that represents our information about the
random sequence X up to the stopping time T'.

Definition 2.4. Let {F,,} be a filtration and T be an JF,-stopping time. Define
Fr={Fe€Fsx:FN[T <n]eF,VneN}L
Then Fr is a o-algebra that is called stopping time o-algebra.

Proposition 2.3. Let {F,} be a filtration. Then T is an F,-stopping time if and only if [T = n] € F,
for all n € N. Furthermore,

Fr={FeFo:FN[T=n]eF,VneN}L
Proof. Exercise class. O

At the time T'(w) < oo the particle is located in X7, (w). For w € Q we denote

_ XT(w)(w) if T(w) < 00,
Xr(w) = {0 if T(w) = 0.

If T < oo a.s. we write shortly T ‘2 0. In that case, Xt is almost surely a value of the random sequence
stopped at time 7.

Proposition 2.4. (calculus for stopping times) Let {F,} be a filtration. If S and T are F,-stopping
times and {X,,,n € N} is an F,-adapted random sequence, then

a) T and X1 are Fr-measurable random variables,

b) SAT, SVT and S+ T are F,-stopping times,

¢) T An is Fp-measurable random variable for any n € N,
d) FeFs=FnI[S<T|e Fr,

e) S<T = Fg C Fr,

f) 1S <T|[S=T]e FsnFr,

9) FsNFr = Fspr-

Proof. a), b), ¢) exercise.
d) According to Proposition 2.3 we have to show that F' € Fs = FN[S <T|N[T =n] € F, for all
n e N:
FN[S<TIN[T=n]=FNn[S<n|N[T=n]ecF,.

This follows from FN[S < n] € F, and [T =n] € F,.

e) By part d), S < T and F € Fg implies that F' = FN[S < T)] € Fr.

f) By part d), we have [S <T]=QN[S <T] € Fr. If we put A = SAT, then X is a stopping time by
part b). Since A=T|N[T =n|=[A=n|N[T =n] € F,, we get [\ =T] =[S > T] € Fr by Proposition
2.3. Altogether we have [S < T],[S > T] € Fr and hence also [S=T] =[S <T|N[S >T] € Fr. The
events [S < T, [S > T],[S = T] belong to Fg from the symmetry.

g) By part e) we get Fsar C Fs N Fr. Let F € Fg N Fr. Then

FNSAT<n]=(FNT<SINIT<n)UFEN[S<TIN[S <n]).

From part f) we have FN[T < S] € Fr and FN[S < T] € Fs. Consequently, FN[T < S|N[T < n] € F,
and FN[S <T|N[S < n] € F,, which leads to FN[SAT < n] € F, for any n € N. It means that
F e Fsar. O



Proposition 2.5. a) Let T be an F,-stopping time. Let X\ : @ — N U {oco} be an Fr-measurable
random variable such that A > T. Then X\ is an F,-stopping time.

b) Let X = (X31,Xa,...) be a random sequence and T its stopping time. For B € B define A\ =
min{k > T : Xy, € B}, it is the first hitting time of B after time T. Then X is a stopping time of

X.
Proof. Exercise class. O
Definition 2.5. Let X1, X5,... be an iid random sequence and consider its partial sums .S,, = ZZ:1 Xk,

n € N. The sequence {S,,n € N} is called a random walk. If the random variables X; take only values 1
and —1, then {S,} is called a simple random walk.

Theorem 2.6. (strong Markov property of a random walk) Let S, = Y ,_, X, be a random walk
and let T "< 0 be its stopping time. Denote Ry = Spp—St fork € N. Then (R1, Ra,...) 4 (S1,52,...)
and the sequence (Ry, Ra,...) is independent of the o-algebra Fr.

Proof. Consider n € N, F' € Fp and B € B™. Then

M8

P([(Ri,...,Ry) € BINF) =S P((Ri,...,Ry) € B,T = k| N F)

=~
Il
—

M

P([(Sk+1—5k,...,5k+n—5’k) EB]H[T:]C]QF)

=
Il
—

M0

P((Sk+1— Sk, Sktn — Sk) € B) -P([T = k| N F)

=
Il
—_

P((S1,...,5.) € B)- > P(T =k|NF)=P((Sy,...,S,) € B) - P(F).
k=1

By choosing F = Q we get P((Ry,...,R,) € B) = P((S1,...,S,) € B) for all n € N and B € B™.

Applying Theorem 1.7 this in turn means that the distributions of (R1, Ra,...) and (S, S, ...) coincide.

Furthermore, we have P([(Ry,...,R,) € BJNF) =P((Ry,...,Ry) € B) - P(F). Thus, (Ry,...,R,) and

Fr are independent for any n € N. This is equivalent to the independence of (R, Ro,...) and Fpr. O

Proposition 2.7. (stationarity with respect to a stopping time) Let (X1, Xo,...) be an iid random

sequence and let T C 00 be its stopping time. Then (Xpy1, X719,...) 4 (X1,Xs,...) and the sequence
(X141, X142,...) is independent of the o-algebra Fr.

Proof. Analogously as in the proof of Theorem 2.6 consider arbitrary n € N, F' € Fp and B € B™. Then

P([(XT+17. . ,XTJFTL) S B] OF) = P([(XT+1,. .. ;XT+n) S B] NFN [T = k])

gl

M

P([(Xps1s- - Xpin) € B)P(FN [T = k)

=
I
—

=P([(X1,...,Xn) € B))Y P(FN[T =k
k=1
=P([(X1,...,X,) € B)P(F).

By choosing F = Q we get P([(X141,..., X14n) € B]) =P([(X1,...,X,) € B]). Hence,
P([(XT+1, R XT+n) S B] n F) = P([(XT+1, L 7XT+n) S B])P(F)
O

Definition 2.6. Let X;, X5,... be an iid random sequence such that P(X; = 1) =P(X; = —1) = 1/2.
The corresponding simple random walk {S,,} is called the symmetric simple random walk.



Proposition 2.8. Consider a symmetric simple random walk {S,} associated with an iid random se-

quence (X1,Xo,...). LetT 2 5 bea stopping time of this sequence. Then

(X1, X, —X1i1, —Xrga, ) 2 (X1, Xa,...)

Proof. The random sequence (X1, ..., X7,0,...) is Fp-measurable because for any B € B(RY) and n € N
we have

[(X1,...,X7,0,...) € BIN[T =n] =[(X1,...,Xn,0,...) € BIN[T =n] € F,,
which implies [(X1,...,X7,0,...) € B] € Fr by Proposition 2.3. Random sequences
(0, N ,O,XT+1, XT+2, .. ) and (07 PN ,07 —XT+1, _XT+27 . )

have the same distribution and they are independent of Fp by Proposition 2.7. Therefore, the random
sequences

(Xl,XQ,...):(Xl,...,XT,O,...)+(0,...,0,XT+1,XT+2,...)

and
(Xla'";XT;_XT+17_XT+27" ) = (le'“aXTaO?"') + (07 '707 _XT+13_XT+2a"')7
that are given as the sums of two independent sequences, have the same distribution. O

Proposition 2.9. (reflection principle) Let {S,} be a symmetric simple random walk. Let T be the
first hitting time of the set {a} (for some a € N) by this random walk. Denote S}, = 2Sxar — Sk, k € N.
Then (S7,S%,...) has the same distribution as (Sy,Sa2,...).

Proof. Exercise class. O

Proposition 2.10. (maxima of symmetric simple random walk) For symmetric simple random
walk {Sy} denote M,, = maxy=1, . Sk, n € N. Let T be the first hitting time of the set {a} (for some
a € N) by the random walk {S,}. Then

P(T <n)=P(M, >a)=2P(S, >a)—P(S,=a) a lim P(M, >a)=1.

n—oo

Proof. Exercise class. O

Definition 2.7. Let H : (Q,F) — (E,B(E)) be a random element with values in E. We define the
o-algebra generated by H as o(H) = {[H € B|,B € B(E)}. It is the smallest sub-o-algebra A C F such
that H : (Q, A) — (E,B(E)).

Definition 2.8. Consider H : (Q,F) — (E,B(E)) and T : Q@ — R. We say that T is H-measurable
random variable if T : (Q,0(H)) — (R, B), i.e. o(T) C o(H).

Proposition 2.11. A random variable T is H-measurable if and only if there exists f : (E,B(E)) —
(R, B) such that T = f(H).

Proof. See Probability Theory 1. O

If T is a stopping time, then it follows that o(T) C Fr. For an example when this inclusion is sharp,
consider T' = n for some n € N such that F,, is a non-trivial g-algebra. Then o(T) = {0,Q} C F,, = Fr.

Before we get to the definition of a martingale, let us recall the definition and basic properties of
the conditional expectation. We write X € Lq(F) for a random variable X defined on (2, F,P) and
satisfying E|X| < oo. For a o-algebra G C F we denote by Y € L1(G) a random variable Y on (2, G, P|g)
satisfying E|Y| < co.

Definition 2.9. Let X € L;(F) and G C F be a o-algebra. A random variable EY X = E[X|G] € L,(G)
is called conditional expectation of X given G if for any G € G we have

/XWz/WXﬂ
G G
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The conditional expectation E9 X is P-a.s. uniquely determined. We write X “=" Y if PX=Y)=1
and X € YifP(X <Y)=1.

Proposition 2.12. (calculus for conditional expectation) For X,Y € Li(F) and sub-o-algebra
G C F the following relations hold:

a) E9(aX +bY +¢) 2 aRIX 4+ bEYY + ¢ for a,b,c € R,
b) X <Y = E9X < ECY,
¢) h:R— R convez and h(X) € L1(F) = h(ESX) < ESh(X),

d) Y G-measurable random variable and X -Y € Ly(F) = B9XY =" Y - E9X (in particular, X
G-measurable and X € Li(F) = E9X 2 X)),

e) D C F sub-o-algebra such that D and 0(X)VG are independent = E[X|GVD] 2 E[X|G] (notation:
AVB=0c(AUB)),

f) D C G sub-o-algebra = EPEIX 2 EIEPX 2 EPX (in particular, E(E9X) = EX ),
9) (X,16) £ (Y,15) VG € G = EIX “Z E9Y.
Proof. See Probability Theory 1. O

We may also consider conditioning given the random element H with values in a metric space FE.
In particular, H = (Hy, Ha,...) can be a random sequence. If X € L;(F) then E[X|H] = E[X|o(H)]
denotes the conditional expectation of X given H. It is a.s. uniquely determined by the conditions that
E[X|H] is integrable H-measurable random variable and

/ XdIP’:/ E[X|H]dP
[HeB] [HeB]

for all B € B(E). According to Proposition 2.11 there exists a Borel measurable function f : E — R such
that E[X|H] = f(H). By f(h) = E[X|H = h] we denote the conditional expectation of X given H = h.
The following two properties will later play an important role.

Proposition 2.13. Let X andY be random elements with values in metric spaces 1 and Eo, respectively.
Let g : E1 X E5 — R be a Borel measurable function such that g(X,Y) € Ly (F).

(i) If Z € L1(F) and (Y, Z) and X are independent, then E[Z|X,Y] 2 E[Z|Y].
(i) If X and Y are independent, then E[g(X,Y)|X = z] = Eg(x,Y) for Px-a.s. x € Ey.
Proof. See Probability Theory 1. O

By X € Ly(F) we mean that a random variable X defined on (2, F, ) satisfies EX? < co. When
studying martingale differences we will need the following result.

Proposition 2.14. For X € Lyo(F) and o-algebra G C F we have
(i) E9X € Ly(G), E(X —E9X)? = EX? - E(EYX)?,
(i5) E(X —E9X)Y =0 for Y € Ly(G),
(iti) E(X —E9X)? = miny¢,g) E(X —Y)2.
Proof. See Probability Theory 1. O
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The mapping EY : Ly(F) — L2(G) is a projection operator in the Hilbert space Ly. If we denote
the Ly-norm || X|| = VEX2, then X — Y = (X —E9X) + (E9X —Y) is the decomposition into two
perpendicular summands by part (ii) of Proposition 2.14. Moreover,

IX =YI? = 1X —E9X|* + |[E9X - Y|* > || X - E9X]?,

and the equality holds for Y = E9X.
We will substantially improve the rule f) from Proposition 2.12 for iterated conditioning.

Proposition 2.15. Let {F,} be a filtration and let S and T be its stopping times. Assume that Z €
Ly(F). Then

(i) the implication (S < T = EFsZ = EFs77 Z) holds a.s.,
(i) EFsEFr Z = EFrEFs Z 2 EFsar 7.

Proof. (i) We have to prove that there exists N € F with the property P(N) = 0 such that (S(w) <
T(w) = (EFs2)(w) = (EFs"7Z)(w)) for w ¢ N. In another words, we want to show that

I[SST]E}-SZ = 1[SST]IE}-SATZ. By Proposition 2.4 we have [S < T] € Fsar C Fs. Hence,
taking into account Proposition 2.12d we have to verify E}-Sl[SST]Z = 1[S§T]IEFSATZ. This
means that we have to show

/1[S§T]ZdIP’:/ 1s<rEF" 7 Z dP
F F

for all F' € Fg. The last relation can be rewritten as

/ ZdP = / EFsnT Z dP. (4)
FN[S<T] FN[S<T]

Now it suffices to note that F N [S < T| € Fr N Fs = Fsar by Proposition 2.4. Therefore, (4)
follows from the definition of conditional expectation.

(ii) We have to show that EFs~7Z “= EFs (E77Z), ie. [, EFs/7ZdP = [, E77Z dP for all F € Fg.
For arbitrary F' € Fg we get

/ EFsAtZ 4P = / ZdP = / E7TZ dP.
FN[S<T) FN[S<T] FN[S<T]

The first equality is (4) and the second equality follows from FN[S < T] € Fr (see Proposition 2.4d)

and the definition of conditional expectation. Similarly as in (i) we can show that 17~ S]EF saT g 2
17«9 E77 Z. Consequently,

/ EFsAt 7 dP = / EfTZ dP.
FN[T<S] FN[T<S]

O

The continuity of E[X | G] in both arguments plays an important role. The following proposition
deals with the continuity in the first argument. The continuity in the condition will be stated later.

Proposition 2.16. Let X,,, X € Li(F) and let G,,,G be sub-o-algebras of F.
a) (continuity in L, ): E|X, — X| — 0 = E[EYX,, —E9X| — 0,
n—oo

n—oo

b) (continuity in Ly): E(X, — X)? — 0 = E(EYX,, —E9X)? — 0,

n—oo n—oo

¢) (uniform integrability): if the random sequence {X,} is uniformly integrable, then also the sequence
{E[X, | Gn]} is uniformly integrable,

d) (monotone convergence theorem): 0 < X, S X =0 a; E9X, ~ E9X,

n—oQ n—oQ
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e) (conditional Fatou’s lemma): X,, >0, X = liminf,, . X, € L1(F) =

a.s. a.s.
0 < E9X < liminfE9X,,,
n—oo
f) (dominated convergence theorem): |X,| <Y € L1(F), X, =3 X = E|EYX,, —E9X| — 0 and

3 n—oo n—oo
E9X, 2% E9X.

n— oo

a.s.
Proof.  a) Jensen’s inequality (Proposition 2.12c) implies [E9X,, — E9X| < EY|X,, — X|. Now it
suffices to take expectation on both sides of the inequality.

b) Again by Jensen’s inequality we have (EYX,, —E9 X)? a'SS‘ EY (X, — X)?, and taking the expectation
gives the continuity in Lo.

c¢) DenoteY,, = E[X,, | G,]. Then Jensen’s inequality provides |Y,,| aﬁs E9|X,| and for the probability
of a G,-measurable event [|Y,,| > ¢] we get

P(Y,| > ¢) < ¢! /

|Y,,| dP < c_l/ E9"| X, |dP < ¢! sup E| X,,|.
[(1Yn|>¢]

[1Yn|>c] neN

Hence, P(|Y;,| > ¢) — 0 uniformly in n. Furthermore,
c— 00

/ |V, | dP < / E9~
(1 Yn|>c] [1Yn]>c)

Since the X,, have uniformly absolutely continuous integrals, the right-hand side goes to zero for
¢ — oo uniformly in n.

X,|dP :/ X, | dP.
(1 |2e]

d) See Probability Theory 1.
e) By applying part d) for monotone sequence 0 < infy>, Xy /‘ X we get
n—oo

0°< RI inf X 7 E9X.

n—oo

Since EY infsp X < infyen B9 Xy, we have E9X ‘< liminf, o E9X,.

f) The sequences {Y £ X,,} are non-negative. By e) we know that

E9(Y + X) < E9Y + liminf E9 (£X,,).
n—oo
After subtraction of E9Y we get +E9X a; liminf, . +tE9X,, ic. E9X a; liminf, . E9 X,
and E9X > limsup,,_,. E9X,. Altogether,
ESX < liminfE9X, < limsupE9X, < EIX

n—00 n—00

and all the inequality signs < are in fact equality signs =. So we have proved have EY X, 2% E9X.

n—roo

The uniform integrability of {X,} and a.s. convergence imply convergence in L;. So the Ly con-
vergence of conditional expectations follows from a).
O

Now we are ready to define martingales.
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Definition 2.10. Let {F,} be a filtration and let X = (X7, Xo,...) be a sequence of integrable random
variables. We say that X is an F,-martingale if it is F,-adapted and

EXp41 | Fou]l € X, forallneN. (5)

In a particular case of canonical filtration F,, = o(X1,...,X,), X is simply called a martingale. It
satisfies

E[X,i1 | X1, Xo,...,X,] 2 X,, foralln € N. (6)

a.s.
If = in (5) and (6) is replaced by >, we say that X is an F,-submartingale and submartingale,
respectively.

a.s.
If ““® in (5) and (6) is replaced by <, we say that X is an J,,-supermartingale and supermartingale,
respectively.

Remark: Obviously, {X,} is an F,,-submartingale if and only if {—X,} is an F,,-supermartingale.

From the definition it is clear that every martingale has constant expectation. The sequence {EX, }
is non-decreasing for a submartingale while it is non-increasing for a supermartingale.

Note that

a.s.

(5) <= E[X,, | Fx] = X fork <nmn,

(6) <= E[X,, | X1,...,Xx] © X}, fork <n.
It is enough to use Proposition 2.12f):

E[X, | Fi] © BB B X, 2 X
Similar equivalences hold for submartingales and supermartingales.
Proposition 2.17. (stability of the martingale property)

(i) If a random sequence X1, Xa,... is an F,-martingale, then it is also an G,-martingale for any
filtration {G,} satisfying o(X1,...,X,) C G, C F, foralln € N. In particular, each F,,-martingale
is a martingale.

(ii) Let X1,Xa,... be an F,-martingale and let D be a o-algebra that is independent with Fo,. Then
X1, Xo,... is an (F, V D)-martingale.

a.

®

Proof. (i) By Proposition 2.12f) we have E[X,,1 | G,] © E9E/" X, .1 2 E9 X, X,

(ii) By Proposition 2.12e) we have E[X,,+1 | F, V D] 2 E[X,141 | Fn] Z X

Remark: Similar results hold for submartingales and supermartingales.

The fundamental examples of martingales are provided by sums or products of independent random
variables.

Proposition 2.18. Let Xy, Xs,... be a sequence of independent integrable random variables. Denote
Sn =310 Xj forn €N.

a) If EX,, = 0, then {S,} is a martingale. If EX,, > 0, then {S,} is a submartingale. If EX,, <0,
then {S,} is a supermartingale.

b) If X,, € Ly, EX,, =0 and EX? = 02, then M,, = S2 — no? is a martingale.
¢) If EX,, =1, then Z, = [[;_, X; is a martingale.

d) If P(X,, = —1) = q and P(X,, = 1) = p, where ¢ = 1 —p and p € (0,1), then Y, = (q/p)°" is
a martingale.
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Proof.  a) Obviously, S,, € L;. Therefore, it suffices to realize that
E[Spi1 | S1yeveySn] C E[Spyr | X1yeo o, Xp] CE[S, + Xog1 | X1,..., X0] © S, +EX 1.
b) The integrability of M,, follows from the assumption X,, € Lo. Furthermore,
E[SZ. 1 |51, Sn] “C E[(Sn + Xns1)? | X1,.., Xa] 22 +28,EX, 1 + EX2, = 52+ 07,
which yields
EMpi1| Sty Sn) S E[SE 1 | S1y.vvuSn] — (n+1)0? 252 —no® = M,
ie. {M,} is a o(Sy,...,S,)-martingale. Since
o(My,...,M,)=0(S;,...,52) Co(Si,...,8) =0o(X1,...,Xn),
we conclude that {M,} is also a martingale by Proposition 2.17.

¢), d) Exercise class.

A convex transformation of a martingale is a submartingale.

Proposition 2.19. (i) Let X1, Xs,... be an F,-martingale and let g : R — R be a convex function
such that g(X,) € Ly for anyn € N. Then g(X1),9(X2),... is an F,-submartingale.

(i) If X1,Xo,... is an F,-submartingale and g : R — R is a convex and non-decreasing function such
that g(X,,) € Ly for any n € N. Then g(X1),9(X2),... is an F,-submartingale.

Proof. By our assumptions, {g(X,)} is an F,-adapted sequence of integrable random variables. From
Jensen’s inequality we have

Elg(Xni1) | Fal = g(EXni1 | Ful).

The right-hand side is a.s. equal to g(X,,) in case (i) due to the martingale property (5) and it is a.s. greater
or equal to g(X,) in case (ii) due to the submartingale property and monotonicity of g. O

Remark: In particular, {X;F'} is a submartingale if {X,,} is a submartingale and {|Y,, [P} for p > 1 is
a submartingale if {Y,,} is a martingale.

From Proposition 2.18a we know that a random walk {S,,} with centred steps is a martingale. There-
fore, {S2} is a submartingale and by Proposition 2.18b it can be decomposed into a martingale and an
increasing sequence: S2 = M,,+no?. It is possible to make a similar decomposition for any submartingale.

Definition 2.11. Let {F,} be a filtration. The random sequence Iy, Is,... is Fy-predictable if I, is
Fn_1-measurable for all n € N, where we put Fo = {0, Q}, i.e. I; is constant.

a.s.

Remark: Every JF,-predictable F,-martingale {M,,} is constant a.s. because it must satisfy M,
E[MnJrl ‘ fn] = Mn+1~

Theorem 2.20. (Doob decomposition theorem) Let {S,} be an F,-submartingale. Then there
exists an Fp-martingale { My} and a non-decreasing JF,-predictable sequence {I,} so that S, = M, + I,
n € N. The summands M, and I,, are a.s. uniquely determined under the additional condition I; = 0.

Proof. Let {D,} be a sequence of differences of {S,}, i.e. D; = S; and Dy41 = Spy1 — S, for n € N.

a.s.
The submartingale property immediately implies E»D,.; > 0, n € N. Put Z; = 0 and Z,; =
(E7»D,1)T for n € N. Then Z,.1 = E/»D, 1 and {Z,} is F,-predictable sequence. Furthermore,
we define Y,, = D,, — Z,,, n € N. Now we proceed to the cumulative sum and introduce

Mn:iyk, In:izk, Sn:ka:iYk—FiZk:Mn‘f'Ina n € N.
k=1 k=1 k=1 k=1 k=1
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We know that Iy = Z; = 0 and [,,41 = ZZI% Zy is Fp-measurable for n € N. It means that {I,} is
Fn-predictable sequence. Moreover, it is non-decreasing because Z,, > 0. The random sequence {M,} is
Fn-adapted as it is a difference of F,,-adapted sequence {S,} and F,,-predictable sequence {I,,}. Clearly,
both D,, and Z, are integrable. Consequently, also Y,, and M,, are integrable. We verify that {M,}
satisfies the martingale property:

E7" (Myi1 — My) =B Y1 2 B (Dyyis —BE7 " Dijr) 2 B Dypiy = E7 " Dyyyy =0,

ie. EFn M, 4 2 M,, and thus {M,} is an F,-martingale. So we found the decomposition S,, = M,, + I,
into an F,,-martingale and a non-decreasing J,,-predictable sequence.

In order to show uniqueness assume that we have two decompositions S, = M,, + I, = N,, + J,.
Then M, = M, — N,, = J,, — I,, is both F,-martingale and F,-predictable sequence. According to
Remark preceding this Theorem the sequence {M,} is constant a.s. This constant must be zero due to
the condition I; = J; = 0. It means that M,, = N,, and I,, =" J,,. O

Definition 2.12. The sequence {I,,} from Doob decomposition theorem is called a compensator of
a submartingale {S,}.

Proposition 2.21. (Martingale differences of Ls-martingale are orthogonal in L) Let {M,}
be an Fp-martingale such that M,, € Lo for alln € N. Denote D1 = My —EM; and Dyy1 = Myy1 — M,
forn e N. Then ED,,D,, =0 for m # n, and so var M,, = E?Zl var D;.

Proof. First we observe that the martingale property implies ED,, = 0 for any n € N. Furthermore, for
m > n,
E.Fan @S gFnRpFm-1 D,, = EFnREFm—1 (Mm _ Mm—l) @S- 0,
which gives
ED,,D, = E(E""D,,D,,) = E(D,E""D,,) = 0.

It means that {D,,} is the sequence of uncorrelated random variables and the formula for var M,, follows
easily from M,, = EM; + Z;’L:I D;. O

3 Stopping theorems and maximal inequalities

Stopping problem: Let X, X5,... be a martingale and T7 < Ty < --- be a sequence of its stopping
times. Consider a sequence X, Xr,,... given by the values of the martingale stopped at these stopping
times. Is it again a martingale?

First we consider the special case T,, = T A n, n € N. Then the answer is positive.

Theorem 3.1. (optional stopping theorem) Let X = (X1, Xa,...) be an F,,-martingale (or F,-
submartingale) and let T be an F, -stopping time. By stopping X at time T we obtain a random sequence
XT = (X171, XTp2,-..). This stopped sequence is an JF,-martingale (or F,-submartingale).

Proof. The random variables X4, are Fpa,-measurable (Proposition 2.4a), and so also JF,,-measurable
(Fran C Fn by Proposition 2.4e). Therefore, X7 is F,-adapted sequence. The integrability of the
random variables X1, follows from the simple bound

n
| Xranl € max [X;] <) |X;| € Ly
Jj=1,....n -
Jj=1
It remains to verify the martingale (or submartingale) property. We can write
Xrams1) = Xtan + Dnyilirsn, neN,
where D, 41 = X,+1 — X,,. Hence,
E" " Xramat) = B Xopn + BT D Lipsn S Xoan + Lrsn B (Xng1 — Xo)

and the second term is zero for a martingale or greater or equal to zero for a submartingale. O
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For more general sequences of stopping times 77 < Ty < -- - we just consider when the sequence { X, }
is an Fr,-martingale. The simplest situation is for stopping times bounded by some integer K € N. We
formulate the corresponding result for two stopping times.

Theorem 3.2. Let X1, Xo,... be an Fp,-martingale and let S,T be F,-stopping times such that S <
T < K < oo for some K € N. Then Xg, X1 € L1 and

EFs Xp = X,

In particular, EXr = EXg.
If X1, X, ... is an F,-submartingale, then Xg, X7 € L1 and

EFsXr > Xg.
In particular, EX7 > EXg.

Proof. The integrability of Xg and X7 follows similarly as in the proof of Theorem 3.1:

K
| Xr| < j:f{{?}?fK|Xj| <Y |Xj| € L.

Jj=1

First assume that T'— S < 1. Then

K—-1
/ (X7 — Xg)dP =) / (X431 — X;)dP.
F j=1 FN[S=5]N[T>j]

Since H; = FN[S = j|N[T > j] € F, for F' € Fg, we get ij (Xj4+1—X;)dP = 0 in case of F,,-martingale
{X,} and ij (Xj+1 — X;)dP > 0 in case of F,-submartingale {X,}. Therefore, [.(Xp — Xg)dP =0

for martingale and [.(X7 — Xg)dP > 0 for submartingale.

In the general case we connect the times S and T by a finite chain of stopping times V; = (S+j) AT
satisfying Vj11 —V; <land S =V, <V; <--- < Vg =T. Now we can iteratively use the result proved
above for times that differ by at most 1. Then for a submartingale it follows that

a.s. a.s. a.s. a.s.
E"s X7 & EPWE . EfVe-1 Xp > EFWEv ...]EFVK—2XVK71 > . > BT Xy, > Xg.

a.s.
For a martingale all inequalities > are equalities “=". O

Ezample: Let {S,} be a symmetric simple random walk. Let T be its first hitting time of {a}, where
a € N. We know that {S,} is a martingale and T is its stopping time that is a.s. finite. In this case we
have ES7 = a > 0 = ES;. This example shows that we cannot expect that the result of Theorem 3.2
would be valid for general unbounded stopping times.

Theorem 3.3. (i) Let X1, Xo,... be an F,-martingale and let S < T ‘C 50 be Fn-stopping times
such that

Xre Ly and |Xn‘ dP — 0. (7)
[T>n] n—00

Then EFs X1 = Xg (and consequently EXr = EXg).

(ii) Let X1, Xoa,... be an F,-submartingale and let S <T ‘Z 0 be Fn-stopping times such that

Xt el and / XFdP — 0. (8)

[T>n] n— 00

Then E7s Xrp a-ZS. Xs (and consequently EXp > EXg).
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Proof. We are going to prove only (ii), the proof for martingales proceeds analogously.

First we realize that (8) implies X7 € L;. To see this we show that X, € L;. From Theorem 3.1 we
know that {Xra,} is an F,-submartingale, so it must have non-decreasing expectation. In particular,
EX7an > EX;. Thus, we obtain the following bound for the negative part

EX;,., =EX}{. —EXra, <EXF . —EX;
=EX,; 1ron + EX{ 1rcn — EXy <EX1ips,) +EXF —EXy.
By Fatou’s lemma and (8) we have
EX, < lilni}i()rngX;An < lilrri)&fEX,fl[T>n] +EX) —EX; = EX) —EX; < oo
For a while assume that Xg € L. We have to show that

/XTdIPZ/XSd]P’ for F € Fs. (9)
F F

Since FN[S <n]=FNI[S < SAn| € Fsan according to Proposition 2.4d, we get from Theorem 3.2 the

following relation
/ Xrpan dP > / XSAndIP’:/ XgdP.
FN[S<n] FN[S<n] FN[S<n]

The right-hand side goes to f » X5 dP as n — oo because S “Z 50 and X s € Lq. The left-hand side can

be rewritten as
/ Xoan dP = / XTdP+/ X, dP.
FN[S<n] FN[S<n]N[T<n] FN[S<n]N[T>n]

Since S < T "< o0 and X7 € L1, the first summand satisfies

/ XTd]P’:/ XpdP — XpdP.
FN[S<n]N[T<n] FN[T<n] n—oo Jp

For the second summand we have by (8),

liminf/ X, dP < 1iminf/ X:{ dP < liminf/ X,f dP = 0.
n=o0 JEA[S<n]N[T>n] n=o0 JEN[S<n]N[T>n] n=o0 JIT>n)

Altogether,
lim inf XppndP < / X dP,
n—=o0 JFEN[S<n] F

which implies

/XTd]P’zliminf/ XTAndIP’Zliminf/ XSMd]P’:/ XgdP.
F n=o0 JEN[S<n] n=o0 JEN[S<n] F

a.s.

In other words we have shown that Es X7 > Xg. This relation holds for any F,,-stopping time S < T
such that Xg € L;. A particular example is S = T A k for arbitrary k& € N (integrability of Xk is
assured by Theorem 3.2). Therefore, using Proposition 2.12¢ we obtain
+
Xk
Now we can get rid of assumption Xg € L. By noticing that [S = k] =[S =k|N[T > k] € FxNFp =
Frar and applying (10) we can express

EN LD NS i e (10)

EXS =Y EXF1gopy = > EX Ligoper) = Y EXF, Ls—rer)

k=1 k=1 k=1
<Y EXf1soker) = P EX 1oy = EXJ < oo,
k=1 k=1

By the same arguments as in the beginning of the proof we obtain EXg < oco. Together it gives Xg € L
and we have already shown that (9) holds. This completes the proof. O

18



Proposition 3.4. The condition (7) is equivalent to the condition that the stopped sequence XT =
{Xr1an} is uniformly integrable. Similarly, the condition (8) is equivalent to the uniform integrability of

{X’l-t/\n}

Proof. Again we only prove the second part. If the sequence {X;f AnJ is uniformly integrable, then also

the sequence X" lirsn = X;: anliT>n) is uniformly integrable. Moreover, it convergences to zero a.s.,

thus also in L', which means that EX;f 175, — 0, ie. f[ X,;FdP — 0. Since the limit of every
n—oo

T>n] n—00

uniformly integrable sequence is integrable we have

X/I—t = nh~>nolo X’;’_/\n]-[T<oo] S Ll.

Conversely, assume that the condition (8) holds. Then we can write {X}, } as the sum of two
uniformly integrable sequences:

0< Xgpn = Xg Lrsn) + X7 1<)

The first sequence { X, 17>y} is uniformly integrable because it converges to zero in L; and the second
sequence {X;I[Tgn]} is dominated by X7 € L;. O

Tt is natural to ask how we can check condition (7) or equivalently the uniform integrability of the
sequence stopped at time T. We give several sufficient conditions that are usually much easier to verify.

Theorem 3.5. Let X, Xo,... be an F,-martingale and let S < T ‘2 o0 be Fn-stopping times. Consider
the following conditions:

<e<oo: T>n=|X,|<c as, (11)
i.e. until time T the trajectory X1, Xa,... lies in the interval [—c, ] a.s.;
(F0<ec<oo: T>n=|Xpp1—Xu|<c as) and ET < oo, (12)

i.e. before time T the increments | X,11 — X,| are uniformly bounded a.s. and T is integrable;
(30<c<oo: T>n=E"X,1—X,|<c as) and ET < oo, (13)

i.e. before time T the conditional increments are uniformly bounded a.s. and T is integrable. Then any
of the conditions (11), (12) and (13) implies that

XreLi and E7sXp ™ Xg.
Proof. The condition (12) implies the condition (13) because
1[T>n]E]:” |Xn+1 - Xn| = IE]:“]-[T>n] ‘Xn+1 - Xn| S C]-[T>n]-

We are going to verify that both (11) and (13) are sufficient for (7). Then Theorem 3.3 finishes the proof.
First assume that (11) is satisfied. Then

n—oo

/ | X | dP < ¢P(T > n) — P(T = o0) =0.
[T>n]

a.s.
The stopped sequence {Xra,} is bounded (we have | X7an| < ¢) so its limit X7 must be integrable.
This follows from Lebesgue’s dominated convergence theorem:

E|Xr| = lim E|Xpa,| <c < oo.
n—oo

Now assume that condition (13) is satisfied. Define Y,, = |X;| + 22;11 | Xk+1 — Xk|, » € N. Then
|Xn| <Y, for any n € N and

0 < [Xp| <Vp 2 [ X0 |+ Y [Xppr — Xil Loy,
k=1
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If we realize that condition (13) implies
E|lXk+1 — Xellrsw) = Elps g B [ Xpp1 — Xi| < P(T > k),
we get
E|X7| <EYr <E[Xi|+ Y E|Xpr1 — XilLipsn S E[Xi|+¢ Y P(T > k) <E[Xy| + ET < oo,
k=1 k=1

that is X7 € L. We have also shown that Y € Ly, which helps us verify the second part of (7):

/ |Xn|le>§/ Ynd}P’g/ YrdP — 0.
[T>n] [T>n] [T>n] n—00
O

Remark: We can formulate similar sufficient conditions that ensure (8) for the case of a submartingale
{Xn}.
Remark: In the condition (11) we are not allowed to replace T' > n with T > n (see exercise class).

In applications we often consider that 7' is the first exit time from some bounded Borel set. Then
(11) is automatically fulfilled.
Now we extend Theorem 3.3 to the setting of the Stopping problem from the beginning of Section 3.

Theorem 3.6. (optional sampling theorem)

(i) Let X1, Xo,... be an F,-martingale and let Ty < Tp < --- ‘2 00 be Fn-stopping times. If

Xr, €Ly and lim | X, dP =0

n— 00 [Ty >n]

forall k € N, then (X1, X1,,...) is an Fr, -martingale.

(ii) Let X1, Xos,... be an F,-submartingale and let Ty < Tp < --- a‘<8' oo be F,-stopping times. If

X} €Ly and lim XFdP=o0,

n— o0 [T}, >n]
for all k € N, then (X, X1,,...) is an Fr,-submartingale.

Proof. The sequence {Xr, } is Fr -adapted by Proposition 2.4a. The integrability of Xr . is either
directly assumed in case (i) or it follows from the proof of Theorem 3.3 in case (ii). The martingale or
submartingale property is obtained by applying Theorem 3.3 for Ty, < Tj41, k € N. O

Remark: According to Proposition 3.4 we may equivalently rewrite the conditions in Theorem 3.6 using
+

uniform integrability of the stopped sequences { X7, nn,n € N} and {X7, ,,,,n € N}.
The following theorem provides an important application.

Theorem 3.7. (Wald’s equation — general version) Let S, = >._, Xi be a random walk and let
T € Ly be its stopping time. Then

a) X, € Ly = Sp = Y] X € Ly and ESy = ET - EX|,
b) if X1 € Ly, EX;7 =0 and J¢ € (0,00) such that (T >n = |S,| < c¢ a.s.) Vn €N, then
var St = ES%. = ET - EX] = ET - var X;.
Proof. a) Consider Y,, = S,, — nEX;, n € N. It is a martingale by Proposition 2.18a. Furthermore,
EZ |V, — Yol =EP | X1 —EXy| = E|X; —EX;| = ¢ < o0,
where F,, = 0(S1,...,S,). It means that {Y,,} satisfies condition (13) in Theorem 3.5. Therefore,
EYr =EY; =0 = E(Sr —TEX,) =0 = ESr =ET - EX;.
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b) Define M,, = S2 —nEX?, n € N. It is a martingale by Proposition 2.18b. Again we verify condition
(13):

EF" My — M, | = E7 |28, Xng1 + X241 — EXT|
< E72(S, || Xns| + BT X2 + EXT 2 2|5, |E[ Xy | + 2EXT.

Hence,

a.s. a.s.
Lrsm B [Mpy1 — M| < 2175, SnlE[ X0 | 4+ 2EXT < 2¢E[X;| 4+ 2EX] < oo.
Theorem 3.5 gives
0=EM, = EMyr = E(S% — TEX?) = ES7 — ET - EX?,

which implies ES? = ET - EX?.

We notice that Theorem 3.7 has a simpler version.

Proposition 3.8. (Wald’s equation — basic version) Let S, = Y ;_, Xi be a random walk and let
T € Ly be its stopping time that is independent of {S,}. Then

a) Xiel, = EST:ET]EXl,
b) X1 € Ly, EX; =0 = var Sy = ES2 = ET - EX? = ET - var X;.

Proof. Denote G,, = F,, V o(T). Then T is a G,-stopping time and Y,, = S,, — nEX; is a G,,-martingale
(by Proposition 2.17). The proof of part a) follows in the same way as the proof of part a) in Theorem
3.7. Another possibility is to use the independence and directly calculate ESt (see Probability Theory

1).

Part b) could be shown directly:

ES: =E> 1g_ySi =Y P(T =kES; =EX] Y kP(T =k)=ET -EX}.
k=1 k=1

k=1
O
The following theorem gives another application of the stopping theory.
Theorem 3.9. (supermartingale goes bankrupt forever) Let X, Xo,... be a non-negative super-

martingale. Consider T = min{n : X,, = 0}, where min{) = co. Then the implication (T < oo =
Xrir =0 for k € N) holds a.s.

Proof. If T *2" oo there is nothing to prove. Let P(T < oo) > 0 and define ng = min{n € N: P(T < n) >
0}. Take n > ng and k € N. Denote T,, =T An. Then T,, < T, + k < n + k are stopping times and the
variant of Theorem 3.2 for supermartingale yields

F a.s.
E T"XTn+k S XT .

n

Since [T < n] € Fr N F,, = Fr, by Proposition 2.4, we have

og/ XTHCdIP’:/ XTn+deg/ XTndIE”:/ XpdP =0.
[7<n] [T<n] [T<n] [T<n]

It means that X1y, 1ir<n 2" 0. Taking the limit as n — oo we obtain X1 4kl[T<o0] 2" 0. In other words,
there exists a P-null set N, (i.e. P(Ny) = 0) such that X7 x(w)1{p(w)<oo) = 0 for w ¢ Np.. From this it
follows that the sequence (X741 (w)1[7(w)<oo]; k € N) is equal to the null sequence for w ¢ N = U2 | Ng,
where P(N) = 0. O
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The application of optional stopping theorem and optional sampling theorem to the simple random
walk is left to exercise class.

Definition 3.1. We say that the random walk {S,,} with steps {X,,} is nontrivial if P(X; # 0) > 0.

A nontrivial random walk has one of the following properties (see exercise class): 1. S, 3 oo,
n—oo

2. S, 25 —o0, 3. limsup,,_,., Sn = oo and liminf, . S, = —oo a.s. In particular, if TB is the first
n— 00

exit time of a nontrivial random walk from a bounded Borel set B € B(R), then T'? Z . Moreover,
T® has all moments finite.

Theorem 3.10. Let T® = min{n : S,, ¢ B} be the first exit time of a nontrivial random walk {S,} from
a bounded Borel set B € B(R). Then E(T®)" < oo for all r € N.

Proof. We know that T8 Z (see exercise class). Denote by d the diameter of the set B and find ng
such that P =P(|S,,| > d) > 0. Consider a new random walk {Z, k € N} defined by Z = Skn,, k € N.

This random walk moves faster than {S,}. Let A be the first exit of {Z,,} from B. Then A 2" % and
T5 < ngA. Furthermore, P(A = k) < P(Sy, € B, [S(j41)ne — Sjno| < dfor j=1,...,k—2) < (1 - P)k2
for k > 2. Therefore, EX" =Y 77  k"P(A=Fk) <PA=1)+2"P(A\=2)+> o, k"(1-P)" 2 <oc0. O

Using Theorem 3.10 we get a transparent variant of Theorem 3.7.

Theorem 3.11. Let {S,} be a nontrivial random walk and let T be its first exit time from some bounded
Borel set. Then

a) X, € Ly = Sp = Y] X € Ly and ESy = ET - EX|,
b) X1€ly, EX; =0 = St € Ly and var St :ES% :ET-EX% =ET - var X;.

Proof. Tt is a consequence of Theorem 3.7 as T is an integrable stopping time which satisfies T > n =
|Sn] < c as. O

The theory of martingales was developed by a distinguished American mathematician J. L. Doob
(1910-2004). We formulate two maximal inequalities that are named after him. However, first we prove
the following lemma.

Lemma 3.12. Let X1, Xs5,... be a non-negative submartingale. If we denote M, =  max Xy for
=1,...,n

n € N, then

P (M, >a) < a_l/ X, dP <« 'EX,
[ana]

for any a > 0.
Proof. Define F, = [X;1 < a,...,Xp—1 < a,Xx >a| €0(Xy,...,Xk), k=1,...,n. Then

n

aP(M,, > a) = aP (U Fk> = aZ]P’(Fk) < Z/ X, dP < Z X, dP = / X, dP < EX,,.
k=1 k=1 F k=1 F [Mp>a]

k=1
O

Theorem 3.13. (Doob’s maximal inequalities) Let X1, Xs,... be a martingale or a non-negative
submartingale. Then for all n € N we have

1.

.....

P » \?
IE( max |Xk> < <> E|X,|P, forp> 1.
k=1,...,n p— 1

=1,...,
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Proof. Let us fix n € N. Obviously we can assume that X,, € L,, otherwise the right-hand side is
infinite and the inequalities hold trivially. If {X,} is a martingale or a non-negative submartingale, then
{|X,|P} with p > 1 is a non-negative submartingale by Proposition 2.19. Applying Lemma 3.12 to this
submartingale gives the first inequality.

Let Y = maxg—1 . |Xk| and fix p > 1. Then

EY? <) E|Xg|” < nE[X,|" < 0.
k=1

The expectation of a non-negative random variable is obtained by integrating its complementary distri-
bution function. Therefore,

EY? = / P(Y? > t)dt :/ P(Y? > aP)pa?~ " da.
0 0
If we use Lemma 3.12 for | X|,|Xa|,... and Fubini’s theorem, we get the bound

EY? S/ pap_la_l/ | X, | dP da :E/ paP %X, 1y >, da
0 [Y>a] 0 -
yr-1

=P _gmix,[yr1.
1 p-1

= pE| Xy | —
p—

By Holder’s inequality,
p=1
P

E|X,|Y?™" < (E|X,|P)7 (EY?)

Therefore,
p—1
D

EY? < L (E|X,[")? (EY?)
p—
Doob’s L, inequality is trivially satisfied for EY? = 0. If EY? > 0 we can divide both sides by (EY? )ple

and obtain
BY?)'7 < T (E|X ),
p—

which is equivalent to the formulation of Doob’s L,, inequality. O

Doob’s maximal inequality implies the classical maximal inequalities for independent random vari-
ables.

Theorem 3.14. (Kolmogorov’s inequality) Let X, Xs,... be independent random variables with
zero expectation and finite variance and let S,, = X1+ ---+ X,,. Then

n
P ( max |Sg| > a) <a’ES? = a*2Z]EX,3, a > 0.
=1,....n
k=1
Proof. Since {S,} is a martingale, it is enough to use the first Doob’s maximal inequality for p =2. O

4 Submartingale convergence

Definition 4.1. Consider real numbers a < b and a finite sequence y(™ = (y1,-..,Yn) of real numbers.
We denote the number of upcrossings of (a,b) by

y(n)TZ = Card{(syt) 1 § s<t S n, {ys+la s 7yt—1} g ((l,b) g [ysayt]}a
where we let [c,d] = () for ¢ > d. Analogously, the number of downcrossings of (a,b) is

y(n)\lfz = card{(s,t) 1 S s<t S n, {y8+17 CIE 7yt71} g (a‘7b) g [ytays]}‘

For an infinite sequence y = (y1,y2,...) we put

yth = lim y™1%  and ylh= lim y™}.
n—oo

n—oo
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Remark: Clearly, y1% = (—y)l=¢ and )2 —1 < yth < ylb +1. If X = (X3, Xa,...) is a random sequence,
then X1% is a random variable with values in N U {0, 0o}.

Proposition 4.1. Let X = (X1, Xo,...) be a random sequence.

(i) There exists a random variable X* (with values in RU{—o0,00}) such that X,, =2 X* if and only
n— oo
if P(X1t < 00) =1 for each a,b € R : a < b.

(i) There exists a real random variable Y such that X, 1—s> Y if and only if P(sup, ey | Xn| < 00) =1
and P(X1t < 00) =1 for each a,b € R:a < b.

Proof. Both implications from left to right are obvious.
Assume that P(X1% < o0) = 1 for each a,b € R : a < b and consider the random variables

X* =limsupX,, and X, =liminfX,.
n—o0 n—oo
Then
P(X. <X )< Y PX.<a<b<X* )< > PXth=00)=0,
a,beQ:a<b a,beQ:a<b
and so X,, =5 X*.
n—oo

If we moreover assume that sup,,cy | Xn| < 00, then | X*| < sup,en | Xn| ‘Z" % and we can take

Theorem 4.2. (Doob’s upcrossing inequality) Let {X,} be an F,-submartingale. Then for n € N
and a,b € R such that a < b,

E(X, - o)t —E(X; —a)t _ E(X, —a)*

EX (b <
Tas b—a - b—a

where X = (X1,...,X,).

Proof. Consider a sequence Z, = (X, —a)*, n € N. By Proposition 2.19 we know that {Z,} is an
Fn-submartingale. Define F,,-stopping times 7o = 1, v; = min{k > 7,1 : Z, =0} An, 7; = min{k > v; :
Zy > b—a} An. From the definition we see that 7o < vy <71 <y < -+ < n. Moreover, v; < n implies
v; < 1j. Similarly, 7; < n implies 7; < v;41. Therefore, there exists m € N such that 7,, = v, =n. We
can write

m m

Zn_ZIZZ( vi T TJ 1 )+ TJ_ VJ EZ - TJ 1 +(b_a)Z(n)Tg_aa

Jj=1 ]=1 j=1

where Z(") = (Z1,...,%Zy,). According to Theorem 3.2 for bounded times 7;,_; < v; we have EZ, >
EZ;,_, for any j. Hence,
E(Z, — Z1) > (b— a)EZM1b=

Finally, it suffices to use the definition of {Z,,} which yields
E(X, —a)t —E(X; —a)t > (b— a)EX 1),
because Z(M4574 = X (")4b. -

Remark: The statement for an F,,-supermartingale {X,,} has the form

E(b - X))t —E(b—X1)* _E(b-X,)*

EX (™0 <
oS b—a - b—a ’

a

as follows from the relation (™18 = (fy)("&:b.
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Theorem 4.3. (Doob’s submartingale convergence theorem) Let {X,,} be an F,-submartingale
that satisfies sup, ey EX;5 < 0o. Then there exists a random variable Xoo € Ly such that X, =~ X
n—roo

and

EXL <liminfEX; <supEX," < oo

n—oo neN
EX <liminfEX < supIEX;r —EX; < 0.
n—oo neN

Proof. For a < b, X1 is the limit of a non-decreasing non-negative sequence X 1%  where X" =

a’

(X1,...,X,). Hence, from Lévi’s monotone convergence theorem and Theorem 4.2 we obtain
E(X, —a)t
EX1? = lim EX™1) < liminf E(Xn — )"
n—o00 n— 00 —a

EX* - EX+ -
< lim inf n ta < SUPnen ety + 0 < 00.
n—o0o —a b —a

By Proposition 4.1 there exists a random variable X+ such that X,, =% X_.. Positive and negative part
n—oo
are continuous functions, thus also X;& 2% Xt and X, 2% X . From Fatou’s lemma we get
n—oo n—oo

EXT = Eliminf X, <liminf EX,;" < supEX;" < o0,

EX, = Eliminf X, <liminf(EX;" —EX,,) <supEX," — EX; < co.

We used that the submartingale {X,,} satisfies EX,, > EX; for any n € N. Altogether, E|X| =
EXE +EX < oo. O

Remark: Similarly, every F,-supermartingale satisfying sup,,cyEX,, < oo has an integrable a.s.-limit.
As special cases we have the following statements:

1. A submartingale bounded from above has an integrable a.s.-limit.

2. A supermartingale bounded from below (e.g. a non-negative supermartingale) has an integrable
a.s.-limit.

3. Each martingale that is bounded either from above or from below has an integrable a.s.-limit.

Corollary 4.4. Let {X,} be a sequence of independent random variables such that EX,, =0 and
D> X
k=1

Then Y 7 | Xy, is a.s.-summable and > 7 | Xi € Ly.

Proof. Define S,, = >";'_; Xj, n € N. Then {S,,} is a martingale and we assume that sup,,cy E|S,| < co.
So it suffices to use Theorem 4.3. O

sup E < 00.

neN

Remark: Recall that the condition ), | var X,, < oo is sufficient for the summability of Y~ | (X, —EX,,)

n=1
a.s., in probability and in Lo (see Probability Theory 1). In this case we have an improvement for a.s.-

summability. The condition >~ , var X,, < oo implies sup,,cy E|S,| < oo because

E|S,| < VES2 = ZVEMX;c < Zvaer.
k=1 k=1

Definition 4.2. Let (...,X_9,X_;) be a random sequence indexed by negative integers. Let --- C
F_o C F_1 be a non-decreasing sequence of o-algebras (filtration). Assume that X_,, € Ly for any n € N
and o(..., X _,_1,X_,) C F_,. We say that the sequence {X_,} is an F_,,-martingale if

EX_p | Fo(nin] = X_(ng1) forallneN.

It F., =o(..,Xn-1,X_pn), then we speak about a backwards martingale. Analogously we define

F_n-submartingale and F_,,-supermartingale. We denote F_oo = N5 F_p.
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An example of a backwards martingale can be constructed from the random walk.

Lemma 4.5. Let {X,} be an #d random sequence of integrable random variables. Define
1 n
Z oy =— Xk, e N.

Then {Z_,} is a backwards martingale.

Proof. By the triangle inequality, E|Z_,| < E|X;| < co. Denote F_,, = o(...,Z_p_1,Z_y) and consider
the sequence M_,, = E[X; | F_,], n € N. From symmetry we have E[X; | F_,] = .- © E[X,, | F_,].
Hence,
n—1
a.s. 1 a.s.
E[Z pi1 | Fon] = — > E[Xi | Fon] = M_,.

However, we can also write
1
Zy L E[Z | Fop) S =Y E[Xi | Fop] = M_y
(2 | Fon] 2 = 3 EIX | o)

for any n € N. O
We can formulate the analogy of Theorem 4.3 for backwards submartingales.

Theorem 4.6. (Doob’s backwards submartingale convergence theorem) Let {X_,,} be an F_,,-
submartingale. Then there exists a random variable X o (with values in R U {—o00,00}) such that
X_, 25 X_ . The limiting random variable X _ o is integrable provided that sup, ey EXZ,, < 00.

n—oo

Proof. Denote X = (..., X _5,X_1)and X" = (X_,,,..., X_;) for n € N. Similarly as in the proof of
Theorem 4.3 we obtain B(X N
EX1T = lim EX(18 < E(X-1 —a)t < 0.
n— 00 b—a
We have used the version of Doob’s upcrossing inequality (Theorem 4.2) for backwards submartingales.
The existence of the a.s.-limit X_,, now follows from Proposition 4.1. In order to show X_, € L apply
Fatou’s lemma for both positive and negative part,
EXT_ <liminfEXT <EXT < oo

n—oo

and
EX~  <liminfEX" <supEX_, .

n—oo neN

Theorem 4.7. (convergence of uniformly integrable (sub)martingale)

a) Let {X,} be a uniformly integrable F, -submartingale (or F,-martingale), then there exists a random
variable Xoo € Ly such that both X, % X and X, —% Xoo. Furthermore, E[Xw | Fnl a-ZS‘ Xn
n— o0 n— o0

a

(or B[Xo | Fu] 2 X,) for alln € N.

b) Let {X_,} be a uniformly integrable F_, -submartingale (or F_,-martingale), then there exists

a random variable X_oo € L1 such that both X_, 25 X_o and X_, N X_oo. Furthermore,
n— 00 n— oo

E[X_p | Fooe] > Xovo (0r E[X_pn | Fooo] 2 X_oo) for alln € N.
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Proof.  a) The assumption of uniform integrability implies uniformly bounded moments and the as-
sumption of Doob’s submartingale convergence theorem (Theorem 4.3) is fulfilled: sup,, oy EX;I <

sup,,en E|X,| < co. Hence, there exists a random variable X, € L; such that X, 2% Xoo. We
n—oo
obtain the L; convergence from the property of uniformly integrable sequences. For fixed integer

a.s.
numbers n < m we have X,, < E[X,, | F,]. By the L; continuity of conditional expectation
(Proposition 2.16a), E[X,, | F,] converges to E[X, | F,,] as m — co. The L; convergence implies
convergence in probability which in turn implies the existence of a subsequence that converges a.s.

For this subsequence {my} we already know that X, aés "E[X,n, | Fn]. This inequality is preserved
when passing to the limit. Hence, X, < EXw | Fnl-

b) Theorem 4.6 and uniform integrability ensure the existence of a random variable X_., € L;
such that X_,, &% X and X_, i) X_ . Then the L; continuity of conditional expectation

n—00 n—oo

(Proposition 2.16a) yields E[X_,, | F_o] EZN E[X_ o | Fooo] = X_oo. From X_,, a'SS- E[X_, |
m—00

F_m] for m > n we get by conditioning with the o-algebra F_, the relation E[X_,, | F-x] <
E[X_, | F—oo]- The left-hand side goes in L; to X_o as m — oo and the inequality is preserved
when passing to the limit.

O

Corollary 4.8. If {X,} is an F,-adapted random sequence, then {X,} is a uniformly integrable F,-
martingale if and only if there exists Xoo € Ly such that X, = E[X o | Fnl.

Proof. The implication from left to right follows from Theorem 4.7. Conversely, the sequence given by
X, =2 E[X. | Fn] is an F,-martingale (see exercise class) that is uniformly integrable (Proposition
2.16¢). m

Convergence theorems imply that conditional expectations are continuous in the condition.

Proposition 4.9. Let Y € Ly and --- C F_o C F_1 C F, F1 C F C --- C F be non-decreasing
sequences of o-algebras. Then

a) ElY | Fo] — E[Y | Fsol both a.s. and in Ly,
b) ElY | F_n] — E[Y | F_oo] both a.s. and in L;.
n—oo
Proof.  a) We know that Y,, = E[Y | F,,] is uniformly integrable F,-martingale (Corollary 4.8). By

Theorem 4.7 there exists Yo, € Ly so that Y, — Yoo both a.s. and in L; and Y, = E[Y,, | Fn].
We are going to show that E[Y | Fuo] 2 Yoo. Denote Y* = limsup,,_, ., E[Y | F,]. For F € F,, we

have
/YdP:/YndIP’:/YOOdP:/Y*dP.
F F F F

The first equality follows from Y;, = E[Y | F,], the second equality from Y;, =" E[Y,, | ;] and the

last equality from Y, “=" Y*. Thus, we have verified the relation

/YdIP:/Y*d]P’
F F

for arbitrary F' € USL,F,, where USe F, is an algebra that generates F.. Moreover, Y* is
Foo-measurable, which yields E[Y | Fao] < Y.

b) A random sequence Y_,, = E[Y" | F_,,] is uniformly integrable backwards martingale (exercise class).
By Theorem 4.7 there exists a random variable Y_., € Ly such that Y_,, — Y__, both a.s. and
n—oo

in Ly and Y_o, 2 E[Y_,, | F_o]. Then for arbitrary F' € F_., we have

/Y,OodIP’z/Y,ndIP’z/Yd]P’.
F F F
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In other words, Y_ o, = E[Y | F_o].
O

Theorem 4.10. (submartingale converges or explodes) Let {X,} be a submartingale. Denote
Yy = Xpp1 — Xy for k € N, If (sup,,cn Yn)+ € Ly, then there exists a random variable X, such that
Xn(w) — Xoo(w) for a.a. w e Q with the property sup,, oy Xn(w) < co.

n—oo

Proof. For k € N denote the stopping time 7, = min{n € N: X,, > k}. We fix k € N. Optional stopping
theorem (Theorem 3.1) states that (X, -, ) is a submartingale. We distinguish the following three cases:

1. Tk = 1 = Xn/\‘rk = )(]_7
2. 1< <n= Xpnr, = X5, = X0, 1+ Y, 1 <k + SUP,eN Yo,
3. Tk >n = Xpar, = Xpn < k.
Combining all three cases we have
+
X <X +k + (sup Yn> € L.
neN

It means that sup,,cy ]EX,J[M,C < oo and we can apply Doob’s submartingale convergence theorem (The-
orem 4.3). Therefore, there exists a random variable X(®¥) € L; such that X,n,, — X®*)_ Then for
n—oo

Ay = [, = 00| = [sup,,en Xn < K],

Xola, = Xoar1a, =5 X1, .

n— 00
The events Ay form a non-decreasing sequence and their limit for & — oo is A = [sup,ey Xn < 00].
Furthermore, X(k)lAk = X(l)lAk for I > k. If we put Xoo = X(l)lA1 + )((2)1,42\,41 + .-+, then
X,1a 25 Xoo. O
n—oo

5 Limit theorems for martingale differences

Definition 5.1. Let {M,,} be a martingale. Put My = EM; and define D,, = M,,—M,,_1 for n € N. Then
{D,} is called a martingale difference sequence of the martingale {M,}. If {M,} is an F,,-martingale,
then we speak about an F,,-martingale difference sequence.

Remark: Equivalently we can define an F,-martingale difference sequence as the sequence satisfying
E[D,, | Fr—1] =0 for n € N, where we let Fy = {0, Q}.

Theorem 5.1. (summability of martingale differences) Let {D,} be a martingale difference se-
quence of the martingale {M,} that satisfies M, € Lo for each n € N. If 3> var D, < oo, then the
series ZZO:1 Dy, is summable both a.s. and in Lo, i.e. the martingale M,, — EM; converges both a.s. and
m LQ.

Proof. According to Proposition 2.21 the random variables D,, are uncorrelated. Recall that from Prob-
ability Theory 1 we know that centred uncorrelated random variables are summable in Ly if and only if
the sum of their variances is finite. In order to get a.s.-summability we verify the assumption of Theorem

4.3:
n 2
E <Z Dk>
k=1

and so sup,, ey E|M,, — EM;| < oco. O

E|M, — EM,| < /E(M, — EM;)? =

= Zn:EDQ = zn:vaer < ivaer < 00,
k=1 k=1 k=1
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Theorem 5.2. (strong law of large numbers for martingale differences) Let {D,,} be a martingale
difference sequence of the martingale {M,} that satisfies M,, € Lo for each n € N. Let 0 < b, , oo be

n—oo

a real sequence. If > .07 b2 var D,, < oo, then

n=1"n

1 & M, —EM
EZDk:bil — 0 both a.s. and in Lo.

n n—00

Proof. The sequence { ? } is also a martingale difference sequence and it satisfies the assumption of Theo-

rem 5.1. Therefore, the series Y -, b1 D,, is a.s.-summable. The a.s.-convergence of b LS _, Dy follows
from Kronecker’s lemma which says that if >°2 @, < coand 0 < b, ,* oo, then b Sohe akby 2 0.

n—oo
To show convergence in Lo we apply Kronecker’s lemma as well:

2
1 o 1 o
E(bnsz> :EICZEDQ b2 gvaern:zoO
O

Theorem 5.3. (central limit theorem for martingale differences) Let {D,,} be an F,-martingale
difference sequence of the martingale {M,}. Assume that for each n € N we have

o 1.ED2|Foy]=1
o 2 E[|Dul? | Faoa] < K < oo,
where Fo = {0,Q}. Then

\F ZDk = 7 EMl)n%;ON(O, 1).

Proof. Define
Pnk(t) = ]E{GXP{ Z}’fk1:|, k=1,...,n, neN.

From Taylor’s expansion we get
.. Dy, Dy ?DF o A3
e it—p =1+4it—= — — it ,
P { NG } TR T o 6n3/2

where Ay is a random variable such that 0 < Ay < Dy. Applying conditional expectation on both sides
we obtain

it t2 it?
k() =1+ %E(Dk | Fi1) = 5o BADE | Fre1) = o3 BIAL | Fio),
which by our assumptions can be simplified to
t2 't3
@n,k(t)zl_% 6n 3/2 (Ak |‘Fk 1)

For p=1,...,n we have

R e R Gl L)

_E [exp {itM\;ﬁl } @n,p(t)] _E [exp {it Mjﬁl } -1 G:Lt;/QIE(Af, | fpl)ﬂ .

Consequently,

Eexp{ Afg} <1§L>Eexp{itM\;%l}6:§/2E {exp{itM\;%l} E(AS | Fpe 1)].




Since |A,| < |D,| and the conditional absolute third moments are bounded, it follows that

.M, 2 My It|?
‘Eexp {lt\/ﬁ} - (1 - 2n> Eexp {1t Jn <K T (14)

Let us fix t € R. For a sufficiently large n (namely, n > t?/2) we have 0 < 1 — % < 1. Therefore, the

P
left-hand side of (14) is not going to increase by multiplication with (1 — %) . It means that

t2 n—p M t2 n—p+1 M 1 |t|3
1—— E it—2 5% —(1—-— E it—L= V<K ——.
‘( 2n) p{ \/ﬁ} ( 2n> p{ Vi } =8 Gor
We apply the triangle inequality to the identity
M, —EM t2\"
Eexp e L (1
vn 2n

- {_it]E\/]\él }g [(1 - ;)nPEexp {iti\/{%} - (1 _ i)anrlEexp {itM\%l H

and obtain (for n > ¢?/2)

M, —EM, 2\" It It)?
E = It (1-—) | <nK =K .
xp {1 NG } ( 2n) = s 6vn

n
As the right-hand side tends to zero and (1 — %) tends to e~ *'/2 for n — 00, we have

lim Ee 'tw —e ,ﬁ
Jim Eexp §i T = exp 5 (-

We showed the pointwise convergence of characteristic functions to the characteristic function of the
standard normal distribution. This proves the desired convergence in distribution. O

At the end we present (without proof) a generalization of the Feller-Lindeberg central limit theorem
for triangular array of martingale differences.

Theorem 5.4. (Brown’s central limit theorem for martingale differences) Consider a triangular
array (Dgn,k = 1,...,kn,n € N) such that for each row n € N there are o-algebras Fo ,, = {0,Q} C
Fin CFon C - C Frpm and D1y, Dy 38 {Fins kb = 1,..., kn}-martingale difference sequence.
Assume that

(i) the conditional Feller-Lindeberg condition is satisfied, that is,

kn
ZE (Di,nl[\Dk,n\Zs] | Fee1n) R%OO for every e > 0,
k=1
(ii) SRy B(DR, | Fioin) — 1.
Then
kn
> D —5 N(0,1).

Note that Theorem 5.3 is a special case of Theorem 5.4. It suffices to take Dy, = Di/v/n,
k=1,...,k, = n. The Conditional Feller-Lindeberg condition follows from the assumption that the
conditional absolute third moments are bounded.
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