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Chapter 1

Introduction

The insurance is based on a relationship between an insurer (insurance com-
pany) and an insured (policyholder), specified usually by an insurance con-
tract. According to the contract, the insurer idemnifies any financial loss
that occurs to the insured in a specified period of time and that is caused
by a specified random event. The randomness is crutial for working of the
insurance and it means that at the beginning of the period covered by the
insurance it is not known whether the event will occur or what the amount of
the resulting loss will be. The amount paid by the insurer in case of the ran-
dom insurance event is called insurance claim. The price for the insurance
cover, paid by the insured, is insurance premium.

The present text is devoted to mathematical metods used in non-life in-
surace (also known as property and liability insurance or general insurance
in literature). We distinguish between various risks according to the cause
of the possible financial loss covered by the insurance. In the field of life
insurance the risks of death or survival up to a given age are mainly cov-
ered. All other risks are included in the field of non-life insurance. The most
important branches in this field are property insurance and liability insur-
ance. Less typical representants of non-life insurance are accident and health
insurance, credit insurance, legal protection insurance, travel insurance and
other products.

Often the insurance claims in different branches of non-life insurance have
different features. In property insurance the amount paid by the insurer is
often bounded from above by a sum insured. The payments for such losses
are usually settled quite fast. On the other hand, losses in liability insurance,
especially in case of health damage, may have a long process of settlement
and also may attain relatively high amounts. Those aspects have to be taken
into account when considering appropriate mathematical models.

Mathematical models are used in different areas of non-life insurance:



We need to model and predict sizes of future claims in order to determine
the premiums correctly. Another important task for a mathematician is
to estimate technical provisions - a quantity contained in the liability
side of the insurance company’s balance sheet, which serves for providing
coverage for the liabilities following from the insurance policies contained in
the company’s portfolio. The most important type of technical provisions in
non-life area are claims reserves. They are based on the estimates of future
payments for the claims covered by the existing policies, that have already
ocurred but have not yet been reported or completely settled. There exist
many mathematical (statistical) methods that can be applied to solve this
problem.

The insurance company also may need calculations connected with rein-
surance. The reinsurance works on principles similar to insurance. The
insurer (cedent) transfers part of the risks covered by the insurance policies
to another party - the reinsurer (it can be another insurance company or
a specialized reinsurance company). The conditions for such a transfer are
specified in a reinsurance contract and the price for it is called reinsurance
premium.

Mathematical modelling is also applied in the creating of complex internal
models that enable to simulate all main processes that influence the working
of an insurance company. Those models are then used in the risk management
and also may serve for determining the solvency capital (the capital required
by the regulator for ensuring the ability of the company to fulfill its insurance
liabilities).

The course is organized as follows. Mathematics of Non-Life Insurance 1
covers basic probabilistic models that are used in practice for modelling of
the individual claim sizes, of the numbers of claims recorded in a given time
period and also of the aggregate losses recorded for a policy or a group of
policies in a given period. We also show some applications of those models in
the field of reinsurance calculations (after presenting basic forms of reinsur-
ance met in practice). We also deal with some simple models used in claims
reserving.

The course is followed by Mathematics of Non-Life Insurance 2 devoted
especially to the topic of setting the premium rates in the non-life insurance.
Generalized linear models (GLM) and bayesian credibility models are the
main tools for this part of the presentation. Possible applications of those
models in the field of reserving are also mentioned there.

We do not adress the issues connected with the internal models and sol-
vency capital calculations, since it is beyond the scope of the given course.
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Chapter 2

Loss Distributions

The first part of the course is devoted to modelling of random variables
representing sizes of individual claims, claim numbers and aggregate claims
in non-life insurance.

We start with a brief survey of basic distributional characteristics and
their empirical estimation. The main goal of the text is the introduction
of suitable parametric distributions and their properties. We mention con-
tinuous distributions most frequently used to model non-negative claim sizes
and also more general distributional families derived by transforming random
varibles with simple parametric distributions. We deal with modelling fre-
quency distributions in the general framework of (a, b, 0) and (a, b, 1) classes.
We also mention the derivation of distributions by means of compounding
and mixing. Compound distribution is the key model for aggregate loss in a
homogeneus portfolio of risks in a given period of time. We concentrate on
its useful properties and on possible ways of calculation or approximation of
its distribution function.

We note that the statistical methods for fitting distributions to insurance
data, e.g. goodness of fit tests and methods for parameter estimation, are not
covered by the lectures. They are the subject of the tutorial to the course.

2.1 Basic characteristics of random variables

In this section we deal with basic characteristics of random variables and
their empirical estimation.

Let Xi,...,X, be independent and identically distributed (i.i.d.) ran-
dom variables with the distribution function (d.f.) F(z) (e.g. individual
claim sizes incurred in an insurance portfolio, numbers of claims reported for
insurance policies in given time period).



We consider two possible forms of data to analyze:

1. Individual data: we work directly with the observed values
X1 :.I'l,...,Xn:SEn.

2. Grouped data: in this case we have boundaries ¢y < ¢; < --- < ¢, and
for each 7 = 1,...,r we know n; - the number of observations in the
interval (c;_1, ¢;].

2.1.1 Empirical distribution function

From the individual data, d.f. F(z) is estimated by the empirical distri-
bution function defined by

F(a) = 2! Ifj < (2.1)

where I[A] =1 if A holds true, I[A] = 0 otherwise.

The empirical d.f. is a step function that increases by 1/n at each data
point. In the case of grouped data, the empirical distribution function can
be obtained at the boundaries as

Fn(Cj) = E an

i=1

By connecting those values by straight lines we obtain a piecewise linear

function called ogive. It is an approximation to the empirical d.f., formally
defined by

0 if x < ¢,
Fy(x) = milapliemandll it <a<e (22)
1 if ¢ > c,.

The derivative (where it exists) of the ogive (2.2) is an empirical approx-
imation to the probability density function and is called a histogram.

0 if x < ¢,
fo(z) = Fn@gj;fffl) = ety ifga <z <, (2.3)
0 if ¢ > c,.



2.1.2 Moments

In insurance applications we usually deal with non-negative random variables,
we therefore assume F(z) =0 for z < 0.
We define:

e i-th raw moment (k-th moment about the origin):
w, :/ ¥ dF (). (2.4)
0

The estimate of p) based on the individual data is

N 1
[, = /xk dF,(x) = - fo
j=1

For grouped data, we obtain using histogram (2.3) as an estimate of the
density

r k+1 k+1)

o [ n; n; (¢ —
i, = / ¥ —————dr = :
‘ jzl -1 n(e—ci) 2 n(k+1)(c; —¢j-1)

j=1

e k-th central moment:
e =E(X —EX)*.
An important special case is the variance, Var X = pus.
The skewness of r.v. X is defined by

M3
(M2)3/2

M=

In insurance we often observe positive skewness in the data (an assymetry
caused by higher probability of “small” values).

We mention other quantities applicable especially in the modelling of
insurance claims.

e k-th limited moment:
E(X Au)f = Emin(X,u)*, (2.5)

where u > 0. E(X Au) is called limited expected value (LEV).



In the context of insurance, u could be a policy limit - when the loss
exceeds the limit u, only the amount of w is covered by the insurance (similar
construct is used in XL-reinsurance dealt with in Section 3.1.2.).

We have

E(X Au)f = /0“ " dF(z) +u* (1 — F(u)). (2.6)

Substituting £ = 1 in (2.6) and using the integration by parts for Stiltjes
integral, we derive the following expression of the LEV of a positive random
variable:

B(X A u) = / (1— F(z)) dz. (2.7)
0
Note that for u — +o00 we obtain the well known formula for the expected
value of a positive random variable (provided that E X < c0).

Another type of restriction applied sometimes to an insurance cover is
a deductible - when the loss is less than or equal to the deductible, the
amount paid is the loss less the deductible.

Let X be r.v. representing the total loss. With a deductible d and a limit
u, the amount paid (per loss) is represented by r.v. Y,

0 if X <d,
Y=< X—-d ifd< X <u,
u—d if X >u.

The expected amount paid per loss is

BY — /du(x — d)dF(x) + (u—d) (1 — F(u))
_ /OuxdF(x) _ /O vdF(z) — d(F(u) — F(d)) + (u—d) (1 — F(u))

u d
:/0 xdF(x)+u(1—F(u))—/0 rdF(r) —d(1 - F(d))
=E(X Au) —E(X Ad).

From here and from (2.7) it follows
EY = / (1 - F(x))dx.
d

The loss elimination ratio for a deductible d is the relative reduction
in the expected payment given the imposition of a deductible.

E[X Ad]

LERx(d) = — =5

(2.8)



provided that E X < oo.

The mean excess loss for a deductible d is the expected loss in excess
of d, conditioned on the loss exceeding the deductible,

EX — E(X Ad)

ex(d) = BY —dIX > d) = == —p-

Empirical estimate of the k-th limited moment based on the individual
data is

— 1
k— — k k
B(X A u)k =~ o+
rj<u Tj>u
For grouped data with boundaries ¢y < ¢; < --- < ¢, we assume that wu is

such that ¢;_; < u < ¢;. Then we use the histogram (2.3) to estimate the
k-th limited moment:

j_l C;

E(X Au)k = xk+dx+/ A R—;

= Je, nlai—cia) 0 (g —¢i)

/q; n (Cj — ijl) _Z . n (Ci - Cifl)

i=j41 Y Ci—1
1
S et d) | m(t o)
n( k—i—l ¢ —ci1) n(k+1)(¢;—cjq)

=1

.

N n; u® (c; — u) N Z niuk.
n(c; —cj_1) S

2.1.3 Quantiles

Another important type of quantities derived from a probability distribution
are quantiles - values of the quantile function

FYa)=inf{z: F(z) >a}. (2.9)

(For a strictly increasing continuous d.f. F' it is just the ordinary inverse
function.)

Remark. 100p-th percentile (0 < p < 1) is defined as any number m,
satisfying F(m,—) < p < F(m,). Contrary to the quantile function (2.9), .
18 not determined uniquely.



Denote by () < x9) < --- < x(p,) the order statistics corresponding to
the individual data. Then we estimate the a-quantile as the quantile of the
empirical distribution function (2.1):

F_I(Oé) = Z(r),

where r = [na] + 1 ([z] is the integer part of x).

2.2 Parametric severity distributions

In this section we deal with continuous parametric distributions suitable for
modelling (not only) the size of an individual claim.

In general, we consider a parametric family of distribution functions
{F(z,0),0 € O}, where 6 is a parameter (vector of parameters) and © is
the set of all possible parameter values.

2.2.1 Basic severity distributions

We summarize some of the most frequently used parametric models and their
characteristics.

Gamma distribution

Gamma distribution has the probability density function (p.d.f.)

l (6
fla) = (:) 2 teo, 2>0,0>0, a>0, (2.10)

k-th raw moment is
py=0"k+a—-1)a (2.11)

(2.11) follows from (2.4) and from the properties of the gamma function

INa) = / y* e Vdy.
0

From (2.11) we easily calculate

1 = b, (2.12)
o = a6 (2.13)
ps =2a6? (2.14)
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and

M= (2.15)

B

An important special case is a« = 1, for which we obtain exponential
distribution with p.d.f.
1 .
f(z) = g e e (2.16)

and characteristics 1, = 0, o = 6%, v = 2.

Remark. For « integer, (2.10) is the p.d.f. of a sum of « i.i.d. exponentially
distributed random variables with the density (2.16).

Lognormal distribution

Lognormal distribution is derived by exponential transformation from normal
distribution: Let Y be a random variable with normal distribution N(u, o?),
p € R, 02 >0. Then rv. X = e¥ has lognormal distribution (denoted by
LN(u, %)) with the d.f.

F(z)=P(Y <logz), >0
and the p.d.f.

1 (log 2 —p)?
T)=——¢€ 222 x>0 2.17
@)= o (217)

Moments of lognormal distribution can be expressed using the moment gen-
erating function of normal distribution. Moment generating function
(m.g.f.) of r.v. Y is defined by
My (r) = Ee*" (2.18)
for r € R such that the expected value on the right-hand side of (2.18) exists.
For Y with N(u, 0?) it holds
My (r) = e+ 2 e R, (2.19)

Inserting r = 1,2, 3 into (2.19) gives the first three raw moments of lognormal
distribution LN(g,0?). The central moments and the skewness are then
derived in the form

EX =ettT, (2.20)
Var X = 2+t (eJQ —1> ; (2.21)
E(X — EX)? = e?rtic’ <e3”2 —3 ¢ +2) (2.22)
and )o2 ,
7 o7’ 2 )
7= % = (e +2) Ve -1, (2.23)
e?” —
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Pareto distribution

Pareto distribution can be defined as a distribution of r.v. X with possible
values from the interval (6, 400), where 6 > 0, by the d.f.

Flz)=1— (%) >0, a>0 (2.24)
The corresponding p.d.f. is
flx)=ab*z ' x>0 (2.25)

Moments of the distribution with the d.f. (2.24) are

Hk
- - for a > k. (2.26)

/
/"L =
k o —

For a« < k Pareto distribution has not a finite k-th moment. Particularly,
the expected value,

af
EX = 2.27
T (2.27)
exists only for a > 1, and the variance,
0% o
Var X = 2.28
R P IRk (2:28)

is finite only for o > 2.

2.2.2 Transformed severity distributions

Lognormal distribution with the p.d.f. (2.17) results from a transformation
of a normally distributed random variable. In what follows we consider cre-
ating more general families of probability distributions by means of a trans-
formation that lies in raising random variable to a power. In such a way
we introduce another parameter to the model. We apply the power trans-
formation to a continuously distributed r.v. X with p.d.f. fy(z) and d.f.
Fx(z), x > 0.
Let Y = X'/7. Then if 7 > 0 we obtain

Fy(y)=Fx(y"), fx() =7y fx"), y >0, (2:29)

and the distribution of Y is called transformed. If 7 < 0 it holds
Fy(y) =1—-Fx("), fy(y)=—7y" ' fx(y7), y >0, (2.30)

12



and the distribution of Y is called inverse transformed. In the special case
7 = —1 we speak about inverse distribution.

Important examples of parametric families are obtained by transforming
a gamma distributed random variable.

Let X have gamma distribution (2.10) with § = 1 and let 7 > 0. Then
r.v. Y = X7 has the p.d.f.

T ,—yY"

TY e
yT'(a)

After introducing a scale parameter 6 we obtain the p.d.f. of transformed
gamma distribution:

fly) = , y>0. (2.31)

Ly >0. (2.32)

It is a 3-parameter family with some well known distributions as special cases:
gamma (7 = 1), Weibull (o = 1), exponential (o = 7 = 1).

Moments of the transformed gamma distribution are expressed by the
formula

ko O*T(a+ k/7)

EX o) . (2.33)
(It follows from
EXk — ek /OO T(%)7a+k 6_(g) dy
0 yI'(a)
by substituting z = (4)7.)
Raising X to a power 7 < 0 gives a p.d.f.
TQ efyT
fr(y) = —ry 2 (2.34)

yT'(a)

We substitute the negative parameter 7 by its opposite value and again we
introduce a scale parameter . The resulting density

r (Q)M ()
yI'(a)

is a p.d.f. of so called inverse transformed gamma distribution.
Special cases are: inverse gamma (7 = 1), inverse Weibull (a = 1), inverse
exponential (a =7 = 1).

fly) = ,y>0,7>0 (2.35)

13



Moments of the inverse transformed gamma distribution are given by

_ 0*T(a — k/7)

k
EX o)

, k<ar. (2.36)

Pareto distribution is a special case of so called transformed beta dis-
tribution with p.d.f.

Mlat+7)  y(=/0)"

x) = : 2.37
i) P(@)T(7) & [L+ (2/6)]""" 230
Moments of this distribution are given by
kT N
[(e) I'(7)
and are finite only in case k < ay.
Setting v = 1, 7 = 1 we obtain Pareto distribution with p.d.f.
fx)=ab*@+2)" " z>0. (2.39)

Remark. (2.39) is a density of Pareto distribution with the support [0, +00).
It can be derived from (2.25) by changing the location. ((2.39) is a density
of rv. X — 6, where X has the p.d.f. (2.25).)

2.2.3 Tail behavior

The tail behavior of a random variable is expressed by the survival function
S(xz)=1-F(zx) = P(X > x) (2.40)

considered for x — co. When modelling claim sizes by r.v. X, we are usually
interested in the shape of (2.40) for high values of = (the right tail of the
distribution), since it describes the probability of very high potential losses.
We want to choose a model which does not underestimate the values S(z)
for high  when compared with the information available from the data on
historical losses.

The tail behavior of two probability distributions is similar, if the ratio
of their survival functions tends to a constant non-zero limit as x — oo. The
same holds for the ratio of their probability density functions, since

lim Sx(2) = lim Ix(@)
T—r00 Sy(;p) T—00 fy(g;)

14




We illustrate the comparison of probability distributions according their
tail behavior for the following examples:
1) Pareto distribution

F(x)zl—(£>_6, x>a, a>0,08>0,

a

2) Gamma distribution

fle) = (i)r(z_)e

3) Lognormal distribution

O p————— )

T o2 202

,x>0,a>0,0>0,

We obtain the following comparisons:
1) Gamma vs. Pareto:

ra—l1 e—x/@
lim 2% _
z1—>ngo x—(B+1)

lim exp [(a —1) logz — g +(B+1) logzv} =0.
Tr—r00

Pareto distribution has heavier tail than Gamma distribution.
2) lognormal vs. Gamma:

- 1
. Lexp [—525 (logz — p1)?] _
Ty 00 o1 ec—z/0

T—00 9

1
lim exp {_ﬁ (logz — pu)? — o logx + z] = +00.
o

Lognormal distribution has heavier tail than Gamma distribution.
3) Pareto vs. lognormal:

I_(ﬁ'f‘l)
lim N T 7=
w00 171 exp [—5t5 (logx — p)?]

1
lim exp |—3 logx + — (logz — pu)?| = +o0.
T—00 20’2

Pareto distribution has heavier tail than lognormal distribution.
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2.3 Claim frequency models

We consider discrete distributions defined on non-negative integer values
(counting distributions), with probability function (p.f.)

pe=P(N=k), k=0,1,... (2.41)

N in (2.41) is interpreted as the number of events (losses, claims) in a fixed
time period recorded for a homogeneous group of insureds (collective model)
or for one insurance policy (individual model).

When dealing with discrete probability distributions, probability gen-
erating function (p.g.f.) defined by

Py(2) =EZN = Zpk 2", (2.42)
k=0

is often used. Observe that the power series on the right-hand size of (2.42)
converges absolutely at least for z with |z| < 1.

We first introduce important types of counting distributions together with
some of their properties. Subsequently we introduce a general framework for
classification of these distributions and their possible modifications.

2.3.1 Basic frequency distributions
Poisson distribution
The Poisson distribution has p.f.

A

k=01 5a>0 (2.43)

DL =€

For mean and variance of the Poisson distribution it holds

> © N1
_ A A _
k=0 k=1
VarN =E[N (N —1)]+EN — (EN)? (2.44)

=Y k(k—1)ps+A— N

k=0
o0 )\k72
:e—AAZZm+A—A2:A2+A—A2:A.
k=2 ’
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P.g.f. of the Poisson distribution is

= (\2)k
P(z) =Y pp=e?> ( k,) = D), (2.45)
k=0 k=0 ’

In modeling claim counts the following properties of the Poisson distri-
bution are useful:

Theorem 2.1 ("additivity” for independent random variables). Let Ny,.. .,
N, be independent Poisson distributed random variables with parameters
Aoy, Then N = 37" | N; has Poisson distribution with parameter

A=20 A
Proof.

Py(2) = Ez&im N = H Py, (2) = H M=)
i=1

i=1
— eZ?=l ’\i(zfl) — e)\ (zfl) )

The statement follows from the fact that a distribution is uniquely defined
by its p.g.f. O]

Theorem 2.1 says we can use the well tractable Poisson model for the
total number of claims originating from independent contracts, subportfolios
or lines of business, where each partial number of claims may be represented
by Poisson distribution with different expected value.

Theorem 2.2 (Poisson distribution of ”classified” events). Suppose that the
number of events N is a Poisson distributed r.v. with mean A and that
each event can be classified into one of m types with probabilities pq, ..., pm
o pi = 1). Then Ny, ..., N, representing numbers of events of types
1,...,m respectively, are mutually independent Poisson distributed random
variables with means \py, ..., X pn respectively.

Proof. For fixed N = n, the conditional joint distribution of (Ny,..., N,,) is
multinomial with parameters n,p1, ..., pm:

|
n! n
P D
ol

P(lenl,...,Nm:nm|N:n):
n!...n

We can also write

P(Ny=ny,...,Nyy=ny,)=P(Ny=n1,...,Npy=n, | N=n) P(N =n),

17



where n = n; +--- +n,,. We have

n! " A
= [ Ap™ (2.46)
i=1 !

At the same time, for fixed N = n, the conditional marginal distribution of
N; is binomial with parameters n, p;:

P(N;=n;| N =n)= (n)p?z (1—p)" ™, n;=0,...,n,
n.

1

from where follows the unconditional Poisson distribution of V;:

P(N;=n;)=» P(N;=n;| N=n)P(N =n)

n=n;

o

Z n , e A"
un n.

n=n;

= ()\pi)”i io: [)‘ (1 - pi)]n_ni

n;! (n —n,)!

— o) ()\pi>m M1=pi) — o= Api M (2.47)

(2.47) proves Poisson distribution of Ny, ..., N,,, (2.46) together with (2.47)
their independence.

m
Negative binomial distribution
The negative binomial distribution has p.f.
k+h—1 1 \'/ 8 \"
= , k=0,1,...; h>0,6>0,
o ( k )(1+6> (1+6> ’
(2.48)
where we use for z € R and k € {0,1,...} the notation
x ::U(x—l)-~(:1:—k—i—1): 'z +1) . (2.19)
k k! 'k+1)I(z—k+1)

18



It is sometimes useful to use another parametrization with parameters h > 0
and 0 < p < 1 with p.f. given by

k+h—1
(2.50) can be further rewritten in the form
AW k
Pr = I pr(p—1" k=0,1,..., (2.51)
when we use notation (2.49) with x = —h.

We apply (2.51) to derive expected value and variance of negative bino-
mial distribution.

= h(l—p) =~ (=h—=1)---(=h—1—Fk+1)
EN =3 kp="t0 o P -1
k=1 k=0

_h=p) (2.52)

p
The sum on the right-hand side of (2.52) equals 1, since it is the sum of p.f.
values for negative binomial distribution with parameters h + 1, p.
Similarly, we have
h(h+1)(1 — p)?
2

EN(N—l):ik(k—l)pk:

so the variance is (see (2.44))

hh+ 1A —p)*  A(1-p) h{1-p)"

Var N = — -
p p D
h(1 —p)
In the parametrization (2.48) we obtain from (2.52) and (2.53)
EN =hj (2.54)
VarN = h (1 +5). (2.55)
(2.51) is also suitable for derivation of p.g.f.:
re =S (1) -t
k
k=0
» h
S U 9.
=t 20



where |z| < (1 —p)~".

Negative binomial distribution with A = 1 is called geometric distri-
bution. It has p.f.

_ (_ﬁ )k k=0,1,...; >0 (2.57)
pk_l‘f‘ﬁ 1+5 ) — Y by : :

Binomial distribution

P.f. of binomial distribution has the form
(M % m—k _
pk—(k)p(l—p) , k=0,1,...,m, 0<p<1. (2.58)

Its expected value and variance are

EN =mp,
Var N = mp (1 —p).

Binomial distribution is not commonly used in modeling insurance claim
counts. We can arrive at the binomial model in the individual model setting,
where we consider m mutually independent risks (insurance policies) in the
portfolio. We suppose that the number of claims for one policy has an al-
ternative distribution with parameter 0 < p < 1. Then the total number of
claims in the portfolio is a random variable with binomial distribution (2.58).

The number of policies is usually large while the probability of claim
occurrence may be quite close to zero. This is why we consider an approxi-
mation for the total number of claims distribution resulting from taking the
limit of (2.58) as m — oo and p — 0 in such a way that the product mp
remains constant (mp = \). This gives

im P(N=k)= lim m(m_l)”'(m_k+1)pk<1_i)mk

m—00,p—0 m—00,p—0 ]{j' m
mp=>\ mp=>\
k
— A_ ef)‘
k!

We thus obtain Poisson distribution as the appropriate approximation for
the total claim number when the portfolio size is large and the probability
of one individual claim is small.
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2.3.2 The (a,b,0) class

All the distributions mentioned in the previous section belong to a general
class of two-parametric distributions, called the (a, b, 0) class.

Definition 2.1. Discrete random wvariable distribution with the probability
function {px, k=0,1,...} is a member of the (a,b,0) class, provided that
there exist constants a, b such that

Pk b
=a+—-, k=1,2,.... 2.59
Pk—1 k ( )
Note that the probability p is determined by (2.59) through the condition

Do Pk =1.
For the distributions from section 2.3.1 we obtain the following values of
parameters a, b:

Table 2.1: Members of the (a,b,0) class

Distribution a b

Poisson 0 A

Negative Binomial % (h — 1)%

Binomial —ﬁ (m + 1)%
i B

Geometric 15 0

It can be shown that the distributions in table 2.1 are the only discrete
distributions satisfying (2.59).

Formula (2.59) can be rewritten as

kL kb k=12,
Pr—1
Assume that we observe number of claims during certain period of time for n
policies. Let ng be the number of policies with k recorded claims, k = 0,1, ...

We can estimate the ratio ]% by nZﬁ . This suggests a graphical way of

indicating which of the distributions should be selected: We plot [k, k Dk }

NE—1

for k =0,1,... The points should form a straight line, where the slope is 0
for the Poisson distribution, it is negative for the binomial and positive for
the negative binomial distribution.

2.3.3 The (a,b,1) class

We explain a generalization of the (a,b,0) class, that enables a better fit of
the probability at zero.
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Definition 2.2. Discrete random variable distribution with probability func-
tion {pg, k =0,1,...} is a member of the (a,b,1) class, provided that there
exist constants a, b such that

Pk b
=a+—-, k=2,3,.... 2.60
Pk—1 k ( )

The distribution for £ = 1, ... has the same shape as the corresponding
one from (a, b,0) class in the sense that the probabilities are the same up to
a constant of proportionality. >~ px can be set equal to any number in the
interval (0,1]. The remaining probability is po =1 — Y p | px-

When we set pg = 0, the distribution is called zero-truncated (ZT).
When py > 0, the distribution is called zero-modified (ZM).

The zero-modified distribution can be viewed as a mixture of a zero-
truncated distribution and a degenerate distribution with all the probabilty
at zero.

To show this, we denote by {px, £ =0,1,...} the distribution from the
(a,b,0) class and by {pM, k =0,1,...} the corresponding distribution from
the (a, b, 1) class. The probability generating functions of these distributions
are

P(z) = Zpk 2 PM(2) = Zpy 2",
k=0 k=0

It holds
i =cpp, k=1,2,...

and p)! is an arbitrary number. Then
PM(z) =py'+ ) pif 2
k=1
=py' +¢ Y pe* =pp" +c[P(2) - pal.

k=1

Since PM(1) = P(1) = 1,

resulting in

1 — M
c= po,
L =po
hence u
1
P = = Po e k=1,2,... (2.61)
— Po



We can write

1—p)M 1—pM 1—pM
My _ M 0 RO I P 0 0
PY(z) =py + T [P(2) — po] [1 T + T P(z),

this is a weighted average of the probability generating functions of the de-

generate distribution and the corresponding (a, b, 0) member.

The zero-truncated distribution can be viewed as a special case of the

zero-modified distribution with p)’ = 0. Then we obtain

Pk
1—p0’

T _
pk* ) <y

We give a summary of the (a,b, 1) class:

k=1,2,... (2.62)

1. For A > 0 we derive ZT or ZM Poisson distribution by setting a = 0,

b=\ in (2.60) and choosing py = 0 or 0 < py < 1 arbitrary.

2. For m € Nand 0 < p < 1 we derive ZT or ZM binomial distribution
by setting a = —7£, b= (m + 1) t£ in (2.60) and choosing po = 0 or

0 < pp < 1 arbitrary.

3. Non-trivial modification is obtained in the case of ZT negative binomial
distribution. The set of possible values for the parameter A in this case

can be actually extended from (0, +00) to (—1,+00).
From (2.60) we derive

B B\ h—1 h—1\
Dk = P1 <1+5) 1+ k: 1+ 5 , k=2,3,...

It is seen that for any p; > 0 it holds p,, > 0 for all £k = 2,3, ..., if and

only if h > —1.
Also, for h > —1
> <1/ B8\ (h+1+k—2
Sn-ndi (i) ( )
— ~k\1+p kE—1
- BN\~ +1) k-1
—_— —1 .
<p1;<1+6 pop )T s

So it is possible to define p; under the condition Z,‘:g pr = 1 by
o] k—1 -1
1 B h+1+Fk—-2
m= 27 k1 '
k=1 + N
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We call the resulting distribution ”extended” truncated negative
binomial distribution.

A special case for r = 0 is the logarithmic distribution with p.f.

= ! Y k=1,2 2.63
pk_klog(1+5) <1+B) T (263)

2.3.4 Compound frequency models

A large class of distributions can be created by the process of compounding
any two discrete distributions.
Let N be a r.v. with p.f.

p=P(N=k), k=0,1,... (2.64)
and let My, Ms, ... be ii.d. random variables, independent of N, with p.f.
fo=PM=k), k=0,1,... (2.65)

We denote the corresponding probability generating functions by P;(z) and
PQ(Z)i

Pi(z) =E" = Zpk 2F, (2.66)
k=0

Py(2) =EM = ka 2~ (2.67)
k=0

Then
N
s=yu
i=1

has a compound distribution. We denote its p.f. by

G=P(S=k), k=0,1,... (2.68)
Its p.g.f. is
P(z)=Ez*=) g.2" (2.69)
k=0
For (2.69) we derive
P(z) =EE [°|N] =) pi E[°|N = k]
k=0

= Zpk E [2M1+"'+M’“]N = k] = Zpk Py (2).
k=0 k=0
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So, we can write

P(z) = P (P(2)) (2.70)

for z such that p.g.f. (2.69) exists.
We call the distribution of N primary distribution and the distribution
of M secondary distribution.

The relationship (2.69) is essential for the derivation of the recursive
formula for a compound frequency distribution, usually referred to as Panjer
formula.

Theorem 2.3 (Panjer recursive formula for (a,b,0) class). If the primary
distribution is a member of the (a,b,0) class, then

k

1 b
= — Qi =1,2,... 2.71
9k 1—af0 ]z:; (CL+ k) f]gk B k 5 4y ( 7 )

Proof. From (2.59) it follows
kpp=a(k—1)pr1+(@a+b)pr, n=1,2,.... (2.72)

Multiplying each side of (2.72) by [Py(2)]* " Pj}(z) and summing over k yields

S ke [P Py(z) =

a Y (k=D [Po(2)] " Py(2) + (a+0) Y pea [Pa(2)]" Py(2)-

k=1 k=1
Therefore,
P'(z) =a P'(2) Po(2) + (a+b) P(2) Py(2).
Comparing the coefficients of z*~! we obtain

k

k
kge=a Y (k=35)fign—j+(a+b) > jfige

j=0 j=0
k k
—akfoge+a Yy (k=35)fio,+(a+b) D> jfig

J=1 Jj=1

k s
=akfog+ak Y fige;+b) ifiom
j=1 j=1
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Thus,
k bj
gk = a fo gk +jzl (CH‘ ?> I Gr—j-

]

Formula (2.71) requires the starting value go. This can be computed as

I
NE

% P(S=0|N=k) P(N =k)

il
o

I
K

P(My+---+ M, =0) P(N = k)

e
Il
o

(f0)" pr. = Pi(fo)-

[
K

B
Il
o

Remark. When fy =0, then go = P1(0) = po.

It is possible to derive a similar result in the more general case when the
primary distribution is from the (a,b, 1) class.

Theorem 2.4 (Panjer recursive formula for (a,b, 1) class). If the primary
distribution is a member of the (a,b,1) class, then

k :
1 bj
gk = 1—af0 ([pl— (a+b)p0]fk+jzl <CL+?> fjgk_j), k= 1,2,...
(2.73)
Proof. From (2.60) we have
kpp=a(k—1)pr_1+(a+b)pr, k=2,3,... (2.74)

Multiplying each side of (2.74) by [Py(2)]* " Pj(z) and summing over k yields
Y kpe[Pa(2)]" Py(z) =
k=2

o0

a Y (k=Dper [Po(2)] " Po(2) + (a+0) Y pea [P(2)]" P(2).

k=2 k=2

P'(z) =) kp. [Py(2)]"" Py(z),
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we obtain
P'(z) = p1 Py(2) = a P'(2) Pa(2) + (a + b) Py(2) [P(2) — po] -
After rearranging,
P'(z) = a Py(2) P'(2) + (a+ b) P(z) P3(2) + [p1 — (a + b) po] Py (2).

Comparing the coefficients of z*~! we obtain

k k
kg, =a Z(k—j) figk—j+ (a+0) ijjgkfj + [p1 — (a+b) pol k -

Jj=0 Jj=0

Therefore,

K .
ge=afoge+ Y <a+%> fi 9r—j + [pr — (a + ) po] fi.

2.3.5 Mixed frequency models

We arrive at a mixed frequency model in the situation, when the distribution
of the counting r.v. N depends on a parameter that is viewed as a realization
of a random variable. We start with an illustration of the concept with a
simple example.

Example 2.1. Let N denote the number of accidents recorded by a driver
from a group of insureds in an automobile insurance. The drivers are clas-
sified as ’good’ and ’bad’. We assume that the yearly number of accidents of
a good driver follows Poisson distribution with parameter A1 and the same
variable for a bad driver follows Poisson distribution with parameter \y. The
distribution of good and bad drivers in the portfolio is modelled by a r.v. A
with p.f.

P (A = /\1) =P,
for some 0 < p < 1. Then the distribution of the number of accidents recorded

by a randomly chosen driver from the group is

P(N=k)=P(N=kA=X)P(A=X\)+P(N=klA=X)P (A=)
k k
:pﬁ e—*1+(1—p)k—f e ™, k=0,1,...

k!
and its p.q.f. is easily derived as

Pn(z) =p eMtED 4(1 — p) g2zl
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Example 2.1 is a special case of Poisson mixture - mixed model where
the distribution of N conditional on A = X is Poisson distribution (2.43),
while the unconditional distribution is in the general case expressed by

AF Ak
P(N =k) =EP (N =k|A) = E— et = 0 e M dU(N), (2.75)
where U(A) is the d.f. of a positive r.v. A (with possibly discrete or contin-
uous distribution). P.g.f. of (2.75) is

Py(z) =Ez¥N =EE[zN|A] =Ee Y = /eW—l) dU(N). (2.76)

For the expected value and variance of a Poisson mixture it holds

EN =EE[N|A] = EA, (2.77)
Var N = EVar [N|A] + Var E[N|A] = EA + Var A. (2.78)

From (2.77) and (2.78) it is seen that Poisson mixture (with a non-degenerate
distribution of A) has a higher variance in comparison with the Poisson
model.

An important example of Poisson mixture is Poisson-gamma model. In
this case we use gamma distribution with the p.d.f. (2.10) as the distribution
of the random parameter A. The derivation of the unconditional distribution
of N in Poisson-gamma model follows from (2.75):

00 )\k ) >\a—1 a
P(N:k):A He 9ar<a)e o d\
1 & 1
_ >\k+a71 —)x(l-i-f) d\
K6 T() /0 ¢
1 1
= I'(k
k16T (a) (1 n é)k+ (k+ )
(8%

s () (1Y om

In (2.79) we find out that the unconditional distribution of N in Poisson-
gamma model is negative binomial distribution (2.48) with parameters h = «
and g = 6.

Remark. By introducing parameter v = a6 we obtain p.f. of N in the form

P(N = k) = (IHZ‘_l) (aiVY(aj‘_y)a, k=0,1,..., (2.80)
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which represents a negative binomaial distribution with EN = v and Var N =
v+ % It can be shown that the limit of (2.80) for « tending to +oo is
Poisson distribution p.f. with parameter v.

Remark. Another example of a mixed discrete model is binomzial-beta
model, based on the assumption of N having conditionally (for given p) bino-
mial distribution (2.58), while the parameter p is considered as a realization
of a r.v. with beta distribution, i.e. a continuous distribution on (0,1) with

p.d.f.

_ Pla+b) . b—1 .
u(p) = NOROK (1—p)P ™t 0<p<l; a>0, b>0.

2.4 Aggregate loss models

We are interested in the total amount of claims incurred in a specific period
of time (for one insurance policy or the whole portfolio of risks with similar
characteristics). First, we summarize some properties of compound distri-
butions. The content of this section then lies mainly in the description of
selected methods used in practice for computing the d.f. of the aggregate
loss random variable.

2.4.1 Compound model for aggregate claims

In section 2.3.4 we dealt with compound frequency models. The concept of
compounding is applicable also in the situation, where the secondary distri-
bution is not discrete. Let N denote the number of claims occurred in a
given period, let X, X5, ... be the sizes of individual claims. The aggregate
loss

N
S=> "X (2.81)
=1

has a compound distribution, if {X;, X5,...} are i.i.d. random variables
independent on N. (It means we have to work with a homogeneous group
of risks, where the individual claim sizes can be considered as identically
distributed.) The expected value and variance expressed by means of corre-
sponding moments of the primary and the secondary distributions are

ES=EE[S|N]=EN EX, (2.82)
Var S = E Var[S|N]| 4+ Var E[S|N]
=EN Var X + (EX)? Var N. (2.83)
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It is sometimes convenient to use the expression of moments based on the
m.g.f. of S. By arguments analogical to (2.70) it is deduced

Ms(z) = Py (Mx(2)) (2.84)

for appropriate values of argument z.
M.g.f. (2.84) can be used to calculate ES, Var S, E(S — E S)? by differ-
entiating the logarithm of (2.84) at point z = 0:

EEEE%??E&E) = %%%%z% _ =My(0)=E5s, (2.85)
d*log Ms(2)|  _ Mg(2) Ms(z) — [M{(2)]"
d 22 2=0 MZ(z) 2=0
—ES?— (ES)” = Var S, (2.86)
d®log Mg(2)
dZ?’ 2=0
B P@W@AQQX+MHQA%@Q—QMM@N%@ﬂA@@)
- Mg(2)

2 Ms(2) My(2) [MU(2) Ms(2) — [M4(2))?]
M(2) o

—ES*-3ESES?*+2(ES)?’=E(S—-ES)’. (2.87)

In (2.85)-(2.87) we use well known property of the moment generating
function,

MP () =ES* k=01,...
whenever E S*¥ < 400.

Example 2.2. For Poisson distribution of N with EN = \ we have com-
pound Poisson model for the aggregate loss with m.q.f.

and

ES =AM, (0) = Api,
Var S = A M (0) = A po,
E(S—ES) =AMP(0) = Aps,

where p, = E X*.
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In some applications we need to work not only with moments of the
aggregate loss variable S, but also with its distribution function. From the
definition of the compound distribution we have

Fs(x) =Y P(S<x[N=k) P(N=Fk) =Y pF¥() (2.88)

where F%* denotes k-fold convolution of d.f. Fy.

Formula (2.88) is not suitable for evaluation of d.f. Fg, since the expres-
sion of convolutions F¥* can be rather complicated. For this reason different
approaches are used for calculation of the aggregate loss distribution.

In the following subsections we describe examples of approaches widely
used in practice. They either consist of calculation of a discrete compound
distribution, which requires a discrete model for individual claim sizes, or of
an approximation of the aggregate loss by some known parametric distribu-
tion with given characteristics.

2.4.2 Panjer recursive formula

Theorems 2.3 and 2.4 give recursive calculation of a compound distribution
in which the primary distribution is a member of (a,b,0) or (a,b,1) class
and the secondary distribution is a counting distribution (on values 0,1,...).
The same formula is applicable in calculation of the compound distribution
of (2.81), under slight modification in the interpretation of the secondary
distribution. Suppose that the severity distribution is defined by

fo=P(X =kh), k=0,1,...;h > 0. (2.89)

The claim sizes thus attain values that are multiples of some unit h. Such a
discrete distribution is called arithmetic distribution. Then the aggregate
loss variable S also attains values that are multiples of A and its distribution
is described by p.f.

g, =P(S=kh), k=0,1,...,

which can be obtained by applying (2.71) resp. (2.73).

In reality, we often want to model the individual claim sizes by a contin-
uous parametric distribution (see section 2.2), justified by data from past
observations. In the next subsection we describe the construction of an
arithmetic distribution preserving some properties of the original continu-
ous model.
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2.4.3 Constructing arithmetic distributions

We deal with possible ways of derivation a discrete distribution (2.89) from
given continuous d.f. Fx(x), defined for x > 0.

Method of rounding (mass dispersal)

For chosen h > 0 we set

er(x <) -n ()

fk:P<k:h—g§X<kh+g)

Cr (ke ) (k) e

Method of local moment matching

In this method we construct an arithmetic distribution that matches p mo-
ments of the arithmetic and the true continuous severity distribution.
Consider an arbitrary interval of length ph, denoted by [xy, zx + ph). We

will locate point masses my, mk, ... ,m’; at points xy, xp + h, ...,z + ph so
that
p z+ph
Z(xk + jh) mf = / 2"dFx(z), r=0,1,...,p. (2.90)
=0 Tk

Arrange the intervals so that x,1 = xp + ph. Then the point masses at the
endpoints are added together. With xy = 0, the resulting discrete distribu-
tion has successsive probabilities

f0:m87 fl :m(l)v fQng,u-,

fp = mg + m(1)7 fp+1 = m}? fp+2 = m%? s
By summing (2.90) for all possible values of k, with o = 0, it is clear that p
moments are preserved for the entire distribution and that the probabilities

add to one exactly.
The solution of (2.90) is

Tk +ph ;
& x — xp —th 4
g ”—dF =0,1,...,p.
m] /xk iy (]—Z)h X(m)7 J ) 4y P
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The proof is based on the Lagrange formula for collocation of a polynomial
f(y) at pOiIltS Yo, Y1, -+ Yn:

nyj H?J Yi

1] Yi — yl

Applying this formula to the polynomial f(y) = y" over the points xy, xy +
h,...,x, + ph yields

p

v —ih
xr22($k+jh)rn—x(.$k. ! ,r=20,1,...,p.

j=0 g Uik

2.4.4 Fast Fourier transform

The fast Fourier transform (FFT) is an algorithm that can be used for in-
verting characteristic functions to obtain probability functions of discrete
random variables.

Assume that the distribution of the aggregate loss is arithmetic with finite
support, given by

ge=P(S=kh), k=0,....n—1 (2.91)

The discrete Fourier transform of (2.91) is

n—1

- zk

9. = E Ik exp{27r27}, z2=0,...,n—1. (2.92)
k=0

It has the inversion formula
k
Zgzexp{ 27?22—} k=0,...,n—1. (2.93)

From (2.92) we observe

i. = Eexp {zm' Z(ST/M} = BE [exp {2mi = 5} V]
_ ipk [E exp {zm' %X}r = Py (f) , (2.94)

where fz is discrete Fourier transform of the arithmetic severity distribution
(with the same support {0,...,n —1}).
The algorithm for calculation of (2.81) is the following:
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1. Discretize the severity distribution (see section 2.4.3) to obtain the
distribution

fe=P(X =kh), k=0,...,n—1. (2.95)
2. Apply the discrete Fourier transform to (2.95).
3. Calculate the Fourier transform §. by (2.94).

4. Apply the inverse Fourier transform (2.93) to obtain the distribution
of aggregate loss for the dicretized severity model.

The fast Fourier transform (FFT) is an algorithm for an efficient
calculation of the discrete Fourier transform (2.92). We choose n = 2¢ for
some integer d. Then we write

241

k
j. = Z gr exp {2mz—}

2d 171 2d—171
22k 22k + 1)
= Z Gok €XP { 271 o4 + Gok11 €XD { 271 —od
= k=0

20-1_1

2d-1_1
o zk zk
= E 92k eXp{ Dd—1 } + exp {27rz } g J2k+1 €XP {2m Qd—}
k=0

~ z ~
=g" +exp {2m @} 3%,

where gz ) and gz are discrete Fourier transforms of two sequences of the
length 2971 {go,92,...,92a_o} and{gi, g3, ..., gea_1}. Iterating the above
indicated approach until we have reduced the length of the transformed se-
quences to 2° = 1 calculates the discrete Fourier transform efficiently.

2.4.5 Approximations for aggregate loss distribution

In this subsection we present examples of approximations of an unknown
aggregate loss distribution by some well known parametric model.

In the case of a compound Poisson model for S, where the secondary
distribution has a finite variance, we might consider a normal approximation
based on a version of the central limit theorem holding for the sum of random
number of summands with Poisson distribution with EN = A. It can be
shown, using the convergence of characteristic functions, that

S — Apy

: S—A ) L
/\h_}IEOP(\/)\_pZ _:L‘) O(z), z €R.
34



Thus S can be approximated by a normally distributed variable, when the
expected number of claims is high enough. However, such an approximation
gives poor results when there is still a substantial skewness in the aggregate
loss data. We usually want to employ not only the estimated expected value
and variance, but also the skewness in the resulting approximation. We
denote those values by

ES=m
Var S = s? (2.96)
E(S - ES)?

v Var S S

In the insurance applications usually v, > 0.
In what follows we present examples of two approaches to the approxi-
mation.

Approximations by translated gamma and lognormal distributions

We describe an approximation of a variable S with the characteristics (2.96)
(not necessarily with compound distribution) by a distribution with positive
skewness. Since we have three input values in (2.96) we need a distribution
with three parameters. We construct such a distribution by translating a
gamma or a lognormal random variable by a value k € R. We consider r.v.
X =k + Z, where a) Z has gamma distribution I'(«, 0) (see (2.10)) or b) Z
has lognormal distribution LN (u1,0?) (see (2.17)). Then in case a) we have
(see (2.12)-(2.15))

EX =k+ab,
Var X = a6, (2.97)
E(X -EX)?® 2
VWarX  va

In case b) those characteristics are (see (2.20)-(2.23))

EX =k+etT
VMX—&H”<U Q (2.98)

E(X — E X)3
e () Ve
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For the approximation we use the distribution of X with parameters a) k, «,
6 or b) k, p, o which fulfill the system of equations

EX =m,
Var X = 5%, (2.99)
E(X — EX)?

v Var X -
For the left-hand sides of (2.99) we substitute a) (2.97) or b) (2.98).

Edgeworth approximation

Let us denote

7 S—m
S
the standardized aggregate loss random variable. It holds
E(Z-EZ)3

EZZ[), VarZ:l, = .
v Var Z n

The Edgeworth approximation is based on the Taylor expansion of the log-
arithm of m.g.f. My around the origin. We write

log Mz (r ZCLM“ +0 — 0.

)

Here

1 [ d
ak—g<d klOgMz(>

Especially,
a0 = log M(0) = 0,
= E Z =0,

1
as + = Var Z = 5

E(Z-E
T 6

1
6
We use the approximation

M) = exp () o ( )
_exp( 2) 1—|—Zakr + = (Z%T>2—I—... ) (2.100)
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For an approximation based on the knowledge of (2.96), we use just terms
up to order 73 on the right-hand side of (2.100). We have

My(r) = /2 [1 + % r?’} . (2.101)

For inverting (2.101) in terms of the distribution of r.v. Z we use the following
lemma.

Lemma 2.1. For k€ {0,1,...} and r € R it holds

+o0
ke’ 2 = (—1)F / e &Y (1) d, (2.102)

where ® is the standard normal d.f. and ®® is its k-derivative.

Proof. We prove (2.102) by induction. For & = 0 both sides of (2.102) are
equal to the m.g.f. of N(0,1), Mx(r) = e"/2.
Using integration by parts we obtain

+00
(_1)k+1 / e’ (I)(k+2) (x)dx

o0

—00

+oo
_ [(_1)k+1 o' q)(kﬂ)(x)roo . (_1>k+1 / rer® (I)(kJrl)(x)dx.

o0

The first term on the right-hand side is equal to zero and the second term
can be rewritten using the induction assumption. We have

+00 +0oo
(_1)k+1 / et (I)(k+2)<x)dx —r (_1>k / erk (I)(kJrl)(x)dI‘
— ok er/2,
O
Lemma 2.1 together with (2.101) provides approximation
oo M
My(r) = / ere [qs(x) — Eqb(?’) (z)| de, (2.103)

where ¢ is the p.d.f. of standard normal distribution. Comparing the right-
hand side of (2.103) with

My(r) = /_ " e dF ()

o0
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we arrive at the approximation of the p.d.f. of Z:

fo(@) = é(x) = o (). (2.104)

In comparison with the standard normal approximation of a standardized
distribution by N(0,1), (2.104) contains a term correcting the result with
respect to positive skewness of r.v. Z.
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Chapter 3

Reinsurance

Reinsurance is a tool used by an insurance company to reduce the risk stem-
ming from its insurance policies. It works on principles analogous to those
of insurance - one party (reinsurer) indemnifies the other party (insurance
company, cedant) for a specified share of its financial loss for a fixed price -
reinsurance premium.

The main function of reinsurance is increasing the underwriting capacity
of the insurer. It can also help to stabilize the insurer’s underwriting and
financial results over time and it provides protection against large losses.
Reinsurers often provide consulting services to their cedants.

3.1 Forms of reinsurance

There are two types of reinsurance: facultative and obligatory. In faculta-
tive reinsurance each individual risk is presented to the reinsurer. Both
the insurer and the reinsurer are free to present or accept the risk. In oblig-
atory reinsurance every claim within the specifications of the reinsurance
treaty is ceded and accepted by the reinsurer.

In what follows we will deal with basic structures used in obligatory rein-
surance. We use the classification with respect to the way in which losses
and premiums are divided between the cedant and the reinsurer.

3.1.1 Proportional reinsurance

In proportional reinsurance claims that occur during a given period are
shared in an agreed proportion by the cedant and the reinsurer.

In quota share reinsurance the proportion is the same for all insured
risks covered by the reinsurance treaty.
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Let us denote the proportion by ¢, ¢ € (0,1). Let us consider a risk
(insurance policy) with the sum insured Z. It can be the total value of
the insured property or a limit for the claim size paid by the insurer. In
some lines of business insurers work with probable maximum loss - the
estimated maximal value of loss that can result from one insured event.

If a loss of size X occurs, ¢ X is the ceded part (paid by the reinsurer)
and (1 — ¢) X is the retained part (paid by the cedant).

There can be agreed a limit (capacity) C applied to the sum insured:
for risks with sum insured greater than the capacity (Z > ('), the proportion
of losses ceded is reduced to %q. Only the proportion % of each loss is for
such a risk covered by the reinsurance with capacity C'. The remaining share
Z;ZC has to be paid by the cedant or from another reinsurance arrangement.

In surplus reinsurance the proportion ceded is not the same for all
reinsured risks, it depends on the sum insured. The cedant determines the
maximum loss that it can retain for each risk in the portfolio - retention
(line). The capacity of reinsurer is usually expressed by the number of lines.

Let us denote the retention by R, the number of lines by L. For a risk
with sum insured Z the proportion ceded g is

e g=0for Z <R,
eg=1-2for R<Z<(L+1)R.
In case Z < (1 + L) R, the proportion ceded is expressed as

)

and the proportion retained as

R
1—g=2p1,
1= 7

For a risk with the sum insured greater than the capacity of the reinsurance,

Z > (L + 1) R, the retained proportion is £, the ceded proportion is %.

70
The remainder 1 — % has to be covered by the cedant or by another
reinsurance policy.

3.1.2 Non-proportional reinsurance

The mathematical description of all common forms of non-proportional rein-
surance is based on the same formula with two parameters - priority (re-
tention) r and layer [. For loss variable X the ceded part is

X = (X —r)p A (3.1)
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and the retained part is
XB =X Ar. (3.2)

For X > r + 1 there remains part X — (r 4 () to be paid from other sources.

Most frequently used form of non-proportional reinsurance is XL-reinsu-
rance (excess of loss reinsurance), in which X in (3.1) and (3.2) is either
the size of one insurance claim (XL-reinsurance per risk) or the aggregate
loss caused by one event (XL-reinsurance per event). A special kind of
the second type is cat XL (catastrophic XL-reinsurance), where the event
considered is some natural or man-made disaster (windstorm, flood etc.).

Similar forms as (3.1) and (3.2) can be used for SL-reinsurance (stop
loss reinsurance), where X is taken as the aggregate loss in given time
period (one year). Parameters r and [ are then usually expressed as multiples
of total yearly premium corresponding to reinsured risks.

3.2 Reinsurance pricing

In proportional reinsurance the premium is ceded in the same proportion as
claim payments. On the other hand, the reinsurer often pays to the cedant
a commission as a share on the acquisition costs and a share on the profit
from the reinsurance treaty. The commission is either a fixed percentage of
premium ceded or it can be decreased or increased depending on the final
loss ratio (sliding scale commission). Another possible form is a profit
commission - an agreed percentage of the profit from the reinsurance treaty
is paid back to the cedant.

The pricing of non-proportional reinsurance is not as straightforward as
for the proportional case. Several approaches are used in practice depending
on information and data available for risks concerned. In the following sub-
section we explain them for the simple form of XL-reinsurance with unlimited
cover.

3.2.1 XL-reinsurance with unlimited cover

Let us assume that the aggregate loss for a group of reinsured risks is

N
S=) X,
i=1
where N is the total number of claims, X;, ¢ = 1,2,..., the individual

claims, are independent and identically distibuted, independent on N (S has
a compound distribution).
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For an unlimited XL cover we suppose [ = +00, so for each claim X; the
ceded part is

c
X=X, —r),
and the retained part is
X = X, A
The ceded part of the aggregate loss,
N
SO =3"x[, (3.3)
i=1
has again a compound distribution, its expected value is
E X(©)
ESY=ENEXY =ENEX
EX
E X©
= . (3.4)
EX
Since
EX=EX© +EX®)
we have ©) ®)
EX EX
=1- =1-LE
EX EX Rax(r),
where B(X A7)
AT
LER = ———"
X ="Fx
is the loss elimination ratio introduced in (2.8). We rewrite (3.4) as
P = P (1 —LERx(r)). (3.5)

Thus the pure reinsurance premium P(©) = E S(©) is obtained by multiplying
the total pure premium P = E S by a coefficient 1 — LER x(r) depending on
the claim size distribution and on the chosen priority 7.

Experience rating approach (known also as burning cost method)
determines the reinsurance premium as the total pure premium multiplied
by a rate computed as an average of

S
B,

ct=1,...,T

Here St(c) is ceded loss in past year ¢, possibly reevaluated according to
inflation, changes in underwriting or reserving practice. P; is premium of
year t adjusted to current tariffs.
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When the loss experience from past years is limited or none, the approach
of exposure rating is popular.
When X is a loss occurred on a risk with sum insured Z, we denote by

X
Y =—
A
loss degree. We have
E(XAr)L E{Y A7)
LE = Z = = LERy (1
R’X(T) E% EY RY(T),

r

where 7' = 7 in normalized priority with values in [0, 1].
Exposure rating approach uses instead of (3.5)

P =P (1—-LERy(r)),

where 1 — LERy (1), " € [0, 1], is market exposure curve applied to the
risk profile of the cedant.

In the most demanding approach from the point of view of the neces-
sary data, frequency and severity modeling, we use models described in
Chapter 2.

We can use suitable parametric models for total claim count N and in-
dividual claim size X, then derive the expected value of E X(©) for given
priority r and so come to an expression of pure reinsurance premium in the

form
P9 =ENEX). (3.6)

We illustrate the technique with an example of compound Poisson distri-
bution with Pareto distributed claims.

Let N have Poisson distribution with E N = A. For the total claim size
we use Pareto distribution with finite expectation, i.e.

FX(x):1—<§>_a, x>a, a>1, a>0.

In case we have data comprising all claims (including those with size less
than the priority 7), we use (3.6), where

EX© =EX —r), = / (x —r)a® az™* 'dr.
We obtain N
E X© — @ pootl
a—1
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and
L peth (3.7)

We insert in (3.7) estimates of A\ and « based on past observations of total
claim numbers and all claim sizes.
Alternatively, we can rewrite (3.3) as

N

SO =N (Xi—7).

=1

where N is the number of losses exceeding given priority 7 and X;, i = 1,2. ...
are 1.i.d. random variables distributed as X conditionally, given X > r. From
Theorem 2.2 we know that N has Poisson distribution with

EN = AP(X > 1) = A (g)_a,

and for x > r

P()_(>x):P(X>x]X>r):(§)_a,

so X has Pareto distribution with the same parameter a as X.
We now write instead of (3.6)

PO =EN(EX -r) (3.8)
B T a B a® ot
_)\<a> (roz—l T)_)\a—lr )

Naturally, we arrived at the same result as in (3.7). In the situation when
we have only information concerning claims exceeding the priority, we can
base our estimate of P(©) on (3.8).

3.2.2 XL-reinsurance with reinstatements

Commonly used form of XL-reinsurance has finite size of layer [. Except from
the limit [ for each individual claim payment there is usually also aggregate
limit for the sum of all reinsurer’s payments during the period covered. It is
again defined by the size of the layer [.

In XL-reinsurance with paid reinstatements the cover for loss exceeding
the layer is bought for additional reinsurance premium. There is maximum
number of possible reinstatements denoted by K. Then the maximum ca-
pacity of such a cover is (14 K) 1.
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Denote now by S the sum of all parts of individual claims hitting the
layer [,

N
S=> ((Xi=r)Al). (3.9)
i=1
In XL-reinsurance with paid reinstatements not only the final amount of
claims paid by reinsurer, but also the final amount of premium paid by
cedant, are random variables (not known at the beginning of the cover).
There is the initial premium P, that covers the Oth reinstatement which
is
Ry=SNL.
Let ¢ P be the premium for k-th reinstatement. It is the premium paid in
case the total loss S exceeds the value k.
In practice the premium for reinstatements is paid on pro rata basis -
whenever a claim hits the layer and the total loss is between (k — 1)[ and
kl, proportional part of the reinstatement premium given by

(Xz — 7“)+ Al
[
is paid. Thus the total premium paid for k-th reinstatement is

Ry
l

CkP

Ck P,

where
R =(S—kl), NI
is the part of the total loss covered by k-th reinstatement.

The total payment of ceded claims is

Sk=SN(K+1)l=> Ry (3.10)

k=0

The total premium paid to the end of the period of cover is

K
1
Px=P <1+7;ckRk_1>. (3.11)

The basic premium P is determined from (3.10) and (3.11) based on the
assumption that the expected value of the total reinsurer’s payments should
equal to the expected value of the total reinsurance premium paid by the
cedant:

E Sk =E Pg.
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We further assume ¢, =1, k =1,..., K, and write
1
ESk =P (1 + 7 ESKl) : (3.12)

The expected value E Sk is in fact the limited expected value LEV introduced
in (2.5),
ESk =E[SA(K+1)]].

Using (2.6) we deduce from (3.12) an expression for the basic premium P:
S g dFs(w) + (K + D11 = Fs (K + 1)1)]

P= — : (3.13)
1+ 7 [, zdFs(z) + K [1 — Fs(K1)]

To evaluate (3.13) we need the d.f. of total loss (3.9). It is usually
assumed that S has a compound distribution. For N being a member of
the (a,b,0) or (a,b, 1) class we can use for example Panjer recursive formula.
Then we need an arithmetic distribution for r.v.

Y = (X — 1), AL

which can be derived from an appropriate continuous model for individual
claim X.
When
g =P(S=kh), k=0,1,...

is the distribution resulting from the application of Panjer formula, we obtain
from (3.13) the basic premium in the form

(K+1)1

(K+1)1
h o kgt (K+1)I (1 — 2k=0 9k>

P = KL ]
1+72kiok9k+[(<1_2k}l:ogk>
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Chapter 4

Basic Methods of Claims
Reserving

4.1 Notation

We separate loss data according to the accident year (year of ocurrence)
i and the development year j. We assume i € {0,...,I}, j € {0,...,J},
where I denotes the most recent accident year and J denote the last devel-
opment year. We further assume that I = J.

We denote the incremental data as X;;: X;; stands for payments for
claims in accidental year ¢ made in year ¢ 4+ j (alternatively, X;; may denote
the number of reported claims with delay 7 or the change of the reported
claims amount).

The cumulative amount C;; for accident year ¢ after j development years
is then given by

J
k=0
The observations available at time [ are represented by the set

They are usually represented in the form of development triangle. Data
in (4.2) arranged in rows according to accident years and in columns accord-
ing to development years represent incremental development triangle. The
information available at time I is equivalently described by the cumulative
development triangle formed by data

{Cijri+j<I, 0<j<J}
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The values X;; (resp. C;;) for i+j > I need to be estimated or predicted.

We suppose that there is no further development after development year
J, so C;; represents aggregate loss from all claims ocurred in accident year
i. Then the outstanding loss liabilities (claims reserve) for accident year
1 at time [ are given by

J
Ri = Z Xij = CZ'J — Oi,]—i- (43)

j=I—i+1

In the following sections we introduce basic methods used most frequently
for estimating claims reserves. These methods consist in simple algorithms
applied to claims development triangles. We present stochastic models that
can be used to justify the corresponding algorithms and to quantify the
uncertainty in the resulting estimates.

4.2 Chain-ladder method

There are several stochastic models that justify the CL method. Well known
is the model introduced by Thomas Mack in [2]. We start with first two
assumptions from Mack’s model.

Model assumptions (CL)

CL1 Cumulative claims C;; of different accident years are independent.

CL2 There exist development factors fy,..., f;_1 > 0 such that for all
0<:<Tandalll<j<.Jwe have

E[Ci;|Cio, ..., Cijo1] = fi=1Cij-1.

CL2 is an assumptions on the first moments - it is used together with
CL2 for deriving estimates of (conditionally) expected future claims.

Lemma 4.1. Under Model Assumptions (CL) we have
E[Ciy| D1l = E[Ciy|Ci1-i) = Ciri fri++ f1 (4.4)
foralll1 <i< 1.

Proof. From the independence of accident years we have
E[Cis|Di] = E[CislClo, ., Cir ]
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We rewrite the last expression as an iterated expected value and apply CL2:

E[Ciy|Cio,...,Ciy—i] =E [E ([Cis|Cio, - -, Ciy-1] {Ci()u e 701',]—2'}
=E [fJfl C; Jfl‘Can ce 701',14]
= fr-1 E[Ci721|Cho, .-, Cigi] -

We repeat the last argument until the expected value is conditioned by values
of Cio,...,Ci—i, which gives (4.4). O

Chain-ladder estimator

The CL estimator for E [C;;|D;] motivated by (4.4) is
CSE =E[Cy|D) = Copi fri- fia (4.5)
for i + 7 > I, where Cl estimates of development factors are given by

I—j—1
2o Cijt
H Gy
Remark. The development factors f; are estimated in (4.6) by a weighted

average of individual development factors

fi= (4.6)

Cij+1
‘F’i, j+1 — = ) (47)
J Cij
I—j—1
. C,i
fi=>. ST L
i=0 k=0 kj

Lemma 4.2 (Properties of CL estimators). Denote By, = {C;; : i+ 7 <
I, 0<j <k} (Bgisapartof cumulative development triangle containing
all columns up the one corresponding to the development year k.)

The following statements hold

(a) given Bj, f] is an unbiased estimator for f;, i.e.
E |:fj|Bji| = fj,
(b) f; is unconditionally unbiased, i.e. B f; = f;,

(c) E[fo---fj] :Efo---Efj,jzl,...,J—l. It means fo, -+, f7_1 are
uncorrelated,
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(d) given C; -, éf]L is an unbiased estimator for
E[Cis| D] = E[Ciy|Ci 1],
1.€. X
B|CSHCiri] = ElCulD],
(e) C9E is unconditionally unbiased, i.e. ECSE = EC;;.

Proof. To show (a), we substitute the expression (4.6) for f; and we use the
fact, that the sum in the denominator on the right-hand side of (4.6) contains
only variables that are all included in B;. We obtain

eliiB] = Yo ElCiynlBi] _ Yiss 'Culfi _ .
f]’ il = Zf,j,l c = Zlijfl oo fj-
=0 ? =0 %

The second equality above follows from assumptions CL1 and CL2.

(b) is a direct consequence of (a).

For (c) we show with the help of (a)
©lhe 7] =B [e [ 71B]] = B[ - B 118
=E [fO"'fj—l] fi=E [fO"'fj—1] E f;.

We repeat the same steps with E [fo e fj_l] and proceed in the same way

until we get the product of expected values E fo - B fj on the right-hand
side.

In the proof of (d) we use (4.5) and rewrite
E [CSLICM_J =E _Ci,l—z' f[—i e fj—z fj—l|ci,l—z}
=E|E [Ci,pi flfi e fij fj71|BJ71] ‘Ci,lfi]
=E|Ci/ froie JEj—Z E [Jgj—1|BJ—1} |Ci,I—i]
= [ E |:Ci,l—i f]—z‘ e fj—2|0i,]—z} .

We again repeat the same procedure with the expected value on the right-
hand side. Now we use conditioning with respect to the set B;_5 and so on.
We finaly have

E [CA*%LICM_@} =Cir-i frei - fr,
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which proves (d) thanks to (4.4).

(e) follows directly from (d).
[

Mack’s stochastic model is specified by three assumptions. In addition to
CL1 and CL2 we also assume

CL3 There exist parameters o3,...,0%_; > 0 such that for all 0 < ¢ < [
and all 1 < j < J we have
Var [C’ij|CZ~0, ey Ci,j—l] = O'2~

]_1 C%]_l
From CL3 we deduce for the conditional variance of an individual develop-
ment factor (4.7)

2

Cij—1

(4.8) is based on the observation, that the variance of an individual devel-
opment factor Fj; should be inversely proportional to the cumulative claim
amount Cj;.

Assumption CL3 is essential for the derivation of an expression for the
mean square error of the chain-ladder estimate (4.5) defined by

Var [E]’Cw, ey Ci,jfl] =

(4.8)

mse(Cly) = E {(c _ c,)Q \Dll | (4.9)

The question of the mean squared error of the outstanding claim liabilities
estimates obtained from the application of various stochastic models and
methods of estimation is the subject of further explanation in the framework
of the course Mathematics of Non-life insurance 2.

4.3 Bornhuetter-Ferguson method

We present two possibilities of a stochastic model which motivates the BF
method.

Model assumptions (BFI)

BFI1 Cumulative claims Cj; of different accident years ¢ are independent.
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BFI2 There exist parameters pg,...,ur > 0 and a pattern Sy,...,58; > 0
with f; = 1suchthatforall0 << [, 0<j<J—land1<k<J—j

we have
E Cio = Bo i, (4.10)
E[CijxlCio, .. C] = Cij + (Bivw — Bj) pi- (4.11)
Under (BFI) it holds
EC; =B, 0<i<I, 0<j<.J (4.12)

Indeed, from (4.11) it is deduced for the unconditional expectation of C;;

EC; =ECi 1+ (B; — Bj-1)
=ECij2+ (Bj-1 — Bj-2)pi + (B — Bj-1)i
=+ =ECio+ (85 — Bo)p-

This together with (4.10) proves (4.12).
Note that E C;; = ;. The sequence (3;),=0

velopment pattern.
We summarize the weaker set of assumptions implied by (BFI) as

J denotes the claims de-

,,,,,

Model Assumptions (BFII)
BFII1 Cumulative claims Cj; of different accident years i are independent.

BFII2 There exist parameters py,...,ur > 0 and a pattern 5y,...,5; > 0
with #; = 1 such that for all 0 <¢ < 1,0 <7 < J we have

ECi; = Bj i

We again use the model assumptions to derive an expression of the ex-
pected value of aggregate loss for given accident year, conditional on the
history known at the end of year I.

Lemma 4.3. Under assumptions (BFI) it holds

E[Ciy|Df) = Cig—i + (1 — Br—;) pui (4.13)
Proof. From BFI1 we have

E[Ciy|D;]) = E[Ciy|Cip, ..., Ciy-1].

Then the statement of the lemma is proved by direct application of (4.11),
where we insert j = J — 1 and k = 1 and we take into account 5; =1. [

Remark. The same result we obtain from (BFII) when we assume the in-

dependence of Ciy — Ci1—; of Cio, ..., Cs1—.
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BF estimator
The BF estimator for E[C;;|D;| based on (4.13) is given by

CBF = E[Ciy|Di) = Cir—i+ (1 — Bri) fu (4.14)
for 1 <17 < I, where B 7_; is an appropriate estimate for 5;_; and fi; is a prior

estimate for the expected ultimate claim E [C;,] (i.e. an estimate that is not
based on the observed data in the development triangle).

Comparison of BF and CL models

From assumptions (CL) it follows for 1 < j < J

j—1
E[Cy] =E[E[Cy|Cijm]] = fim1 ECijmr = =ECio [[ i (4.15)
k=0
We insert in (4.15) for E C; o from
J-1
E[Cis] = E[Cu] [] /.
k=0
and obtain
J-1
E[Cyl =] £ ElCu). (4.16)
k=j

It corresponds to model assumptions (BFII) with
J—1
l’bi:ECijv BJZHf]g_la j:Oa"'a‘]_lv BJ:]-
k=j

Although the BF estimator (4.14) does not prescribe any specific method
for estimation of the claim development pattern parameters (...,8;_1, in
practice we often derive the estimates from data using estimated CL factors

it
) Iy
Bt =1[+ (4.17)
k=j fk
We denote the BF estimator of E [C;;|D;] with this special choice of Bj as
CBF,

CBF = i+ (1 _ A,sz.) .
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Comparison of CL and BF estimators

For the CL estimator we have

<
—

ZJ_ zIz Hfj_ zIz+OzIz<Hfj_]->
j=I

j=I—1 —i
fi—1
H] I— Zf] (31;[7,

= (51— z+<1_ I—z’) OSJL

=Cir—i + =5 =

Hence, if we identify the claims development pattern from the CL and BF
methods, the difference between the BF and CL estimators is that for the
BF method we use a prior estimate fi;, in the CL method the prior estimate
is replaced by the estimate OE,L which is based only on the observations.

4.4 Poisson model for the number of claims

In this chapter we consider the incremental variable X;; as the number of
claims in accident year ¢ reported in year 7 + 7.

The Poisson model is an example of claims reserving model that is based
on explicit distributional assumptions.

Model assumptions (Po)

There exist parameters pyg,...,u; > 0 and vp,...,7v; > 0 such that the
incremental claims X;; are independent and Poisson distributed with

E [Xi;] = piv,
forall 0<i<7I,0<j<J andy ] v =1
Note the following implications of assumptions (Po):
1. The assumptions (Po) imply that the increments X;; are non-negative.

2. The cumulative claim in accident year i, C;; is Poisson distributed with
ECi; = ;. (See theorem 2.1 of section 2.3.)

3. We have Eg”% = ,Y , which is independent of 2.

Lemma 4.4. The Poisson model satisfies model assumptions (BF1).
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Proof. The independence of the cumulative claims of different accident years
follows from the independence of X;;.
We have E [Cy] = E [Xi0] = p; Bo, with 5y = 70, and

k
E [Ci,j+k|0i07 ey Cz]] - CZ‘]‘ + Z E [Xi,j+k|C'i0, ey CZ]]
=1

K
= Cij+pi Y Yk = Cij + i (Bjsx — B5)

=1

with 8; = 327, 7. 0

According to the previous lemma we could use BF estimator for the de-
termination of claims reserves in the Poisson model. The distributional as-
sumption however allows for estimation of the parameters by means of the
maximum likelihood method.

The likelihood function on the set of observations D; is given by

L( )= H exp(—fi; ;) (i 1)
Hoy - - -y I, Y05+ YT) = p :U’Z’Y] X“' .
i+j<I Ea
The log-likelihood function is then
l(:uoa <o M, Y0, - - 771) = - Z u173+ Z Xij 10g(ﬂz%>_ Z lOg(X’l]|) .
i+j<I i+j<I i+j<I
(4.18)

Equating to zero the partial derivatives of (4.18) with respect to the unknown
parameters ji; and v; leads to a system of equations

I—i I—i X
Y A+> =L =0,i=0,....1,
=0 =0

fLi
I—j I—j
Xij .
_Zﬂl—i_z AJ :07 J :07"‘7J7
i=0 i i
which can be rewritten as
I—i I—i
,ai Aj = Xi':Oi,I—ia iZO,...,I, (419)
7=0 7=0
I—j I—j
/li A] = XU’ ]:0,,J (420)
=0 1=0

95



For the solution of (4.19) and (4.20) there is a constraint
J
doAi=1 (4.21)
=0

Poisson ML estimator

The estimators for E [X;;] and E [C;;| D] for i + j > I are given by

—

Xhe =E[Xy] = 4 (4.22)
J
ClP =E[CulDi = Ciss+ Y i, (4.23)

I—i+1

where f1;, i =0,...,1,and 5;, j =0,...,J, are ML estimates given by (4.19)
and (4.20) with the constraint (4.21).

Remark. It holds

C«ﬁo - ZI ) <1 - Z’Y ) ﬂia (424)

hence the Poisson ML estimator has the same form as the BF estimator
(4.14). However, in (4.24) we use the ML estimates of ji; and y; that depend
on the data in the development triangle.

There is an interesting connection between the Poisson distributional
model and the Mack stochastic model for chain-ladder method. In fact,
the CL estimator and the Poisson ML estimator for E [C;;|D,] are the same.
To show this, we assume that there is a positive solution to (4.19)-(4.21), [,
Y, 1 =0,...,1,5=0,...,J. We need the following result.

Lemma 4.5. Under model assumptions (Po) it holds

j j J
Cz] - z Z k (425)

=0 =0 k=

[en]

Proof. (4.25) is proved by induction. Using (4.19) for i = 0 and I = J gives
J J
Cos =Y Xog=fio )%
=0 =0
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For induction step j — j —1 we use the relation between the set of observed
incremental claims {X;;,i =0,...,I — 5,1l =0,...,7} and the set {X;;,i =
0,....,0 —j+1,1=0,...,7— 1}. The second set is obtained from the first
one by adding the accident year I — j + 1 and subtracting the development

year j:
1-(j-1) I-j I=j J—1
Z Ci,j—l = Z Cij - ZXZ] —I— ZXI_j+1’k' (426)
=0 =0 =0 k=0

Using (4.19)-(4.20) and the induction assumption we obtain

I—-(j-1)

Z Cij- 1—Z/MZ%—% ZMH‘/H j+1 Z%
:ZMZZWML/M —j+1 Z%
1=0
. _
= Z fi;

=0

<.
[ay

V-
0

£
I

]

From lemma 4.5 it follows the expression of the CL development factor
estimate for 7 < J,

I—j I—j I-j ~ 2
PR = {< TR vre {< R va /.5 » 9
i=1 7 - I - Il - 12
D e ) 0 Cij—1 2250 (Cy— Xij) 052 gUz Zi 0Tk
- Zj 0 k. (4.27)
ko Yk
We write the Poisson estimator of the aggregate claims from year ¢ > 0 as
J J
Ciy = Z Yi + Cig—i = i Z’?j. (4.28)
j=I—it+1 j=0

We insert in (4.28) for j; from

I—i
Cir—i = [ Zﬁ’j
=0
(see (4.19)). Since I = J we have

I 4
ijo Vi

~Po
Cif =Cirmis—
Zj:o fy]

Y

o7



which can be rewritten to

IT—it1 I
. - . 0 Vi
050 =Cir-i Zj I: A% e Z;f? A]. (4.29)
ijo Vi ijo Vi

(4.29) together with (4.27) prove the equivalence of C£° with CL estimator
(4.5).
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