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1 Review of Linear Regression

1.1 Definition and Assumptions

Consider n independent copies of random vectors (Y;, X;), ¢ = 1,...,n. Each X; has
p < n components (Xji,...,Xp).

Note.

e Y] is called the response®. The components of X; are called covariates (explanatory
variables, predictors, regressors).

e The covariate X;; is usually taken as 1.

e In certain applications, the covariates can be fixed quantities rather than random
variables. Throughout this course, we will consider covariates random. Extensions
to fixed covariates usually hold with some additional conditions but the proofs
require more effort.

Notation. Let Y = (Y7,...,Y,,)T and

The n by p matrix X is called the regression matrizt. We assume 7(X) = p (full rank).
Definition 1.1. The data (Y;, X;) satisfy the linear regression model if
Y; = X/ Bo + &,
2

where €1,...,&, are independent, E[EZ‘ |XZ] =0, and var[&?i ‘XZ] =0°.

Note. 3y = (Po1, - - - ﬁop)T is a vector of unknown parameters (regression coefficients$),
random variables &; are called error terms (disturbances), o? is called residual variancel.

Note. Another convenient formulation of the model is based on conditional moments
(avoids the introduction of error terms). The linear regression model holds if and only if

* éesky odezva T éesky regresory, nezdvisle proménné, vysvétlujici veliciny, prediktory, kovaridty
i éesky regresni matice § éesky regresni koeficienty 1 éesky chybové cleny ” éesky residudlni
rozptyl



1 Review of Linear Regression

e Yy, ...,Y, are independent
o E[Yi|Xi] = X80
° var[Yi |XZ] = g2

The model specifies the first two conditional moments of Y; given Xj;.

Note. We will use the notation E, var for conditional moments given X;. The symbol
Ex will be used for unconditional expectation over the distribution of Xj.

Note. The regression parameters express the influence of X; on EY;. Assuming that
X =1,
Bor = E[Yi|Xi2 =0,Xi3=0,...,X; = 0]

and

Boz =E[Y; | Xig=a+1,Xig =as,...,Xip = ap] —
E[}/Z‘XZQ :.T,Xl'g :x3,---’Xip:xp]

1.2 Estimation

The regression coefficients 3y are estimated by the least squares estimator (LSE) E that
minimizes the sum of squares

n
3 — ; - xT3)2 — ; _ Ty —
B = arg min 2(&@ X[8)* = arg min (Y —X8)" (Y — XB),
1=
i.e., solves the system of normal equations
n .
Y xi(v;-X[B) =0
i=1

Because X is of full rank, the single solution to the system is
B=X"X)"'XTY.
Note.
e EB =2 (unbiased), varB3 = o?(XTX)~ L,
e The vector R R
Y =X8=XX"X)"'X"Y = HY
is called the vector of fitted values™.
e The projection matrix H df X(XTX)™'XT is idempotent, with rank p. It satisfies
HX = X. The matrix I,, — H is also idempotent with rank n — p, and satisfies
(I, —H)X =0.

* Cesky vektor odhadnutych (vyrovnanijch) hodnot



1 Review of Linear Regression

e EY = XBo, varY = o2H.

e The random vector u X Y — ¥ = (I, —H)Y is called the vector of residuals®. It
satisfies Eu = 0, varu = o%(I,, — H).

e The random variable

§Se LuTu=> (v, - X B =Y (I, - H)Y
=1

2

is called the residual sum of squares’. Because ESS, = (n — p)o?, we obtain an

unbiased estimator of residual variance as 52 = SS./(n — p).

1.3 Normal Linear Regression

For normally distributed errors, additional useful properties can be derived. Assume now
that € ~ N,,(0, 0%L,,).

Proposition 1.1. Under normality,
(i) Y ~ Np(XBo,0°L,)
(i) B ~ Ny(Bo, o*(XTX)7")
(iii) Y ~ N, (X8, 0*H)
(iv) u ~ N,(0,0%(I, — H))
(v) 8Se/o* ~ xiop
(vi) B and SS. are independent
(vii) Let ¢ be any non-zero p-vector of real constants. Then
8- c"Bo
o2cT(XTX)1e

~tnp

(viii) Assume the model Y = X3y + &, where X = (X4|Xp) and By = (,@X,B;)T,
B € R,,, B4 € RP™ and introduce the submodel Y = X484 + €. Let SS. and
SSh be the residual sums of squares in the model and submodel, respectively. If
the submodel is true (Hy : Bp = 0 holds) then

n—p SSy, — SS.

F:
m SS,

~ Frnyp. (1.1)

~

It can be also shown that, under normality, 3 is the best linear unbiased estimator
and the maximum likelihood estimator, so it possesses optimality properties.

* éesky vektor residui Cesky residudlni soucet ctverci



1 Review of Linear Regression

1.4 Asymptotic Properties of the LSE

Let (Y;, X;), i = 1,...,n, be iid. Assume Definition 1.1 (without normality). Denote
Dy = ExX; X,
Proposition 1.2. Let Dx be a finite regular matrix. Then

(i) B\LBO asn — 0o,

(i) v/n(B — Bo) =5 N,(0,02D3) as n — co.

Proposition 1.2(ii) is an asymptotic restatement of Proposition 1.1(ii). Other parts
of Proposition 1.1 also hold asymptotically even if the data are not normal.

Now relax the assumption of equal variance: assume only E[Yi !XZ] = XZT Bo. Let
var[Y; | X;] = 0%(X;) be stochastically bounded (finite expectation follows). Denote
VX = E)(JQ(XZ)XZXZT
Proposition 1.3. Let Vx be finite and Dx be finite and regular. Then

(i) ,@L,@O asn — 0o,
(i) v/n(B — Bo) = N, (0, D' VxD3) asn — co.

When equal variances hold, Vx = 0Dy and the result in Proposition 1.3(ii) trans-
forms into the result in Proposition 1.2(ii).

Consistent estimates of Dy and Vx are
~ 1

D, = =XTX
n

and )
V,, = —X"diag (u?)X.
n

So, if both normality and homoskedasticity are in doubt, one can use the OLS

estimator B with variance
(XTX)1XxTdiag (u?)X (XTX) !

in place of the usual 62(X"X)~!. This is called the sandwich estimator*, or, in the
econometric context, White estimator’ (White 1980).

Many variants and improvements of this estimator have been proposed in the liter-
ature.

* éesky sendvicovy odhad T éesky Whiteiv odhad

The end of
lecture 1
(Feb. 21)



1 Review of Linear Regression

1.5 Transformed Response

Recall the linear model E[Yi |XZ] = XZ-T,BO with var[Yi ‘XZ] = 02, The regression pa-
rameters can be interpreted as

601 = E[ifz ‘XzQ :OvXZB :07"'7Xi17 :0]
and

Boz =E[Y; | Xig=a+1,Xig =as,...,Xip = ap] —
E[Y;‘XZQ :(L‘,Xig Z.%'g,...,XZ‘p:(L‘p].

When the response is non-normal, the common practice is to specify a linear model
on a transformed response. Let g be some monotone function. The transformed model
is

9(Y;) = X[ Bo +&i
or E[g(Y%) ‘XZ] = XZ-T,@O with var[g(Y%) ‘XZ] = 02, The induced model for Y; is

Y=g HXBo+e).

In general, the effect of the covariates on EY; in this model cannot be expressed.

The only special case (apart from linear ¢g) when the transformed model says any-
thing useful about E[Yi |XZ] is the log transform. From

logY; = X' By +&i

we get a multiplicative model
Yi = eX;r,B()s;k’
where €] =ef, Ec] = p. > 1, vare] = o2. Then
E[Y; |X;] =exp{log e + X' Bo},
var[Y; | X;] =02 (exp{ X Bo})*.

While Sy; (the intercept) does not have useful interpretation, the other parameters ex-
press multiplicative effects of Xjo,...,X;, on EY;. E.g.,

E[Y;‘XZQ =x+1,X;3 :(L‘g,...,XZ‘pzxp]
E[}/;|X12 :.’E,Xl'g :fbg,...,Xip:pr]

P2 —

So, €k is the proportional increase (relative change) in EY; after a unit change in Xyj.

The problem with the interpretation of the transformed linear model is serious when
the primary task is to estimate the effect of X; on EY;. If the goal is to predict Y; from
X;, transformations can still be useful even if the interpretation of the parameters is lost.

10



2 Generalized Linear Model — Theory

The generalized linear model extends the normal linear model in two ways:
e allows a wider choice of distributions for Y; (distributions from exponential family);

e allows a more general relationship between EY; and XZT Bo-

2.1 Exponential Family

2.1.1 Parametrization, moments

Definition 2.1. If the density of a real random variable (w.r.t. some o-finite measure p)
can be written in the form

faitrp) = e T 4 (o)} 2.)

where

e 0 is called the canonical parameter™;
e ¢ € (0,00) is called the dispersion parameter’;
e b and ¢ are some real functions;

then the distribution belongs to the exponential family of distributionst. The expres-
sion (2.1) is called the canonical form of the densityS.

Examples

Normal distribution Y ~ N(u, 0%)

N2
flasp,0?) = exp{—u}, LER, 02>0, xR
2mo 202
2 2
Tp—pt/2 x 1 9
= exp{T — ﬁ — 510g(27'(0' )}
62 21
0= Hy Y = 02> b(e) = E? C(IE’@) = _;_SO - 510g(27’1’§0)

* éesky kanonicky parametr 1 éesky disperzni parametr éesky rozdéleni exponencidlniho typu
§ éesky kanonicky tvar hustoty

11



2 Generalized Linear Model — Theory

Gamma distribution Y ~ I'(a,p)

f(z;a,p) = %xpl exp{—az}, a,p>0, >0
= exp{ —(a/p)xl—}—plog(a/p) + (p—1)logz + plogp — log I‘(p)}

0= —g, p=1/p, b(#)=—log(~0)
c(z,¢) = (1/¢ —1)logx — (log )/ — log I'(1/¢)

Inverse Gaussian distribution Y ~ I1G(p, \)

' B A Az — p)?
f(:v,u,/\)—\/2m3 eXp{ o } A >0, x>0

T Ly Ay

) 2 ®ors3 " 2

1 1
0= _2—2) ¥ = 1/)‘7 b(a) = V= 9> C(IE’SO) = _5 lOg(27TIE3g0) - (2:690)_1
I

Poisson distribution Y ~ Po(\)

)\1‘
f(:c;)\):—|exp{—)\}, A>0, 2=0,1,2,...
x!

= exp{xlog)\ — A+ log x!}
0=1logA, =1, b0) =exp(d), c(z,p)=Iloga!

Alternative distribution Y ~ Alt(p)

flxip) =p"(L=p)'~*,  pe(0,1), z=0,1

fp + log(1 —p)}

e=1, b0)=1log(l+exp{l}), c(z,9)=0

= exp{xlog 7
p

9:log1

Lemma 2.1. Let the random variable Y follow a distribution from the exponential family.
Then the moment generation function my (t) = Ee?Y of Y exists, is finite, and is equal

to
iy (6) = exp{ b(te + i)p) — b(0) }

If b(0) is twice continuously differentiable, my (t) is twice differentiable at t = 0.

12



2 Generalized Linear Model — Theory

Corollary. If b(0) is twice continuously differentiable then Y has finite first two moments,
EY =V/(0) and varY = V" (6).

We will always assume that b(6) is twice continuously differentiable so that varY is
finite. Let p f ey,

Note. Since varY = ¢ b”(0) > 0, b is a strictly convex function and b’ is strictly increas-
ing. Hence b’ has a well-defined inverse. There exists a function V' (u) of the mean p such
that varY = oV (u). It satisfies the equation b”(0) = V (b/(9)).

Definition 2.2. The function V' (u) is called the variance function®.

Note.

e Fach distribution belonging to the exponential family has a different variance func-
tion.

e Within the exponential family, the variance function determines the distribution
of Y. Not every function V is a variance function of some distribution from the
exponential family.

Examples
Normal distribution Y ~ N(u, 0?)

02
=p, ¢=o2, b(@)z;
EY =b/(0)=p, varY =9t 0)=p=0% V(u=1

This is the only distribution in exponential family with constant variance function,
i.e., the variance is unrelated to the mean.

Gamma distribution Y ~ I'(a,p)

0= —g, o =1/p, b)) =—log(~0)

p=EY =V(0)=-1/0 =p/a, varY =pb"(0) =¢/0> =p/a®, V(u)=p*
Inverse Gaussian distribution Y ~ I1G(p, A)

1
Hz—ﬁ, @:1/)\, b(@):— —20

EY =V/(0) =1/V=20=p, varY =ob"(0) = o(=20)"%2 = i*/\, V(p) = p®

* éesky rozptylovd funkce

13



2 Generalized Linear Model — Theory

Poisson distribution Y ~ Po(\)

0=1logA, w=1, b0 =exp(d)
u=EY =b(0) =exp(d) =\, varY =ob"(0) =exp(d) =\, V(u)=pn

Alternative distribution Y ~ Alt(p)

0 = log 1 f =1, b(#) =1log(l+exp{f})=log(l—p)
of of
=EY =0V(0) = = Y =pb'(0)=——F= =p(1—
p O) =g =p var¥Y =900 15 ) p(1-p),

Vi) = p(l—p)

2.1.2 Maximum likelihood estimator of the canonical parameter

Let Y1,...,Y, be a random sample from the density f(x;0,¢p) belonging to the expo-
nential family, 6y is the true canonical parameter, ¢q is the true dispersion parameter.
Let Y = (Yq,...,Y,)T.

The likelihood is

The log-likelihood is

0(0,¢) =log L(6,¢) =Y [M + (Y, @)} :

i=1 v
Suppose that the true dispersion parameter g is known. Then the score function for 6
is

U6 1Y) = g log fai6, ) = —-[¥i = ¥ (0)].

Obviously, EU(6p | Y;) = 0. The score statistic is

n

Un(0]Y) ZU«9|Y ! Z[m—b’(e)].

2:1

The maximum likelihood estimator [MLE] 6, solves the equation Uy (f, | Y) = 0, that
is > Y, =nb (0 ). The solution is 0, = (b)Y ,), where Y,, = n_1 S Y.

The MLE is unique because b is convex, and it does not depend on the dispersion
parameter g. It can be calculated even if g is unknown.

14

The end of
lecture 2
(Feb. 22)



2 Generalized Linear Model — Theory

The observed information is

1 oue|y; 1
L(0]Y) = —gz % = %b"(@ >0,
=1

so the likelihood is strictly concave. The expected (Fisher) information is the same as
the observed information,

1(0) = —E % _ éb"(e).

It is easy to check that
varU(6y | Y:) = 1(0p).

It follows from the theory of MLE that
~ D _
V(0 — 00) — N(0,0[b" (60)] ). (2.2)

Now consider the true dispersion parameter ¢y unknown. The MLE o£ 0y is still the
same, 0, = (b')"1(Y,). However, what is the asymptotic distribution of #,, when g is
unknown? In general, the asymptotic variance may change.

Calculate the joint information matrix for (6, ¢):

0% log f (@360, 0) _ (Iae IHcp) _ (b"(Qo)/SOO 0 )
9(0,0)0(0,p)T Iy, 1y, 0 I,

Thus, the information matrix is diagonal. It follows that the asymptotic distribution of

~

0, is given by (2.2) even if ¢( is unknown.

I(6o,¢0) = —E

We do not need g to estimate 6y but we need an estimate of g to estimate the
asymptotic variance of 0y. Of course, we could use the MLE of g but it often cannot
be calculated explicitely. Instead, we can use the moment estimator

Sa Sa

T, V)

where S2 is the sample variance. Since S2 Evary; = ©ob”(6o), by is consistent and b”
is continuous, @ is consistent (though less efficient than the MLE).

2.2 Definition of the Generalized Linear Model

Consider n independent copies of random vectors (Y;, X;), ¢ = 1,...,n, where X; =

(X, ... ,Xl-p)T. We want to express the dependence of p; iy [YZ |XZ] on X; by a model
that is more general than the linear model.

15



2 Generalized Linear Model — Theory

Definition 2.3. (Nelder and Wedderburn 1972) The data (Y;, X;) satisfy the generalized
linear model* |GLM] if

1. Y7,...,Y, are independent and the distribution of Y; depends on X; through re-
gression parameters 3 = (B1,...,3,)".

2. the conditional density of Y; given X; has the form
y0; — b(0;)

'Qi) —
f(y: 0, 0) eXp{ -

+C(y,s0)},

(is of exponential type), where b(:) is a known twice continuously differentiable
function, 6; depends on X; and 3, ¢ > 0 is a known or an unknown constant.

3. 0; depends on X; and B through the linear predictor’ n; df X'

4. There exists a known strictly monotone, twice continuously differentiable link func-
tion* g such that g(u;) = ;.

Notation. Let Y = (Y7,...,Y,)" and define the regression matrix

Xy
X3
anp = .
X,
We assume r(X) = p. We sometimes use the notation By = (Sp1, - - - ,ﬁop)T to denote the

true regression parameter (but the notation 3 can also mean the true parameter).

Note. The (conditional) means of Yi,...,Y, vary because the canonical parameters
01,...,0, depend on X;. The dispersion parameter ¢ is the same for all observations,
it must not depend on X; (recall homoscedasticity in linear regression). However, the
variances of Y7,...,Y,, depend on the mean through the variance function V'(u;), and
hence vary with Xj.

Note. The link function postulates a possibly non-linear relationship between the ex-
pectation of the response p; and the linear predictor n; = XiT 3. It has to be specified
in advance. There are methods to verify the choice of the link function for a specific
data set (see Chapter XX). It is enough to specify the link function up to a non-zero
proportionality constant (if ¢ # 0, g and cg lead to the same model).

Definition 2.4. The link function g is called the canonical link® for the distribution f if
it equates the linear predictor 7; with the canonical parameter 6;.

* éesky zobecneny linedrni model 1 éesky linedrni prediktor — * éesky linkovd funkce % éesky
kanonicky link

16



2 Generalized Linear Model — Theory

Lemma 2.2. (Properties of canonical link)

(i) The canonical link is equal to the inverse of V', that is g(u;) = (')~ ().
(ii) The canonical link satisfies the equation ¢'(u;) = 1/V (u;).

Note. For each distribution f from the exponential family, there is a unique (up to a
non-zero proportionality constant) and specific canonical link function. Canonical link
functions have certain nice properties that will become apparent later on.

Examples

Normal distribution Y; ~ N(;, 0?)

2
0; = i, p=0c% bl;)= EZ" i =b(0;)=0;, varY;=02 V(u) =1
(b

The canonical link is g(s;) = (b))~ (i;) = p; (identity link).
This implies EY; = n; = XZT 3. This is the normal linear model.

Gamma distribution Y; ~ I'(a;,p)

Q;

Op=——, ©=1/p, bl;)=—log(—=0;), pi="0V(0;)=-1/0;, varY;=opu;.
p

The canonical link is g(u;) = (V)71 (i) o< 1/p; (inverse link*).
This implies EY; = ¢~ () = 1/ X[ 3.

Inverse Gaussian distribution Y; ~ IG(u;, A)

1

b = =,

Y = 1/)\, b(@z) = — _29i i = b’(@z) = 1/\/ —2(91', varYi = gO,U,?
The canonical link ist g(u;) = (b)) (1) oc 1/p2.
This implies EY; = g~ () = 1/4/ X/ B.
Poisson distribution Y; ~ Po()\;)

Qi = 10g )\i, b((gl) = exp(&i), i = b’(&l) = exp(@i), varYg = Wi

The canonical link is g(s;) = (V)" (1;) = log p;.
This implies EY; = g7 1(n;) = exp{ X, B}. This is the loglinear model.

*

we drop the minus sign | we drop the constant —2
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2 Generalized Linear Model — Theory

Alternative distribution Y; ~ Alt(p;)

el

1+ efi’

6; =log '~ b(0;) =log(1+exp{6;}), pi="b(0;)=

T varY; = (1 — p).

The canonical link is g(p;) = log (the logistic link).

eXp{X Tﬁ}

7

. This is the logistic regression model.

Parametrizations of the GLM

The primary parameteres in the GLM are the regression coefficients 8 = (f3,. .. ,,Bp)T.
However, we are also interested in parametrizing the distributions of the individual Y;’s
that depend on both the primary parameters 8 and the covariates X;. This can be done
in three ways:

e by the linear predictors ni,...,My;

e by the means 1 = EY1,...,upn = EYy;

e by the canonical parameters 01, ...,0,.

The parametrizations are related to each other as follows:

=X/ B;
i = g(i); pi = g~ (m);
=V(6;), 0; = (')~ (ma);
0 = g(b’(@i)), 0; = (b')~* (g_l(m)); if the link ¢ is canonical then 7; = 6;.

The likelihood function

Let the true dispersion parameter @y be known. The likelihood function for 8 has the

form .
LB|Y)= Hexp{w (Ympo)}
=1 %0

where 6; = (') (¢g~ (X[ B)).
The log-likelihood is

(1) =3[ oy ). 23)
=1
The end of

lecture 3
(Feb. 28)
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2 Generalized Linear Model — Theory

The saturated model

Suppose at least one covariate is continuous and consider a model which has the largest
possible number of parameters* p = n. This is called the saturated model’. In the
saturated model, each Y; gets its own canonical parameter #;, which is unrelated to the
canonical parameters of the other observations. Maximizing L(3 | Y) w.r.t all 3 € R" is
the same as maximizing L(6 | Y') w.r.t all @ € R". To obtain the MLE in the saturated
model, we differentiate (2.3) w.r.t. each 6; separately and we get n equations

o'V - V()] =0, i=1,...,n.
The MLE of p; under the saturated model is
Hi = Y;.
The fitted values i; = 17; are equal to the observed values Y;. This model provides a

“perfect fit”. However, a “perfect fit” of this kind is rarely useful.

The saturated model with p = n does not satisfy the regularity assumptions of the
MLE theory (the number of parameters must be constant for the theory to apply; here
p — o0 as n — 00). The estimates obtained from this model are not even consistent.

The null model

The null model* is the opposite extreme. It assumes p = 1 and X; = 1 so that the model
includes only the intercept and all Y; are equally distributed.

The MLE of the common canonical parameter ¢ of the null model is derived in
Section 2.1.2. Using By =1 = g(t/(6)), we get the MLE of By as 3, = g(t/'(6)) = g(Y 1,).
From the cenral limit theorem for iid random variables and the delta method,

V(B = o) = N(O. 0V (10) g’ (10))?).
where pg = EY; (compare this with (2.2)).

Neither the null model nor the saturated model are particularly interesting. We aim
to build a model which has more structure than the null model, fewer parameters than
the saturated model, and fits the observed data well.

2.3 Maximum Likelihood Estimation in the GLM

Let (Y;, X;), i = 1,...,n be iid random vectors of dimension p + 1. Let h;(x) be the
marginal density of X; (with no assumptions about it except finite second moments).

* When all covariates are discrete, the largest possible number of parameters is p* — the number of
possible distinct values of the covariate vector X;. T Cesky saturovang model * Cesky nulovy model
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2 Generalized Linear Model — Theory

Let (Yi, X;), i =1,...,n, satisfy the generalized linear model (Definition 2.3) with true
parameters By and ¢g. Consider ¢y known. Write the conditional density of Y given
X =z as f(y| x,Bo, o). Then the joint density of (Y;, X;) is f(y | x, Bo, po)hi(x), the
full likelihood is

n

L*(8) = [[ r(Vi | X, 8, 0) hi( X:)

i=1
and the full log-likelihood is

0(8) = log f(Yi | Xi,B,0) + Y _log hi(X;).

i=1 i=1

Since the rightmost sum does not depend on 3, it suffices to maximize

(B) = log (Vi | Xi, 8, ¢0)- (2.4)

i=1

This is the log-likelihood shown previously in (2.3) (without the detailed derivation and
justification needed for the validity of asymptotic results).

When the covariates are random, it is not necessary to consider, know or estimate
their distribution. If the covariates were constants, the log-likelihood and the score
statistic would be sums of nonidentically distributed terms. Feller-Lindeberg or Lyapunov
central limit theorems would have to be applied to validate the asymptotic results, and
additional assumptions would have to be imposed on the covariates. The asymptotic
results for constant covariates would then turn out to be the same as the results for iid
data.

The core term in the log-likelihood (2.4) that we are going to maximize can be
written as

Zn: Y;0; — b(0;) (2.5)
i=1 v

where g(u;) = X, B and p; = V/(6;). The following theorem summarizes the main results
for maximum likelihood estimation of 3.

Theorem 2.3. (likelihood equations in the GLM; Nelder and Wedderburn 1972) Let the
definition of the GLM hold. Denote by By the true parameter. Let

1

(i) The score function for 3 is

U(B|Y:) = w5 wlp)g (1) (Y — 1) X,
where p; = g~ (X[ B). It satisfies EU (B | Y;) = 0.

20



2 Generalized Linear Model — Theory

(ii) The score statistic for 3 is

Un(B1Y) = Zwuz (pi) (Vs = 1) X

(iii) The maximum likelihood estimator 3,, solves the system of equations

n

> " w(ii)g () (Yi — i) X = 0, (2.7)

i=1
where [i; = gil(XZTBn).
(iv) When the link g is canonical then

w(pi) = V(pi) =

the score statistic can be written as
1
(8 ‘ Y) = % Z(Yz - Nz)Xu

and the likelihood equations are
n n
Y v =Yk
i=1 i=1

Note. When the link g is canonical then S = " | Y; X is the sufficient statistic and
the MLE equates the observed value of S to its expectation under the model (conditional
on the covariates).

Definition 2.5. ; = gil(XiT,é\n) are called the fitted values®.
The next step is to investigate the observed and expected information matrices for
3. Let a®? I aal.

Theorem 2.4. (on information matrices in the GLM) Let the definition of the GLM
hold. Let Exw(u;) X% be finite and of full rank.

(i) The contribution of the i-th observation to the observed information matrix is
B1Y; X2 - I,
I8 1Y) =— = () ]

where

L) oy L) &2
Ji = |w' (i) + (Mz)g('uz) (Vi — i) X

The observed information matrix is I,(8 | Y) =n"1Y " I(B | Y;).

* éesky vyrovnané hodnoty
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2 Generalized Linear Model — Theory

(ii)) When evaluated at the true By, EJ; = 0. The Fisher (expected) information matrix
at the true By is

T(B0) = E1(By | ¥) = ——Exu(u) X7, (2.8)

By assumptions, it is finite and of full rank. It holds that varU (By | Y;) = 1(Bo).

(iii) When the link g is canonical then J; = 0 at any (3 for all i, the observed information
matrix is positive definite at all 3, the log-likelihood is concave, the likelihood
equations have just one solution and it is the MLE.

Note. If the link g is not canonical, there is no guarantee that a solution to the likelihood
equations is the MLE. The likelihood is not concave, the equations may have multiple
solutions. Numerical algorithms for solving the likelihood equations may iterate slowly
and converge to the wrong solution.

The Fisher information matrix 1(3p) can be consistently estimated by the empirical
estimator

~ 1 — 1

I, = — ) w(@@)X®? = —XWX, 2.9

V= e X = 29)
where W is the n x n diagonal matrix diag (w(7i1), . .., w(f,)). When @q is unknown it

is replaced by a consistent estimator @,,, which will be introduced in Section 2.5.

2.4 Algorithm for Fitting the GLM

The parameters of the GLM can be estimated by a numerical algorithm called iterative
weighted least squares™ [IWLS].

Theorem 2.5. (Nelder and Wedderburn 1972) The MLE B, in the GLM solves the
system of equations R R

Bn = XTWX) ' (XTWZ),
where W = diag (w(7i1), . .. ,w(fin)), Z is an n-vector with components

~

Zi =1 + (i — 1i)g' (),
fii = g~ (W;), and 7; = X Bn.

Note. Z is called the adjusted dependent variablet. Notice that Z is the linear approxi-
mation to ¢g(Y;) by Taylor expansion around fi;. Unlike ¢g(Y;), it can be calculated even
if Y; is outside of the domain of g.

* Cesky iterativni vizené nejmensi ctverce T Cesky upravend odezva
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2 Generalized Linear Model — Theory

Note. When the link g is canonical then W = diag (V (fi1), ...,V (fin)) and
5 o Yi—y
V(1)

Zi =1 +

One cannot calculate ,@n directly from Theorem 2.5 because it appears on both the
left-hand side as well as the right-hand side. However, the result motivates the following
iterative algorithm.

Iterative weighted least squares algorithm

Step 1. Take initial values ﬁgo) =Y, (or Y; £ ¢ if Y; is not within the domain of g). Set
k:=0.

Step 2. Calculate W) = diag (w(ﬁ(lk)), . ,w(ﬁgﬂ))) and Zz(k) = g(ﬁgk))—|—(Yi—ﬁ§k))g’(ﬁ§k)).

Step 3. Take

BEHD — (xTHMX) -1 (X Z(0),

n

Step 4. Calculate ﬁgkﬂ) = g_l(X;rBSLkH)).

Step 5. Set k:=k+ 1.

A(k—1)

Iterate steps 2-5 until convergence, for example until H[/i’\q(f) — < 6, where 0 is a

pre-specified tolerance parameter. If the model is well formulated, the algorithm usually
converges in H—7 steps.

Note.
e The IWLS algorithm is a special case of the Fisher scoring algorithm.

e According to (2.9), the matrix (XTW®X)~! estimates (up to a proportionality
constant) the inverse information matrix. Thus, an estimate of the asymptotic
variance of (3, is obtained by the IWLS as well (just make sure to update it after

the last iteration of ,é\?(f))

e Let X* = WY2X and Y* = W1/2Z. Then B\n can be written as an ordinary
least squares estimator 3, = (X*TX*)~!X*TY™*. This is useful for extending the
diagnostic methods available for the linear model to the GLM.

2.5 Estimation of the Dispersion Parameter

The dispersion parameter g is usually unknown (unless we work with Poisson or alter-
native distributions). This fact does not alter the estimation of By or the asymptotic
properties of ,@n but we occassionally need an estimator for ¢g. Instead of using the
method of maximum likelihood, g is estimated by a modified method of moments.
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Definition 2.6. The statistic

" (Y — ig)?
XZ:;E% (2.10)

is called the Pearson chi-square statistic®. An estimator for g is given by

X2

n—op

Note. When the distribution of Y; is normal, X? is the residual sum of squares SS. and
O is the usual estimator of residual variance.

The next theorem provides conditions for consistency of @,,.

Theorem 2.6. Let h(y,x,3) = %. Suppose there exists a function C(y,x)

such that |0h/0B| < C(y,x) in a neighborhood By of By and EC(Y;, X;) exists and is
finite. Then @, N ©0-

Note. The condition of Theorem 2.6 is fulfilled when V and ¢’ are bounded away from
zero and V' has a bounded derivative in a neighborhood of 3.

2.6 Deviance

Definition 2.7. The statistic
D(Y, Br) = 2¢0[£a(Y) — £a(Ba | V)]

where £,,(Y) is the maximized log-likelihood of the saturated model, is called the (un-
scaled) deviance of the model with parameters By € RP and observations Y.
Note. In the saturated model, the MLE of p; is Y; (see p. 19) and the MLE of 6; is
0; = (b')71(Y;). The maximized log likelihood (2.5) of the saturated model is

~ 1 & ~ ~

(V) = — > [¥ili — b(6:)].

Y0
In the model with parameters By € RP, the maximized log likelihood (2.5) is
~ 1 <& ~ ~
ln(Bn | Y) = o > [vib; - b(6;)],
i=1

where 6; = (V/)~1(i;). Obviously, £,(Y) > £,(Bn | Y).

* éesky Pearsonovo chi kvadrdt
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The unscaled deviance can be expressed as
D(Y,B3,) =2 [Vi(fi — 0;) — b(6;) + b(8:)]. (2.11)
i=1

The deviance is always non-negative, does not depend on (g, and is zero if and only if
the model provides a “perfect fit”.

Note.

e The deviance is a goodness-of-fit measure. When the data are normal, the deviance
is equal to the residual sums of squares. It generalizes the term residual sums of
squares to the GLM™.

° D*(Y,Bn, o) = gpalD(Y,Bn) is called the scaled deviance. If @q is unknown, use
the moment estimator @,.

2.7 Asymptotic Results

Asymptotic results for the GLM follow from the general theory of maximum likelihood es-
timation. The theory is reviewed in “Summary of maximum likelihood estimation theory”
(here referred to as MLE Summary) available from the course website.

The following theorem transcribes the results of Theorems 2-5 from MLE Sum-
mary in the context of the GLM. The regularity conditions R1—-R4 are assured by the
specification of the model. Condition R6 has been verified in Theorem 2.3, part (i) and
Theorem 2.4, part (ii).

The Fisher information matrix
1
I(Bo) = EI(Bo | Y;) = varU,(Bo) = %EXW(M)XEM

is finite and of full rank by assumptions imposed on the covariates (finiteness of all
necessary moments and linear independence of covariates).

Theorem 2.7.

(i) The MLE B, is consistent (as long as the likelihood equations (2.7) have a unique
solution).

(i)

= UL (80) 25 N, 0, (By)

\/E n\M0 p\Y, 0))-

(i)

= D _
\/ﬁ(ﬁn - /BO) — Np(O, I 1(/60))

* The Pearson X? is another generalization.
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(iv) ~
LN(IBn ‘ Y) D 2

2log ——m—— £~ — .
1B |Y)

The information matrix I(8p) can be consistently estimated by
~ 1 .
I, = —XWX.
ney

According to part (iii) of Theorem 2.7, the estimated asymptotic variance of B\n is
I = 3 (XWX) 1,
Denote 3 = (XWX)~! so that @, estimates var 3,, .
Let us consider the problem of testing the simple hypothesis
Hy: B8 =0 against Hy: 3 # Bo.

The test statistics and their null distributions are established by the following theorem,
which is based on Definition 5 and Theorem 7 from MLE Summary.

Theorem 2.8.

(i) Score (Rao) test. Let pY = g~ (X[ Bo), WO = diag (w(ul),...,w(ul)), denote
50 = (XWOX)~L. If Hy holds then

Ra = ~U,(B0) T, ' Un(0)

= 2 (3wl (Y = iX) = (3wl ()Y - kDX,
" i=1 i=1
BN %

(ii) Wald test. If Hy holds then

W = n(Bu — Bo) "I (Ba — Bo) = @i(an —B0) S (B — o) 2 2

n
(iii) Likelihood ratio test. Let 69 = (/)= 1(uY). If Hy holds then

M = 2000(B 1Y) = talBo | Y] = = S [¥iB = 0F) = b0) + b(69)] 2 2
=1

The simple hypothesis is rarely of interest for applications. We are more interested
in composite hypotheses, for example, in testing that the last m components of the
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regression parameter vector are all zero (without loss of generality: the components of 3
can be always rearranged in this way). Take

/Bp—m—I—l /Bp—m—f—l
* ’BpferQ . % Iﬁp*erQ
Hyj : ) =0 against Hi : ) =0
Bp By

for some m < p. If Hj is true then the last m parameters attain zero value and the last
m colums of the covariate vector can be excluded from the model. The null hypothesis
specifies a submodel (with p —m parameters) of the full model with (p parameters).

R Denote B/{\/[ = (6p—m+17"'76p)—r and Xi,M = (Xp_m+1,...,pr)vT. Let EM =
(Bp—m+1,---,Bp)T be the MLE of By under the larger model. Let 3, be the MLE
of B under the submodel (subject to the constraint By = 0), let 1; = ¢~ (X, B,) be
the fitted values under the submodel.

Partition the p x p matrix S =1.1/(nd,) = (XWX) ! (the estimated asymptotic
variance of 3, without @, ) into four blocks

Sz ZB)
Y XM

where the lower right block EM is of size m x m.

Theorem 2.9.

(i) Score (Rao) test. Let W = diag (w(ji),...,w(fin)). Let Sy be the m x m
lower right block of the matrix ¥ = (XWX)~!. Denote by @, the estimator of the
dispersion parameter calculated under the submodel (under H{). If H§ holds then

A (Zn: w(fis)g' (i) (Y — ﬁi)XZ-]V[>T§M (Zn: w(ps)g () (Vi — ﬁi)XiM>

i=1 =1

D 2
— Xm-

(ii) Wald test. Denote by @, the estimator of the dispersion parameter calculated
under the larger model (not assuming that Hg is true). If H; holds then

W= o (BY)S5 (BY) B

(iii) Likelihood ratio (deviance) test. Let D(Y | B) be the (unscaled) deviance of
the submodel, let D(Y | 3) be the (unscaled) deviance of the larger model. Let the
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estimate @,, be calculated under the larger model (not assuming that Hj is true).
If Hj holds then

Xo= —[D(Y | B) - D(Y | B)] 2 2,

n ~
n

Note.

e Theorem 2.9 follows from Definition 6 and Theorem 9 in MLE Summary. The
hypothesis Hj is rejected at the asymptotic level of o if the chosen test statistic
(it must be selected in advance) exceeds the 1 — a quantile of the x2, distribution.

e Under the standard linear regression model with normal distribution, these three
test statistics are all equal to the F test statistic (1.1) for submodel testing. In
that case, the exact distribution of the test statistics under the null hypothesis is
Frym—p. When normality does not hold or the link is not identity, the three test
statistics are not the same and we only know that their asymptotic distribution is
Xin-

e Generally, the likelihood ratio test statistic is twice the difference in the log like-
lihoods between the model and the submodel. However, it can be also expressed
as a properly scaled difference in deviances between the submodel and the model.
The deviance test is the preferred tool for testing submodels in generalized linear
models.

e The Wald and Rao statistics are asymptotically equivalent to the likelihood ratio
test statistic. However, in finite samples they may be different. Unlike the likeli-
hood ratio test statistic, the Wald test statistic depends on the parametrization of
the model and tends to have the slowest convergence to the asymptotic distribution.
For these reasons, the Wald statistic is the least desirable of the three.

e An important special case is m = 1 (testing of a single parameter). Then the Wald
statistic for testing zero value of the j-th parameter is

o 2
<L> : (2.12)
o

where 6\]2]- is the j-th diagonal element of 5. Before applying the square, these
statistics are asymptotically standard normal; in this form they are automatically
provided in the output of almost any statistical software for fitting the GLM.

e The deviance of the current model D(Y | B) is twice the difference in log likeli-
hoods between the saturated model and the current model. However, the deviance
cannot be in general used as a test statistic to compare the goodness-of-fit of the
current model to the saturated model unless all covariates are discrete (otherwise
the number of parameters of the saturated model grows to infinity and Theorem 9
from MLE Summary does not hold). Differences in deviances between a submodel
and a larger model do not have this problem.
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Confidence intervals

The simplest confidence intervals for the individual parameters are based on Wald test
statistics (2.12). The interval with end points

B £ w12/ Pn03;

covers (3; with probability converging to 1 — a.

Better confidence intervals would be obtained from inverting acceptance regions of
the Rao or likelihood ratio test statistics or using profile likelihood methods.

Wald-type confidence intervals for linear combinations of parameters ¢' By where
0 # ¢ € R? can be obtained easily from Theorem 2.7 part (iii). An asymptotic confidence
interval with coverage probability converging to 1 — o has end points

c' B+ U—a/2\/ PncT22c.

2.8 Diagnostic Methods for the GLM

Diagnostic methods can be derived from the linear model using Theorem 2.5. Let
§§* = WY2X and Y* = WY2Z. Write 83, as an ordinary least squares estimator
B = (X*TX)7IX*TY ™" Let

H* = X*(X*TX*)flx*T _ W1/2X(XTWX)71XTW1/2’

and YV* = X*8 = H'Y* = W/2X(XTWX) ' XTWZ.

2.8.1 Pearson residuals

Pearson residuals are defined by the identity Y* — Y* = Wi/2Z — Wi/ QXB\, which gives
the following residuals for the individual observations

p_ Yi—

" VG

Sum of squares of Pearson residuals is equal to the Pearson X? statistic:
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2.8.2 Leverages

It can be shown that

varrip ~ @o(l — hj;),

where h};, the i-th diagonal element of H*, is called the leverage. Potentially influential
observations can be identified by the rule of thumb A}; > 2p/(n—2p). These observations
are sort of atypical in their covariates and thus may have unduly strong influence on the

results of the model fit.

2.8.3 Standardized Pearson residuals

Standardized Pearson residuals divide TZP by the square root of the estimated approximate
variance of TZP :

PS _ Yi — i
b V@V (1 - hy)
They have approximately unit variance. The end of
lecture 6
(Mar. 8)

2.8.4 Deviance residuals

Deviance residuals are signed square roots of the contributions of the observations to the
deviance. Let 0; = (b')"1(Y;), d; = 2{Y;[0; — 6;] — b(6;) + b(6;) }, and define the deviance
residual as

rf =sgn (Y; — ) V/ds.

Sum of squares of deviance residuals is equal to the deviance:

n

S (#P)*=D(Y | B).

i=1

2.8.5 Standardized deviance residuals

Standardized deviance residuals use the same normalization as standardized Pearson
ps _ sen(Yi — i) Vd;
Y = — .
Pn(1—h)

These are the default residuals in R.

residuals.
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2.8.6 Cook’s distance

Cook’s distance measures t}ie influence of the i-th observation on the estimates of re-
gression parameters 3. Let B(;) denote the estimates calculated after deletion of the i-th
observation from the data set. Cook’s distance is defined as

CD; = (B — B "X X (B - By

1
PPn
In linear regression, it can be shown that

S\ 2
CD: = 1 (YZ*_YZ*) h;'ki _E(TPS)QL;‘
e =

on \\/1—h5) 1—=h; p*° 1—ht

pPPn
This is how Cook’s distance is calculated in the GLM. An observation is considered
influential if C'D; > %QP'

2.8.7 Residual plots

Residual plots are created and used in a direct analogy with the linear model. However,
for some data types (e.g. binary data) the residual plots are much less informative
and require smoothing to yield any useful information. In general, residual plots are
somewhat less useful in the GLM than they are in the linear model.

2.8.8 Diagnostics of the link function

We only mention two simple methods for checking that the correct link function was
selected. Plotting the adjusted dependent variable Z against the linear predictor 7);
provides a graphical check. If the link is correct the plot should reveal a linear pattern.
A formal test can be obtained by adding (7;)? to the model as an additional covariate and
testing that its parameter is zero. If the hypothesis is rejected the link may be incorrect.

Both methods are sensitive to inappropriate transformations of the regressors. If
the transformations are not chosen well, both methods may indicate a problem even if
the link is correct.

Incorrect link functions do not have a serious effect on deciding which regressors
affect the response or on the results of submodel testing. The choice of the link function
is important if the primary goal of the analysis is prediction.
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Responses

3.1 Analysis of Binary Data

3.1.1 Alternative vs. binomial data

Let Y ~ Alt(m;), m € (0,1), be independent variables for i = 1,..., K, j = 1,...,m;.
For a fixed ¢, Y;],..., Y}, ~are identically distributed. The total number of observations
is N = Zfi1 m;. Let m; depend on X; = (X;1,... ,Xl-p)T through the linear predictor
ni = X, 3, B is the vector of unknown regression coefficients to be estimated. Therefore
i1+ -+ Vi, share the same covariate vector Xj.

The response Y% ~ Alt(m;) has a distribution of exponential family with p; = E Y=
m; and varY;; = m;(1 — ;). The variance function is V(u) = p(1 — u), the dispersion
parameter is ¢ = 1, the canonical parameter is 0; = log 1f—1m Finally, b(6;) = log(1 +
%) = log 1+m

Denote Y; = Zgn:zl YZ}‘ Then Y; ~ Bi(m;,m;). Thus, binomial responses can be

treated together with alternative responses even though the binomial distribution does
not strictly belong to the exponential family.

The dataset for alternative/binomial regression can be arranged in two different
ways. It is recommended not to mix the two data formats in a single dataset.

Format A. The dataset is arranged so that there are N rows and each value of X
appears in m; different rows. The row corresponding to the 7j-th observation
includes YZ}‘ and X;. This is the Bernoulli format of the data.

Format B. The dataset is arranged so that there are K rows and each value of Xj;
appears only once. The i-th row includes Y;, m;, and X;. This is the
binomial format of the data.

There are two different kinds of asymptotics when N — oo.

1. K is constant, m; — oo at the same rate for all 7. This happens when all covariates
are discrete with a finite support.

2. K — oo, m; are small (typically m; = 1). This happens when at least one covariate
is continuous.

Most of the results are the same for both kinds of asymptotics but there are certain
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important differences that will be pointed out later.

3.1.2 Link functions for binary data

Because p; = m; € (0,1), suitable link functions are maps (0,1) — R. Any quantile
function of a continuous distribution on R could be used as a link function for binary
responses. Here are some examples:

Logistic link

Take the quantile function of the standard logistic distribution.

i i = exp{ X/ B}
1—p’ " 1+ exp{X]8}

g(u;) = log

This is the logistic link, the canonical link function, the most commonly used link for
binary data. The model is called the logistic regression model™.

Probit link

Take the quantile function of the standard normal distribution.

g(w) = i), i =(X/B).

This is the probit link, the model is called the probit regression model®. Tt is used in
certain problems in toxicology and pharmacokinetics.

Cauchit link
Take the quantile function of the standard Cauchy distribution.
1 1 T
9(ui) = —arctan(u;) + 5, pi = tan[r(X; 8 - 0.5)].

This is the cauchit link, the model is called the cauchit regression model*. Tt is suitable
when m; converges to 0 (1) extremely slowly for 7, — +oc.

Complementary log-log link

Take the quantile function of the negative Gumbel (extreme value) random variable.

g(p;) = log(—log(1 — w;)), pi=1—e" exp{X] B}

* éesky logistickd regrese T Cesky probitovd regrese ¥ éesky cauchitovd regrese
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3 Generalized Linear Model for Discrete Responses

Figure 3.1: Inverse link functions for binary data. The linear predictor 7; is on the
horizontal axis, the success probability 7; is on the vertical axis.
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Linear predictor

This link function does not possess symetry properties. It is used in the analysis of
discrete survival data. Its counterpart is the log-log link

g(u;) = —log(—log (i), i =e" exp{—-X] B}

The inverse link functions are plotted in Figure 3.1. The choice of the link function
should be governed by the desired interpretation of the fitted model rather than by the
data. The canonical logistic link should be the first choice unless a different interpretation
is needed or there is a strong prior reason to choose a different link.

3.1.3 Binary data likelihood

There are two different sampling schemes to be considered.

(i) Alternative responses are observed independently of each other together with the
covariates. Then m; are random variables.
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3 Generalized Linear Model for Discrete Responses

(ii) m; is fixed in advance, then m; independent observations are obtained for each
combination of the covariates.

The likelihoods for these two schemes only differ by a constant that does not affect
the analysis. If m; is random then the likelihood is a product of independent alternative
distributions

K mg v K
H H m; ij(l — 7Ti)1—Yij - HWZYi(l _ Wi)mi*Yi.
i=1j=1 P

If m; is fixed then the likelihood is a product of independent binomial distributions

K - K K -
11 (Yﬁ”ﬂl —m)m = I -y ] ] <Y>
g i=1 i=1 g

i=1

The product of the binomial numbers does not include the parameters, so it is not
relevant. The first scheme follows the framework of independent observations from a dis-
tribution of exponential type so the theory of Chapter 2 applies. The second scheme does
not follow this framework but all the results have exactly the same form and properties.
Therefore we do not have to distinguish the sampling schemes.

3.1.4 Logistic regression

The logistic link has the form g(m;) = log 7, where 7;/(1 — ;) is the odds of success.
T
The sucess probabilities can be expressed as m; = %.
Interpretation of regression parameters
Let X8 = B1 4 f2Xa+- -+ 5,X,. Denote mp = P(Y5 =1|Xa = --- = X}, = 0). Then
log o __ B

1-— ™0
50 eP1 is the odds of success for an individual with zero values in all covariates.

Now consider two individuals: one with observed covariates " = (1,z2,... ,xp)T,
the other with observed covariates ®/ = (1,z9,...,2; + 1,...,2,)T (the j-th covariate
is increased by 1, the others are the same). Denote mxg = P(YZ’J‘ =1 ‘X = 1:0) and
mxj = P(Y}; =1|X = a7). Then

X0
1 — X0

_TXi

BTz’ = log .
1— 7TXJ'

and B2l =BT2" + B; = log

It follows that

Bj = log( Xi . 7TX0> and oBi — M_
1—7x;  7xo mxo(l — 7x;)
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3 Generalized Linear Model for Discrete Responses

Thus % is the odds ratio for success comparing two individuals differing by one unit in
the covariate X;. E.g., if 8; = 0.431 one can say that a unit increase in the covariate
X increases the odds of success e%431 = 1.539 times (or by 53.9%). When 3; = 0 the
odds ratio is 1 and the covariate has no effect on the odds of success (or the probability
of success) given the other covariates.

Consider a two-by-two contingency table of conditional probabilities

Covariates Y =1 Y =0

X:.’Ej 7TXJ' 1—7TX]'
XZLBO TX0 1—7TXQ

The odds ratio € describes the association between X and Y in this contingency table.
The odds ratio is one if and only if there is independence.

Estimation of parameters

By Theorem 2.3, the score statistic with the canonical link is

K m; K
U, B1Y)=Y Y (v —m)X; =Y (Vi — mym) X;
i=1 j=1 i=1

and ,@n solves the equations

K K
E Y; X, = E m;m; X,
i—1 i=1

where ~
o exp{XiT,Bn}
;= .
1+ exp{XiTBn}

The IWLS algorithm can be implemented in two different ways depending on the
data format. With the Bernoulli format A, the regression matrix X includes each observed
value of X; in m; different rows, and its dimension is N X p. Suppose the observations
ij are ordered by the two indices 11,...,1mq,21,...,2mao,..., Kmg. Let

WE = diag (7171 - 7)., 78 1 —7E))
be an N x N matrix, where the i-th element is repeated m; times, define

vy -
(k)(l _ A(k))’

; ;

A~ k: A~
and create an N-vector Z(*) = (Zflf), ces ngK)T . The IWLS algorithm iterates

AU+ — (xTWR )~ (XTWHE Z(0)

36



3 Generalized Linear Model for Discrete Responses

until convergence.

With the binomial format B, the regression matrix Xp includes each observed value
of X; only once, and its dimension is K X p. Let

W = ding (mi# ) (1 - 70), .. a1 - 7))

be an K x K matrix, where each element appears just once, define

Y — mﬁi(k)

Z(k) _ »Tak
Zy = X% + 20 _ 70y’

mﬂri

and create a K-vector 2}(5) = (21(51), e 2}(@){)1— The IWLS algorithm iterates

2 < (k — ~y(k) 5(k
B = (XEWE X R) ! (KFWY Z)

until convergence.

Obviously, XTWHEX = X;Wg)XR and XTW®) Z(*) = X}T%Wﬁf;)ig“), so the two
implementations of the IWLS algorithm for the two data formats are equivalent.

The information matrix is
1(B) = Ex7;(1 — 7)) X2,
and it can be estimated by

1o 1
= XWX = =

=+ NX}WRXR.

The estimated variance of Bn is

(XTWX)™! = (XFWeXg) ™

Deviance

The saturated model has K parameters m,...,mx and their MLEs are m; = Y;/m;.
Under the first kind of asymptotics (K constant, m; — oo Vi), the MLE theory holds
for the saturated model and the MLEs are consistent and asymptotically normal. For
the second kind of asymptotics (K — oo, m; small), the MLEs are inconsistent and the
theory fails.

The deviance for logistic regression is

D(Y|B):2§§ Y| lo Yi/mi —lo i —lo ! +1lo 1

K
Y, —Y;
:22[mog Z +<mi—mlogL:]
i=1

mﬁr\ m; — ;T
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According to Theorem 2.9(iii), the difference in deviances between a submodel and a
wider model has a limiting x? distribution if the submodel holds. This is used for model
building in logistic regression.

Under the first kind of asymptotics (K constant, m; — oo Vi), the deviance alone
has asymptotically x? distribution with K — p degrees of freedom if the current model
is valid. Thus, in these circumstances a formal goodness-of-fit test can be obtained by
comparing the fit of the current model to the saturated model. If the deviance exceeds
1 — a quantile of X%(_p distribution, the current model should be rejected. However, this
test is only valid if all covariates are discrete and there are enough observations at each
value of X (e.g., m;m; > 5, m;(1 —m;) > 5).

Pearson X2

The Pearson residuals and the Pearson X? statistic have different versions and different
interpretations depending on the data format. The two versions will be the same if and
only if m; = 1 for all 7. It is important to keep in mind that most statistical software
will calculate the version that corresponds to the input data format for the particular
dataset.

Bernoulli data format

With the Bernoulli data format A, the Pearson residual is

~ 1-7; *
. i —
o Yoo m = 7
1] - =~
K3

When plotted, these residuals form two separated clouds, one for successes and one for
failures. Their usefulness for various model checking procedures is limited. The Pearson
X? statistic is

K m; =~ 2 K
- Zj B 7TZ - Y; o~ m; —Y; ~
— mz(l 7rz) + ;T
mi(1 =) L~ | myT; m;(1 —7;)
=1 j=1 =1

If the model fits well then X2 &~ N. This version of the Pearson X2 statistic does not
possess a useful interpretation.

Binomial data format

With the binomial data format B, the Pearson residual is

. . N Y — mam
_ W}%/Q(ZR B XR,B) _ i — MyTy

As long as m; > 1, these residuals have much more useful distribution. They are
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3 Generalized Linear Model for Discrete Responses

approximately normal as m; — co. The Pearson X? statistic is
K ~ K ~ K ~
Y; — m;7;)? (Y; — mm;)? [m; — Y; —mi(1 —7;)]?
X2 _ Z ( 1 7 /z\ _ Z 1 1/ + Z 7 7 1 1

mz(l _%z) ’

i=1

which is the x? test statistic for testing goodness of fit in a 2 x K table with p estimated

parameters. When K is constant and m; — oo for all i (at the same rate) then X2 D,
X%@p if the model is valid. For the saturated model (p = K), X? = 0. Thus, the
binomial version of the Pearson X? statistic can be used for testing the goodness of
fit if all covariates are discrete and there are enough observations at each value of X.
However, differences in Pearson X? statistics between the model and a submodel do not
converge to a x? distribution. This is why we always prefer deviance tests to tests based
on the Pearson X? statistic.

3.2 Analysis of Poisson Count Data

3.2.1 Poisson loglinear model

Let Y1,...,Y, be independent random variables, Y; ~ Po();). Let A; depend on covari-
ates X; through the identity log \; = XZTB

Poisson distribution belongs to the exponential family with p; = A\; and varY; = ;.
The variance function is V(u) = p, the dispersion parameter is ¢ = 1, the canonical
parameter is 6; = log \;, b(6;) = €%. The log link is canonical for Poisson distribution.

We have
E[Y; | X;] = var[Vi | Xi] = \i = exp{X] B}.

Interpretation of regression parameters

Let X8 = B + oXy + -+ + B,Xp. Denote \g = E[Y;|X; = -+ = X;, = 0]. Then
log \g = 31 so €P! is the expected value of Y; for an individual with zero values in all
covariates.

Now consider two individuals with observed covariates x° = (1,z9,... ,:Cp)T and

x) = (1,19,... s+ 1, ,xp)T (the j-th covariate is increased by 1, the others are the
same). Denote Axo = E[Y; = 1|X = x"] and Ax; = E[Y; = 1|X = 27]. Then

) AX
. = log —~ and efi = 229
bi s AXx0 AX0

Thus e is the proportional increase in E Y; per unit difference in the covariate X j- When
Bj = 0 the ratio is 1 and the covariate has no effect on the expectation given the other
covariates.

39



3 Generalized Linear Model for Discrete Responses

Estimation of parameters

The likelihood is "
Ln(B|Y) =] exp{Yilog \i = \; — log V;!}
i=1
log-likelihood

n

G(BY) = (YilogAi — A\ —log V;!).

i=1
By Theorem 2.3, the score statistic with the canonical link is
n
Un(B|Y) =) (Yi— )X,
i=1
and ,@n solves the equations

n n
Z Vi X = Z XX,
i=1 i=1

where

X = exp{X] Bn}.
The MLE of 3 is calculated by the IWLS algorithm

AU+ — (xTR® X)L (XTWHE Z(0)

5
720 = xTgh YA
NG

i
The information matrix is I(3) = EXXZ-XZ@2, which can be estimated by

~ 1 R 1 &~
I, = ~X"WX = - > OAXE

n X
=1

The estimated variance of B, is (XTWx)~ 1.
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Deviance

The MLEs of the saturated model parameters are Xl = Y; The deviance for loglinear
model is

~ n Y; ~
DY | B) =2 [YglogA—Z—Yg—)\i]. 3.1
(Y [8) ZZ} % ( ) (3.1)
According to Theorem 2.9(iii), the difference in deviances between a submodel and a

wider model has a limiting x? distribution if the submodel holds. This is used for
loglinear model building.

Pearson X2

The Pearson residual is

Tip _ le B 3\\1’
Ai
the Pearson X? statistic is . R
Y — Ai)?
XQZZ(ZAZ) (3.2)

3.2.2 Modelling Poisson process intensity

Let Y; be a number of events observed during ¢; units of time on a certain individual
(experimental unit), let X; be covariates. We have independent realizations of (Y;, ¢, X;)
fori=1,...,n.

Suppose Y; ~ Po(\;t;), that is, the outcomes are generated by a homogeneous Pois-
son process with intensity A;. Let \; depend on the covariates X; through the identity
log \; = XZTB. Then

E[Vi|X;] = var[Vi | X;] = t:\i = t; exp{ X, B} = exp{logt; + 1 + BaXia + -+ BpXip}.

The intensity A; = EY;/t; describes the expected number of events observed during a
unit time interval.

This model can be fitted as a Poisson loglinear model with the term logt¢; added
to the linear predictor. It is a term similar to a covariate, except that its parameter is
equal to 1 by default and is not estimated. Such a term is called an offset* in the GLM
terminology. Estimation and testing proceeds in exactly the same way as if offset was
not present.

* Cesky offset
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3 Generalized Linear Model for Discrete Responses

3.3 Loglinear Models for Contingency Tables

3.3.1 Two-way contingency table

Consider discrete random variables X € {1,...,I} and Z € {1,...,J}. Observe n
independent realizations (X1, Z1),...,(X,, Z,) of this pair. Denote the observed count
of the pair (X =14,Z = j) by nyj = Y, I(X; =i, Z; = j). The observed counts can be
arranged into a two-way contingency table

Z=1 --- Z=J Total
X=1| nn - niy niy
X=1| nn - nry nry
Total nyyp e nyy | nyy=n

J I
where n;y = ijl ng and nqj; = > . ngj.

Denote the expected frequencies

J I
mi =Engj,  mip =) my,  omy; =Y my,

j=1 i=1

and my, =S, Z}-Izl mi;. Let the cell probabilities be
J 1
Wij:P[X:’L',Z:j], 7TZ'+:Z7TZ']':P[X:’L'], 7T+j:Z7Tij:P[Z:j]-

j=1 i=1

Obviously, 7,4 = ZZ'I:1 ijl mi; = 1.
The expected frequencies are related to the cell probabilities as follows (we allow n
to be random):

n n

mij = Eny; =E ZI(Xl =i,z =7) = EE[Z [(X;=1,7Z = j) |n] = Enmy; = myqmy,
=1 =1

S0 T = mij/m++.

The goal is to use the observed counts n;; to model the cell probabilities m;;, in-
vestigate the marginal distributions of X and Z and the associations between X and
Z. The end of
lecture 9

3.3.2 Distributions of observed counts (Mar. 15)

There are several distributions we can use for observed counts in the contingency table.
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Poisson distribution

Let n11,...,n7; be independent random variables with Poisson distributions n;; ~
Po(mj;). It follows En;; = varn;; = m;;. The joint density of the whole table is

1 ke
P[n11 =ki1,...,nry = k‘]J] = H k‘z“!mijje m”, kij =0,1,2,....
The total number of observations n = Z :m;j is a random variable with the distribution
Po(m).
The asymptotics does not work by observing an increasing number of independent

Poisson variables (the total I.J is fixed) but by letting m — co. The asymptotic MLE
theory for iid data does not apply to this case.

Multinomial distribution

Let the vector (niy,...,nyry) follow the multinomial distribution Mults;(n, ), where
7w = (m11,...,7r7)". The joint density of the whole table is
P[nllzkn,..., —k]J—n'Hk 7 ZJ’ kij:O,l,...,n, Zk‘z‘jzn.

The total number of observations n is fixed, n;; ~ Bi(n,m;;), Eni; = nmj;, varn;; =
nmi;(1 — m;5), the counts are not independent.

The contingency table can be expressed by summing n iid random vectors, each
with distribution Mult;;(1, 7). The asymptotics works through letting n — oo. The
asymptotic MLE theory for iid data applies to this case.

Row multinomial distribution

Let the vectors (ni1,...,n;s), ¢ = 1,...,I, be iid with the multinomial distribution
Multy(n;,, 7;), where 7; = (71 /7y, ...,y /mis ). The joint density of the whole table
is
s g
Plny =k, ... onpg =krg] = HTLH'H oy <7r;i) » ki =0,1,...,n, ka = Ny
J

The numbers of observations n;4 in the I rows of the table are fixed, n;; ~ Bi(n;, ::—Zi)
En; = nz+ , varng; = niq :Z (1— 77:” ), the counts are independent between rows but

dependent Wlthln TOWS.

The asymptotics works through letting n;; — oo for all ¢ at the same rate. The
asymptotic MLE theory for iid data applies to this case.
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Equivalence of Poisson and multinomial models
Assume that the loglinear model holds for the expected frequencies m;;, in particular,
log Enij =+ ,BTXZ‘j or my; = ea+BTX”,

where « is the intercept and X; is a vector of covariates characterizing the (i, j)-th cell.
The maximum dimension of Xj;; is IJ — 1. The cell probabilities 7;; can be expressed as
follows:

mij BT Xij
My N Zk,l BT Xy

Lemma 3.1. Let X; ~ Po()\;) be independent random variables, i = 1,...,n. Then the
conditional joint distribution of the random vector (Xi,...,X,)T given 31" | X; = s is
Mult, (s, p), where p = (p1,...,pn)" and p; = \;/ Z?Zl Aj.

(3.3)

7Tij =

Corollary. Let n;; ~ Po(m;;) be independent, ¢ =1,...,I, j=1,...,J. Then

e the conditional joint distribution of (n11,...,n7s)" given Y, > nij = nis Multy;(n, ),
where the components of 7 are m;; = myj/m4;
e the conditional joint distribution of (n;1,...,n;7)" given Zj nij = Ny is Multy(ny, ),

where the components of 7; are m;; = my;/mip = m5/miy.

Theorem 3.2. The likelihood functions for estimation of parameters 3 in the loglinear
model log m;; = o + BTXZ-]- arising from Poisson or multinomial sampling distributions
are equivalent (they differ only by a multiplicative constant that does not depend on 3).

Note. Theorem 3.2 does not deal with estimation of the intercept o — in fact, the in-
tercept is not even identifiable in the multinomial model. This is obvious from expres-
sion (3.3).

Theorem 3.2 can be extended to row multinomial distribution as follows:

Theorem 3.3. (Palmgren 1981) The likelihood functions for estimation of parameters (3
in the loglinear model logm;; = o; + ,BTXZ-]- arising from Poisson or row-multinomial
sampling distributions are equivalent (they differ only by a multiplicative constant that
does not depend on 3).

Note. Row multinomial sampling requires row-specific intercept in the loglinear model.

Corollary. Expressions for any quantity derived from the likelihood function for 3 (score
function, information matrix, the MLE) and their properties (asymptotic distributions,
test statistics, confidence intervals) are the same no matter which of the three distribu-
tions generated the contingency table.

When the data are generated by the Poisson model, they can be transformed to
the multinomial model by conditioning on the observed cell count total n = ny4. The
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asymptotic results hold in the multinomial model (the data are equivalent to n indepen-
dent observations from Mult;). The formulae can be derived from the theory of GLM for
the loglinear model with Poisson distribution.

In the rest of this section we assume the loglinear model with Poisson distribution
but the results apply to multinomial models without change.

3.3.3 Loglinear models for two-way tables
The independence model (X, 7)

The model (X, Z) for expected cell counts is defined by the equation
logm;; = o+ BX + ﬁjZ (3.4)

with the constraints ﬂf( = Blz = 0. The regressors that generate this model are

X, =(1,0,...,0,...,0,...,0,...,0)7 for the cell (1,1),

X =(1,0,...,1,...,0,...,0,...,0)T for the cell (i,1), i # 1,

X1; =(1,0,...,0,...,0,...,1,...,0)7 for the cell (1,7), j # 1,

X =(1,0,...,1,...,0,...,1,...,0)7 for the cell (4,7), i # 1, j # 1.

The parameters are
B= (85,555, BT,
the dimension of the parameter vectorisp=1+I—-1+J—-1=1+J—1.
The parameter a can be expressed as

a = logmyy = logmyy + log i,

hence the model can be also stated in terms of cell probabilities

mij

log m;; = log = logmy + B + 6J»Z. (3.5)

M4

The interpretation of the regression parameters is as follows:

i = it :4P[X:Z] and e

- Plz=1J]
T+ P[le] T4+1 P[Z 1]’

that is, 8" is the odds of observing the i-th level of the variable X compared to observing
the first level.

sz _ T _ PlZ

The cell probabilities satisfy the equation

Tij = Tt Tj
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for all 7 and j, which means that the model (X, Z) holds if and only if the variables X
and Z are independent.
The fitted cell frequencies in this model can be expressed explicitely
~ ~ ~ o~ T Mgy N4 N5
P — N — s U b v R s v}
ij Tij T+ T+ n n n

"
because ;;r

and 2 are the MLE’s of m;y and ;.

The interaction model (XZ2)

The model (X Z) for expected cell counts is defined by the equation
logmi; = o+ B + B} + 557 (36)

with the constraints BIX = ﬂlz =0, Z‘-)l(Z =0foralli=1,...,1, and ﬁf;z = 0 for all
j=1,...,J. The number of parameters in this model is p = I+J—1+(I—1)(J—1) = IJ.
This is the saturated model, hence the estimated expected cell counts m;; (fitted values)
are equal to the observed cell counts n;; for all 4, j.

The equivalent model for cell probabilities is
logmij = logm1 + B3;° + B7 + By 7. (3.7)

The interpretation of the main effects is as follows:

gx _ T _ P[X=4i,7Z=1] gz _m; _ PX=12=]
i = — = and e = — = ,
11 P[le,Zzl] 11 P[le,Zzl]

that is, 8" is the odds of observing the i-th level of the variable X compared to observing
the first level of X when Z = 1.

The interaction parameters can be written as
GXE T P X=iZ=jP[X=1,7=1]
Ti1T1; P X=4Z=1P[X=1,Z=j]
which is the odds ratio in the 2 x 2 sub-table that includes the first and the i-th rows
and the first and j-th columns from the original table. The odds ratio expresses the

proportional change in the odds of the event X =i (relative to X = 1) when Z changes
from 1 to j.

The variables X and Z are independent if and only if all the interaction parameters
are zero (the model (X, Z) holds). The cell probabilities can be expressed as

X Z XZ
ST B

S B +BL BN

iy =P[X =14,7Z =j]

Since this is the saturated model, its deviance D(XZ) is zero. The MLE theory
holds for this model because all covariates are discrete and the number of parameters
p = I.J is constant.
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3.3.4 Testing independence in a two-way table

Suppose we are interested in testing the hypothesis the X and Z are independent. This is
equivalent to testing that the no-interaction model (X, Z) holds, or that all the interaction
parameters in the saturated model are zero.

The test can be based on the deviance D(X, Z) of the independence model. From
(3.1), the deviance is

I J
XZ —QZZ{nwlogA” (nij_ﬁlij)]a

i=1 j=1
where m;; = niynyj/n. If independence holds then D(X, Z) D, X%I—l)(J—l)’ so the
hypothesis is rejected at the level of & when D(X, Z) > X%I—l)(J—l)(l — ).

The independence hypothesis can be also tested by the Pearson X? statistic. By
(3.2), the Pearson X? statistic is

I J 2
_E :E : ”w mij)
m
i=1 j=1 i

This is the classical x? statistic for testing independence in a two-way table. Under the
null hypothesis, it also converges in distribution to X%I—l) (J—1)"

3.3.5 Loglinear models for three-way tables
Three-way contingency table

Consider discrete random variables X € {1,..., I}, Z e {1,...,J},and V € {1,...,K}.
Observe n independent realizations (X1, Z1, V1), ..., (Xn, Zn, Vi) of this triplet. Denote
the observed count of the pair (X =i,Z = j,V = k) by ny = >, [(X; = 1,7, =
J, Vi = k). The observed counts n;;, form a three-way contingency table.

Let n;j4 = Zszl Nijks Nigt+ = Z;']:1 Zle nijk, etc. Denote mgj, = Emnyjp and
migrk = P[X =1i,Z =3,V =k]. The symbols mjjy, myik, Titr, T4+ etc. all have
the obvious meaning (summing over the indices replaced by +). Obviously, 7444 =
ik Migh = 1.

Marginal and conditional associations in a three-way table

Suppose we would like to describe the associations between the variables X and Z in the
presence of a third classifier V. We have two ways to do this:

Marginal associations
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3 Generalized Linear Model for Discrete Responses

Let us ignore the existence of the third variable. We can form a two-way contingency
table for X and Z by collapsing the original three-way table n;;; across the levels of V,
getting a two-way table n;;;. Now the associations between X and Z can be described
and investigated by the methods for a two-way table described in Section 3.3.3 applied
to Nij+-

Definition 3.1. Discrete variables X and Z are called marginally independent (in the
presence of a third discrete variable V') if and only if

7T'ij+ = 7Ti++7r+j+ fOI' all Z,]

Marginal associations between X and Z are described by marginal odds ratios, which
correspond to exponentiated interaction terms in the model (3.7) applied to the collapsed
two-way table.

Definition 3.2. The marginal odds ratio for the i-th level of X and the j-th level of Z
are defined as
Xz _ Tij+T114

: .
T Ty

X and Z are marginally independent if and only if 91-)]{ Z =1 for all i and j.

Conditional associations

Let us fix the value of variable V' at some value k € {1,...,K}. We get K separate
two-way contingency tables for X and Z by considering each of the layers of the three-
way table n;;, formed by fixing V' = k. The k-th two-way table has observed counts
ngr (i =1,...,1, j=1,...,J) and cell probabilities proportional to m;;;. The associa-
tions between X and Z can be described and investigated by the methods described in
Section 3.3.3 applied to n;j;; for each fixed k.

Definition 3.3. Variables X and Z are called conditionally independent given V if and
only if

P(X=i,Z=j|V=k =P(X=ilV=kP(Z=j|V=Fk) foralli,jk.

Theorem 3.4. Variables X and Z are conditionally independent given V' if and only if

it kT4 ik .
Tijk = ZARTHIR for all 1,7, k.

T++k

Conditional associations between X and Z are described by conditional odds ratios.
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3 Generalized Linear Model for Discrete Responses

Definition 3.4. The conditional odds ratios for the i-th level of X and the j-th level of
Z given the k-th level of V are defined as
XZ _ Ti5kT 11k
R makmge
X and Z are conditionally independent if and only if 9;);(%) =1 for all 7, j, and k.
Comments The end of

lecture 11

Marginal and conditional associations can be quite different. In each application, the ( )
Mar. 22

analyst must decide whether marginal or conditional associations are more relevant for
the particular case. The decision is based on the context of the problem and the desired
interpretation of the results.

The variable V' usually acts as a confounder. A confounder is a variable that affects
both X and Z and thus masks the true relationship between X and Z. In the conditional
analysis, we adjust for the confounding effect of V' and reveal the true association of X
and Z. Therefore, the conditional associations are the correct approach in this case.

However, it may happen that V is a part of the causal pathway between X and
Z (X affects V and V affects Z). Then V cannot be considered a confounder. The
conditional analysis of the association between X and Z removes the part of the effect
that is mediated through V' and thus gives misleading results about the true association.
In this case, the marginal associations provide the correct approach to the problem.

The independence model (X, Z,V)

The model (X, Z, V) is defined by the equation
logmiji = a+ B + B + By (3.8)
with the constraints f5X = g# = 8} = 0.
In terms of cell probabilities,
log mijp = log w1 + B + B7 + By - (3.9)
The dimension of the parameter vectorisp=1+J + K — 2.

The interpretation of the regression parameters is as follows:
= 1] ’

WX _ Tt PIX =i gz miyge  PlZ=j] v mean P
T PX=1] T PlZ=1] i1 P

V
N PV
The cell probabilities satisfy the equation

Tijk = Tit+ T4+ T++k
for all 4, 7, k. The model (X, Z, V') holds if and only if the variables X, Z and V are both
marginally and conditionally independent.
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3 Generalized Linear Model for Discrete Responses

Model (XV, Z)
The model (XV, Z) for expected cell counts is defined by the equation
log mje = o+ B + B + By + B3 (3.10)

with the constraints 3{X = 8¢ = 3} =0, ﬁ;’fv =0 for all 4, and ﬁf;v =0 for all k. The
number of parameters in this model is p=ITK + J — 1.

The model for cell probabilities is
log'frz’jk :logmn—i—ﬁgx—i—ﬁjz—i—ﬁ,g—i— Z)]gV. (311)

The interpretation of the main effects:

X _ Mgl _ PX=ilVv=1) g5 my PWV=FkX=1)

Ty P(X=1[V=1) Ty P(V=1|X=1)

B7 _ T+ _ PlZ =]
T4 P[Z=1]

The end of
It can be easily shown that lecture 12
(Mar. 28)
XV XV XV
ik’ = 0, = Hik(j)’
which is both the marginal and the conditional odds ratio between X and V.
The cell probabilities satisfy the equation

Tijk = Ti+kT+j+

for all , j, k. Hence in this model,

the pair (X, V) is independent of Z,

X is both marginally and conditionally independent of Z,

X is associated with V', and

the marginal and conditional associations between X and V agree.

Model (XV,ZV)
The model (XV, ZV) for expected cell counts is defined by the equation

log myj, = o+ B;° + @'Z + 8y + BV + /BjZkV (3.12)
with the constraints 3 = p¥ = By = 0, Z-)fv = 0 for all 1, 653/ = 0 for all k,

,szlv = 0 for all j, and ,Bﬁgv = 0 for all k. The number of parameters in this model is
p=KI+J-1).
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3 Generalized Linear Model for Discrete Responses

The model for cell probabilities is

log mijp = log iy + B + B + By + B + B4 - (3.13)

The interpretation of the main effects:

eBix__wm__P(X:z‘\vzl) S _ T _ P
P

M4 _P(X:1|V:1)’ T411
JX_mM_PW:kM:LZ:

)
mun P(V=1|X=1,Z2=1)

The cell probabilities satisfy the equation

TitkT+jk
M = —————
Ttk
for all 4, 7, k.
The association between X and Z:
Tk T
Conditional OR for X < Z: o8G) = 1 =
Ti1kT 15k
Marginal OR for X < Z: HZ-)]{Z = T+t #1
Ti14+T 15+
The association between X and V:
T AT
Conditional OR for X < V: 05;2;) — DUk oY
Tij1T 1k
Marginal OR for X « V: Hf,gv = TitkTMiAl _ ARV
Ti+1T1+k

The association between Z and V is similar to that between X and V' (rotate indices).

In particular,
v _ pgzv _ pEY

Hence in this model,

all three variables are marginally dependent,
X is conditionally independent of Z given V' (but marginally dependent),
X is associated with V' and the marginal and conditional associations between X

and V agree,
e 7 is associated with V' and the marginal and conditional associations between Z

and V agree.
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3 Generalized Linear Model for Discrete Responses

Model (XV,ZV,XZ)
The model (XV, ZV, X Z) for expected cell counts is defined by the equation
logmije = a+ B + 87 + B + Bk + B3R + 857 (3.14)

with the constraints ,Bf( = ﬁlz = BY =0, i)fv =0 for all 4, ﬁfi;v =0 for all &, ,szlv =0
for all 7, ﬁﬁv = 0 for all k, z')1(Z = 0 for all 4, and ﬁfgz = 0 for all j. The number of
parameters in this model is p=KI+KJ +1J - (I+J+ K)+ 1.

The model for cell probabilities is

log mijp = logmiuy + B + B7 + By + Bk +BL + 87 (3.15)

The interpretation of the main effects:

GSX _ Tl gz Tl pY Tk

[ — e = e =

s .
111 111 111

The interaction parameters determine the conditional odds ratios:

Conditional OR for X < Z: 058 = A7
Conditional OR for X < V: z)/gg) — B
Conditional OR for Z « V: HjZk‘(/i) =P &

Marginal odds ratios are all different from conditional odds ratios and do not have nice
expressions. There is no decomposition of the cell probabilities 7;;y.

In this model,

e all three variables are marginally and conditionally dependent,
e marginal associations are different from conditional associations,
e conditional associations do not depend on the value of the conditioning variable.

Model (XZV)
The model (X ZV) for expected cell counts is defined by the equation
logmijr = o+ B + B + B + B + B + B+ 85k (3.16)

with the usual constraints (any parameter with 1 anywhere among the indices is set to
0). The number of parameters in this model is p = IJK. It is the saturated model.

The model for cell probabilities is

log mij, = log miuy + B + BZ + By + B + BLY + 857 + Bk (3.17)
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3 Generalized Linear Model for Discrete Responses

The interpretation of the main effects is the same as in the model (XV,ZV, X 7).
The second-order interaction parameters determine the conditional odds ratios at the
first level of the conditioning variable:

Conditional OR for X < Z given V = 1: 05;{1) =P’
Conditional OR for X < V given Z = 1: Hf,gg) = fi”
Conditional OR for Z <> V given X = 1: GjZk‘(/l) —

The third-order interaction parameters determine how the conditional odds ratios
change if the conditioning is not on the first level:

Xz XV, 07
S = = G =
Hij(l) Hlk(l) ij(l)

Marginal odds ratios are all different from conditional odds ratios and do not have
nice expressions. There is no decomposition of the cell probabilities ;.

This model is similar to (XV,ZV, XZ) except that conditional associations do de-
pend on the value of the conditioning variable.

Model selection

The model selection strategy that usually works best is to fit the saturated model (X ZV)
first and then test whether the higher order interactions can be removed, starting with the
three-way interaction. Model selection should be hierarchical (do not remove lower order
terms if a higher order term involving the same variable is still in the model). Deviance
tests are used to decide whether a term can be removed. Because the saturated model
satisfies the MLE theory assumptions, the deviance of each fitted model can be compared
with a quantile of a suitable y? distribution to check whether the current model fits well.

The final model that cannot be further reduced reveals the structure of the associ-
ations between the three variables, as explained above.

3.3.6 Loglinear models for multi-way tables

Theoretically, a loglinear model can fit contingency tables of arbitrarily high dimension.
The interpretation of the main effects, two-way and three-way interaction remains the
same as in a three-way table, unless there are interactions of even higher order.

The dependence structure among multiple categorical variables can be deduced from
an undirected graph where each variable plays the role of a node and two-way interactions
are the edges between the nodes. If there is at least one path connecting two nodes, then
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3 Generalized Linear Model for Discrete Responses

the two variables corresponding to the nodes are marginally dependent. If all the paths
connecting the two nodes can be interrupted by removing a certain set of nodes from
the graph, then the two variables are conditionally independent given the set of variables
corresponding to the removed nodes.

Notes on model selection for multi-way tables

e Model building proceeds by performing deviance tests comparing a model vs. a
submodel.

e The number of possible models in a multi-way table can be very large. There is no
way to fit all of them.

e The starting model cannot be too complex. In most cases, we cannot start by
the saturated model. Interactions of the fourth or higher orders are difficult to
interpret and we try to avoid them even if they seem to be statistically significant.
A reasonable strategy could be to start with a model containing all three-way
interactions, test its goodness-of-fit using deviance, and remove the insignificant
three-way (and then two-way) interactions in a backward step-wise procedure. It
is better to do this interactively rather than to use some automated model-building
procedure.

e Multi-way tables require a lot of data. If there are four or five factors with a
moderate number of levels, the number of cells in the table is huge and the observed
counts can be quite low even if the total number of observations is in the thousands.
If too many of the fitted cell counts are below 5, the asymptotic approximations tend
to be unreliable. The analyst must make sure that there are enough observations
in the cells, otherwise some of the variables must be removed from the analysis or
their levels must be merged to reduce the number of cells in the table.

3.3.7 Equivalence of loglinear and logistic models

Consider three categorical variables: an outcome Y with two possible values {1,2} (where
2 codes a success), and covariates X € {1,...,I} and Z € {1,...,J}. The data from n
independent observations of (X, Z,Y") can be summarized as a 3-way contingency table
of the size I x J x 2 with observed counts n;;; of the combinations X =i, Z = j and
Y =k, expected counts m;;j, and cell probabilities ;;y.

We are interested in estimating the conditional probabilities p;; of success given the
covariates, that is p;; = P(Y =2 ‘X =i,Z = j) = mijo/mij+ = mij2/mij+. The problem
can be addressed either by logistic regression or by a loglinear model. We will show that,
with an appropriately selected loglinear model, the results from the two approaches are
equivalent.
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3 Generalized Linear Model for Discrete Responses

Let the correct logistic model be

log 20— — A0 44X 447, (3.18)

where 7;¥ = 4Z = 0. The left-hand side of the model can be rewritten as

152 _ o Tid2

pz‘j m
log = log
1 —pij mij1 Tij1

It follows from the interpretation of logistic regression parameters that

X Ti4+2T14+1 XY Z
A = Jog ————— =05/, and “ = lo
Vi g Tt 142 i2(7) ’7_] g

T4j2T+11 9ZY
, = 5208
4517412

Now consider the loglinear model with all two-way interactions, that is (XY, ZY, X 7):
logmje = a+ B + B + By + By +Bh + 8,7 (3.19)

with the usual constraints on the parameters. In this model,

Pij 0 g2 pY | pXY | pZY
10g1_4pij —10gmj1 =0y + 02" +085% -
Thus, the loglinear model (3.19) induces the same structure on the conditional log odds
of success as the logistic model (3.18). Clearly, 85Y = 7%, jZQY = fij, and 33 = 70.
Thus, the logistic model estimates a subset of the parameters of the loglinear model
that govern the association between Y and (X, Z). The results about these association
(estimates, tests) are the same no matter whether they were obtained from the logistic
model (3.18) or the loglinear model (3.19). Unlike the logistic model, loglinear model
also estimates the association between X and Z, which is not of interest in this particular
problem.

One can easily generalize this observation to models with an arbitrary number of

discrete covariates.

Note. The logistic model M is equivalent to the loglinear model (MY,J(M)), where
MY includes all the interactions between the terms in M with Y and J(M) is the most
general interaction between all the terms in M.
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4 Extensions of Generalized Linear
Models

4.1 Quasi-likelihood and Overdispersion

4.1.1 Overdispersion in binomial data

Let Y1,...,Y, ~ Bi(m,m) be independent observations with moments EY; = mmy and
varY; = mmy(1—mg). Since each of them can be decomposed into iid alternative variables,
methods for exponential family distributions apply to this case.

Now suppose that 7y is not a constant but a random variable with mean mg: the ith
binomial variable has the distribution Bi(m, ;) (given m;), where 7y, ..., m, is a random
sample from a distribution with a density g(7), mean Em; = 7 and variance var m; = o2.
Then EY; = mmg but varY; = mmo(1 — mg) +m(m — 1)o2. The variability in Y; is larger

than for the binomial distribution unless m = 1. This effect is called overdispersion®.

Let m > 1 and consider a specific distribution for m;, for example m; ~ B(a, f).
Then 7y = a/(a + ) and 02 = m(1 — 7) /(v + B+ 1). The distribution of Y; is

PY:]:<,> , =0,...,m.
¥ =] j B(a, 8)
This is called a beta-binomial distribution. Its variance is
m—1
mmg(l — my), where =14+—7>1
@ mmo( 0) ® P

plays the role of a dispersion parameter.

This is not a distribution from the exponential family but we would like to extend
the theory of GLM to responses following distributions of this type.

4.1.2 Overdispersion in Poisson data

Let Y7,...,Y, ~ Po(\g) be independent observations with moments EY; = )¢ and
varY; = A\g. This is a distribution from the exponential family.

Let the Poisson parameters for the observations be random variables with mean
Ao rather than a constant: the ith Poisson variable has the distribution Po();) (given

* éesky nadmérnd disperse
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4 Extensions of Generalized Linear Models

Ai), where Ap,..., A\, is a random sample from a distribution with a density g()), mean
E);, = )\g and variance var\; = U?\. Then EY; = Ao but varY; = A\g + O'g\ > Ag.
The variability in Y; is larger than for the Poisson distribution, another example of
overdispersion.

Now suppose \; ~ I'(a,a)g). Then ) is the mean of A; and 03 = Xg/a. The
distribution of Y; is

1 a \*° 1
PY,=j| = L i=0,1,2,....
Yi=J jB(j,aAo>(a+1> (a+1)i 7

This is called a Poisson-gamma distribution. Its variance is g, where ¢ = 1+ 1/a > 1
plays the role of a dispersion parameter. Special cases of this distribution are negative
binomial NB(m, p) (for a\g = m € N, a/(a+ 1) = p) and geometric Geo(p) (for arg = 1,
a/(a+1)=p).

Again, this distribution does not belong to the exponential family. The results for
the GLM need to be extended to responses with distributions of this type.

4.1.3 Quasi-likelihood

Consider n independent copies of random vectors (Y;, X;), ¢ = 1,...,n, where X; =
(X1, .- ,Xip)T are the covariates and Yj is the response.

Assumptions.
1. Y7,...,Y, are independent

2. The mean y; = EY; satisfies the identity g(u;) = n;, where n; = X7 By is the linear
predictor and g is a known strictly monotone, twice continuously differentiable link
function.

3. The variance var Y satisfies the identity varY; = oV (p;), where ¢ > 0 is a disper-
sion parameter and V' is a known positive twice continuously differentiable variance
function.

Note. The form of the distribution of Y; is not specified, it does not have to belong to
the exponential family. Instead, a variance function describing the relationship of the
mean to the variance is supplied.

Note. The original GLM was a parametric model. This is a semi-parametric model: the
form of the distribution of Y; is not specified, we only specify conditions on the first two
moments of Y;.

Because this is not a parametric model maximum likelihood estimator cannot be

used. The regression parameters are estimated by the mazimum quasi-likelihood estima-
tor.
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4 Extensions of Generalized Linear Models

Definition 4.1. (Wedderburn 1974) The quasi-(log)likelihood Q(3) is defined as Q(B) =
> et Qi(B), where -
Qi(B) = / L dt.
(8) L VO

The maximum quasi-likelihood estimator Bn is the point that maximizes the quasi-
likelihood*.

The maximum quasi-likelihood estimator solves the system of equations U, (Bn) =0,
where

U.(8) = _ Ui(B)
=1

is the quasi-score! with the terms

o 0Qi(B) Y — i Opy
UilB) = =55~ = oViu) 08"

The quasi-score has exactly the same form as the score in the GLM, that is, it can
be written as a sum of the terms

Swli)g ) = 1) X

This fact was the primary motivation to introduce the quasi-likelihood in the form spec-
ified in Definition 4.1. The following lemma says that the quasi-score has exactly the
same properties as the GLM score.

Lemma 4.1. (Wedderburn 1974)
(i) Ui(B),i=1,...,n, are iid random vectors.
(ii) If By is the true parameter then EU;(3y) = 0.
(iii) If By is the true parameter then var U;(By) = —E %Ui(ﬁo) = 1(Bo), where I(Bp)
is defined by (2.8).

Proposition 4.2. There exists a sequence Bn of solutions to the quasi-likelihood equa-
tions such that ,@n LN Bo-

The proposition claims consistency as long as the solutions exist and are unique.
The key for the validity of the proposition is Lemma 4.1 (ii). Proposition 4.2 together
with Lemma 4.1 justify the validity of two of the key asymptotic results that hold in the
GLM. The results that we are getting in this section generalize Proposition 1.2.

* éesky kvazivérohodnost 1 Cesky kvaziskdre
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4 Extensions of Generalized Linear Models

Theorem 4.3.
(i) =Un(Bo) = N, (0,1(By)),

(ii) /1(Bn — Bo) —= Np(0,171(80))-

Thus, Wald tests and score tests (and confidence intervals) derived for the GLM
also hold when quasi-likelihood is used instead of full likelihood. On the other hand,
likelihood ratio (and hence deviance) tests do not work.

The dispersion parameter ¢ can be estimated by the method of moments based on
Pearson X? statistic as described in Section 2.5.

The theory of GLM (except deviance tests) holds even for distributions that are
not of exponential type as long as the data are independent and the variance function
is correctly specified. Thus, we can fit GLM to distributions such as beta-binomial,
negative binomial or geometric (and many more).

4.2 Sandwich Variance Estimation in the GLM

4.2.1 Behavior of the MLE under a misspecified model

Let Xi,...,X, be iid random variables (vectors) on the space (X,.A) with distribution
P and density p with respect to a o-finite masure pu.

Consider the model P = {Pp : 6 € ©} on the space (X, A) with densities pg with
respect to p. Let © C R Suppose the model P is regular. We do not assume that
P € P. There need not exist any 8 € © such that P = Pp.

We use the data Xq,..., X, " P and the model P to estimate @ by the method of
maximum likelihood. This section summarizes the results obtained by White (1982).

Define

0n(8) = log pa(X;),
=1

0, = arg Igleaéc 0,(0),

0
U;(0) = oT log pe(X;),

=1

The estimator 8, solves the system of equations U, (6,,) = 0. White (1982) calls it the
quasi-mazximum likelihood estimator. What does this estimator estimate when the model
does not hold?
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4 Extensions of Generalized Linear Models

Theorem 4.4. (White 1982) 6, 0y as n — oo, where

0, = in K(P, Py) = Epl X;
0 = argnin (P, Pp) arg max p log pe(X;)

and
p(X;)

po(X;) ~ 0

K(P,Py) = Eplog

The MLE converges to the point 8y that minimizes the Kullback-Leibler distance between
the distributions belonging to the model and the true distribution of the data.

The score statistic is asymptotically normal when evaluated at 8y and the estimator
is asymptotically normal.
Theorem 4.5. (White 1982)
(i) The probability limit 6y of 6, satisfies EpU,(6y) = 0.
(ii)
L U,60) 25 Ny(0, %)
\/T_Z n\Y0 d\Y, )
where 9
Y= varp o log pe, (Xi).
(iii)
(6, — 0y) =5 Ng(0,D'sD ),

where
2

_EPW 108;1700 (Xz)

The asymptotic variance of (9\” has the sandwich form. The matrix D plays the role of an
information matrix. However, ID is not equal to the asymptotic variance ¥ of the score
statistic.

Theorem 4.6. (White 1982) The asymptotic variance matrix D-!ED! of \/n(6, — 6)
can be consistently estimated by D™D, where

~ 1
D=—=S5S" % _jogps (X;
nzl8989T 08 rg, (Xi)

and
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4 Extensions of Generalized Linear Models

This is the sandwich estimator® of the asymptotic variance. Compare this to Propo-
sition 1.3 and its use in linear regression.

Note.

e It the model holds, that is 30y € © such that P = Py, then §n LN Oy and D = X.

e The sandwich estimator D~1SD~! of the asymptotic variance tends to underesti-
mate the true variance D~'XD~! unless n is very large. Various modifications have
been proposed to reduce the small sample bias of the sandwich estimator.

e This theory is especially useful when at least some components of 8y are equal to
the true parameters that we wish to estimate.

4.2.2 Applications to the GLM

Consider n independent copies of random vectors (Y;, X;), i = 1,...,n, where X; =
(X, ... ,Xl-p)T are the covariates and Y; is the response.

Assumptions.
1. Y7,...,Y, are independent

2. The mean p; = EY] satisfies the identity g(p;) = 7;, where n; = XZT B is the linear
predictor and g is a known strictly monotone, twice continuously differentiable link
function.

Note.

e We will choose a working variance function’ V(p;) and use it in the estimation of
By but we will not asume that this variance function is correct.
e No assumptions are made about the form of the density of Y;.

The estimation of By proceeds as if Y; had a distribution from the exponential family
with mean p; = EY; = ¢~ (n;) and variance var Y; = ©V (u;). The pseudo-score function®
is the same as in the GLM,

_Yi—piOpi 1

Ui(B) = V(i) 08 ;w(ﬂz’)gl(ﬂz’)(Yz’ — i) X

The estimator B\n is the solution to the system of pseudo-score equations

Un(Bn) = > w(ii)g (fis) (V; — fis) Xi = 0,
i=1

where 1i; = g~ 1(X B\n) This system can be solved by the IWLS algorithm.

* éesky sendvicovy odhad T éesky pracovnt rozptylovd funkce * Cesky pseudoskdrovd funkce
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Lemma 4.7.

(i) U;i(B), i =1,...,n, are iid random vectors.
(ii) If By is the true parameter then EU;(B3y) = 0.

We use the theory from the previous section to derive the probability limit and the
asymptotic distribution of 3,. Let

0

(BO) aIBT

Ui(Bo) = éEXW(Mz‘)XZ@

and
5 = var Uy (o) = %Exwm)[g'(m)]?varm XE2 £ 1(Bo).

It follows from Theorem 4.5 (note that I(8p) plays the role of the matrix D) that

Theorem 4.8.
(i) ,@n converges in probability to By.
(ii) f 2 (Bo) LN Y »(0,%),
(iii) v/7(Bn — Bo) — Np(0,171(80) S (By)).

Corollary. The asymptotic variance matrix of \/_ —Bo) can be consistently estimated
by I-'ST-!, where I is defined by (2.9) and

= AQZ (i) (Yi — 'U'Z)]2Xz®2'

The corollary follows from Theorem 4.6. The dispersion parameter ¢ can be estimated
by the Pearson X? statistic (see Section 2.5) but it is not needed to calculate either 3,
or its estimated asymptotic variance 11311

Likelihood ratio (deviance) tests cannot be used but Wald tests and score tests based
on Theorem 4.8 are available. Thus, even if the distribution of the responses is not of
exponential family and the variance function is unknown, the theory of the GLM can be
used for parameter estimation and asymptotic variance can be estimated by the sandwich
estimator. If the working variance function V(u) is guessed correctly then ¥ ~ I(8p) and
the results will be close to those obtained by the quasilikelihood approach. If the working
variance function V(u) is far from the truth the asymptotic variance will increase and
estimates will be less efficient. The most serious danger of this approach is the potential
underestimation of the true variance by the sandwich.
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5 Generalized Estimating Equations

5.1 Group-Dependent Data

In this chapter, we extend the generalized linear model even further: we will develop a
regression model that can be used for certain kinds of correlated data.

Suppose we observe K independent random vectors Y7,..., Yx, where
Yi= Y, ., Ym)', i=1,... K

So the data consists of K independent groups (subjects), which include different num-
bers of correlated observations. Within each group, the observations are dependent but
between groups, they are independent.

We will call such data structures group-dependent data™ but they may by called by
several different terms depending on the context or application field.

Clustered data are measurements collected on groups of objects such as teeth, animal
litters, or siblings. The measurements in the same group do not have a well defined
ordering.

Repeated measures are measurements made repeatedly on the same subject so that
there is ordering among them (first, second, third,...).}

Longitudinal data are repeated measures with captured time information. This means,
each measurement is made at a different time, which is recorded in the data. Lon-
gitudinal data arise by observing independent short pieces of time series.’

Panel data is the term used for group-dependent data in econometrics. !

Each observation Y;; is accompanied by a vector of covariates X;; of the size p. We
would like to describe the dependence of j1;; = EYj; on the covariates X;; by a regression
model. As in the GLM, we will assume that g(u;;) = X;;BO, where g is a known strictly
monotone, twice continuously differentiable link function and By is an unknown true
parameter vector.

Thus, we assume that

EY; = i = (ttits- - fin,) "
where f1;; = gil(Xig,BO). Like in Section 4.2.2, We leave var Y; unspecified — we do not
impose any assumptions on variances and covariances of the measurements.

)

* éesky skupinové zdvisld data T éesky shlukovd data ¥ éesky opakovand méieni % éesky longi-
tudindglni data 1 Cesky panelovd data
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5 Generalized Estimating Equations

5.2 Estimation of Regression Parameters by Generalized
Estimating Equations

A method for estimating regression parameters under this general extension of the GLM
to group-dependent data was first proposed by Liang and Zeger (1986). They called it
generalized estimating equations™ |GEE|. Let

—1

Xz-li O gl(lm) 0
;7r’bi n; Xp e 0 s g/(ﬂini)

Recall that the score function in the GLM (with n; = 1 for all ¢) can be written as
o 8,uz~ 1
0B @V (1)

When written in this way, the score can be easily generalized to multivariate Y;. We
define a pseudo-score function

Ui(8) = (%‘g)@ﬁwm - o).

Ui(B) (Yi — i)

where

Qi(pi) = @Vi/z(ﬂi)RiV;ﬂ(M)
represents our guess about varY;. The diagonal n; x n; matrix V; provides working
variances of the observations, V(pi1), ...,V (itin;), on its diagonal. The n; x n; matrix

R; is a working correlation matriz', our guess about cor (Yij, Yik).

Neither the variance function V() nor the correlation matrix R; is assumed to be
be correct. If we knew varY;; and cor Y; we would use them in place of pV(p;;) and R;.
Since we do not know them, we just use our best guess.

Because EY; = p;, we easily get the moments of U;(8y):

i\ S (28
EUL(By) =0 and varUs(B) EE:E((;;)QZ. Y(pi)var Y;Q; I(M)<8l;> )

The estimator ,@K is defined as the solution to the system of equations
K
UK(BK) = ZUZ(,BK) =0. (5.1)
i=1
This is called the GEFE estimator. It is another special case of the methods of Section 4.2.1.

Heuristically, the properties of EK follow from Theorem 4.5, though a rigorous proof of
consistency would require more work.

* Cesky zobecnéné odhadovaci rovnice T Cesky pracovnt korelaéni matice
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5 Generalized Estimating Equations

Let

.0 AN AN
D= —EggrUilt) E<6B>Qi “"”(%)

Proposition 5.1. (Liang and Zeger 1986) As K — oo,
NS P
(1) /@K — /307
(ii) UK(BO) =5 N, (0,%),
(iii) \/_ K (Bx — Bo) — N,(0,D~1sD).
Notice that the asymptotics requires that the number K of independent groups tends to

infinity. The number of observations within the groups is irrelevant. By Theorem 4.6,
the asymptotic variance of D™'XD~! can be consistently estimated by the sandwich

D! iﬁ_l, where
i al”’l ) alj’l
z 8B

and
. 1 K _
=22 U
i=1

The system of equations (5.1) can be solved by a modified IWLS method. The solver

iterates . ~ ik R
- S w ()] [£(%E)ew)
where
Zi=(Zg,...,Zimn,)" and ZU i+ (Ej,:ﬁij)g,(ﬁij).
g' (i)
The dispersion parameter ¢ can be estimated by
K ny
Z] IU’ZJ
i=1 j=1 “U ’

which is based on a modified Pearson X? statistic (ignoring the correlations). Here,
n= ZK 1 n; is the total sample size. This estimator is consistent if the variance function
V' is correctly specified, but it is not efficient. Estimated ¢ is not needed to calculate
either ,Bn or its estimated asymptotic variance D-I1SD-L.

5.3 Correlation Structures

How should we choose the working covariance matrix Q;(p;) = gon/Q(ui)RiVi/z(ui)?
The variance function V'(-) expresses our belief about the dependence of the variance on
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5 Generalized Estimating Equations

the mean. It is more complicated to choose a suitable working correlation matrix R; for
each of the independent groups. The current section is devoted to this problem.

5.3.1 Working independence

We take R; = I, (identity matrix). Then Q;(m;) = ¢V;(p;) is diagonal and By is
estimated as if the data were independent, by fitting the standard TWLS. After the
estimates are obtained under the independence assumption (they are still consistent),
their variance is adjusted by the sandwich to take into account correlations and also
perhaps the wrong choice of V' (-). This is the easiest way to fit GEE. The estimates will
be consistent but inefficient if the correlations are strong.

5.3.2 Parametrized correlations

The end of
lecture 17
(Apr. 12)

The other option is to introduce some non-independent correlation structure and parametrize

it by an m-dimensional parameter vector a« € R™. We take R; = R;(a),

Qi) = Qi @) = 9V, () Ri (@) V) (1)
and R , U
Qi) = Qi(pi, @) = <PV/ (1) R; (x )V/ (1),
where @ is a v/ K-consistent estimator of a, for example some moment estimator.

The score is modified as follows

0:6) = (T )& s ¥: = ),

op
but these vectors are no longer independent for ¢ = 1,...,n. One needs to show that
1 K
\/—ZU Bo) = \/[—(;Ui(ﬁo)JrOP(l)-

(see Liang and Zeger 1986). The estimator 8 solves Zfi 1 U, (B\) = 0 and Proposition 5.1
still holds.

Here is a general strategy how to estimate parametrized correlations by the method
of moments:

1. Estimate 8 under working independence (take R; =1,,,).
2. Calculate Pearson residuals N
p_ Yij — i

Ty .
V(i)
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5 Generalized Estimating Equations

3. If the mean structure is correct we have
E’I“P ~ 0, varr ‘~¢, Erl le ~ pRijk(a).

Use moment estimators of a based on the products r r i, of Pearson residuals
from the same group. The next section shows what 5uch estimators are for the
most common correlation structures.

1-band correlation

Let
1 ifj=k,
cor (Yi;,Yir) =< a if |j — k| =1,
0 if [j—k|> 1.

The parameter « is consistently estimated by

R 1 K n;—1
TSN _—K_—, Z Z AT
SO i=1 j=1

m-band correlation

Take some positive whole number m. Let
1 ifj=k,
cor (Yij, Yir) =S oy if [j—Fk|=11=1,...,m,
0 if [j—k|>m.

For [ € {1,...,m}, the parameter ¢ is consistently estimated by
1 K n;—l1
ap = r;
= (P N Kl ; ; i Z,]Jrl

Note that m should not be too large; especially it should not exceed too many n;’s

Exchangeable correlation

Let

1 ifj=k,
cor (Vi Vi) = {a if j #£k

The parameter « is consistently estimated by

K n; n;

SRy T, 22 2 Tt

Zzl zl] 1 k=j+1

a=

ﬁ>| —
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5 Generalized Estimating Equations

AR(1) correlation
Let Yj1,..., Y, form an AR(1) series. Then
cor (Y, Yi) = ol 7H.

Since

PP ik
ETZszk; ~ SOO[‘j |

and logErf;rﬁ; ~logy + |7 — k|log a,

we can estimate log o as the slope in the linear regression problem with log 1"57"5; as the
response and |j — k| as the covariate.

Other correlation structures

See methods for estimating correlations from time series data.

5.3.3 Joint estimation of mean and correlation structures

Prentice (1988) and Prentice and Zhao (1991) proposed to estimate the correlation pa-
rameters by introducing another set of estimating equations for a and solving them
jointly with the generalized estimating equations (5.1) for 3. Yan and Fine (2004) ex-
tended this idea even further: they proposed a third set of estimating equations for ¢
and allow ¢ to depend on the covariates and thus vary between subjects.

For details, see the references.

5.3.4 Summary of GEE methods

1. GEE works for regression analysis of data with K independent groups, which are
correlated within each group. The number K of independent groups must be large
enough for the asymptotics to work.

2. It is not necessary to correctly specify the distribution of the response, the variance
of the response, or the correlations within each group. If the variance and the
correlations are seriously misspecified, the variance of the estimators increases but
the estimators are still consistent and asymptotically normal.

3. The parameters B have population-averaged interpretation, not subject-specific
interpretation (see the discussion in Chapter 7).
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6 Linear Mixed Effects Models

6.1 Introduction

6.1.1 One-way ANOVA

Let Y;; ~ N(s;,02) be independent. The index i = 1,..., denotes a subject. Subjects
represent the levels of factor A that may potentially affect the mean of the outcome. The
index j = 1,...,n; denotes observations within subject. The total number of observations
isn= Zle n;. The null hypothesis of interest is

Ho:py =pa=---=p,

that is, the means EYj; are the same for all subjects (levels of factor A).

This is the setup of the one-way ANOVA problem* familiar from an introductory
statistics class. The model can be written in the form

Yij = p+ Bi + iy,

where fS1,..., [0 are constants subject to the linear constraint ZZ‘I:1 Bi = 0, p is the
overall mean, and ¢;; are random errors (expressing the unexplained variability in Y;;)
satisfying Ee;; = 0, varg;; = o2,

There are I + 1 unknown parameters in this model, in particular u, 81,...,Br-1, O'g.

The hypothesis test in one-way ANOVA can be presented in the form of ANOVA
table (Table 6.1). The second column (SS = sums of quares) contains sums of squares

* éesky analyza rozptylu — jednoduché trideént

Table 6.1: One way ANOVA table with fixed effects

Source SS df MS EMS F
. S84 9 _ MSa
Subject (A) SS4 I-1 MSA_{ggl o;+Qp Fa= NS,
Residual SS., n—1 MS,= < o2
n—1I
Total SSr n-—1
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6 Linear Mixed Effects Models

for subjects

1
SSa =Y ni(Y; - Y.)?,

i=1

YV, =13 v, YV — L5V ni oy = ms of s g
where Y. =n; > 00 Yijand Y. =n7 Y5 >0 Y5, and residual sums of squares

I n;
§Se =Y (Yij - Yi)%

i=1 j=1

It can be shown that

SSa=ZTAZ,
where -
Y. .
Z = | —plr and A:diag(nl,...,nl)——n®2,
_ n
Y.
n = (ny,...,n7)" and 1; is a column vector of 1’s of length I.
Also,
I
SS.=>_ 2z Az,
i=1
where
Yi )
Z = : —pily,, and A; =1, — —1;?2
n. 1

Proposition 6.1. Let X be a random vector of length n with mean E X = u and variance
matrix var X = V. Let A be any n x n matrix. Then

EXTAX = p"Ap + trAV.

According to Proposition 6.1,
I
ESSA=EZTAZ =(I-1)o2 + Y ni(ui — 1),
i=1
where 1 = n™ ' Y nipi = p+n"t Yo nifi = p+ B, and
I
ESS, = Z EZ'AZ; = (n—1I)o2.

e
i=1
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6 Linear Mixed Effects Models

Hence the expectations of mean squares (Table 6.1, column EMS) are

1 1

1 _ 1 2
EMSa =02 + == Y ni(ui —1)* = 0 + == > B = B)* = o7 + Qs
=1 =1

EMS, = o2,

not assuming that Hgy holds and that the data are normal. EMS, is the sum of the
residual variance o2 and weighted between-subject variability (sample variance of 3;).

When Hj is true, EMS4 = EMS, and, under normality, F' = M S4/MS, has an F
distribution with I — 1 and n — I degrees of freedom.

6.1.2 One-way ANOVA with random effects

Suppose that the subjects (levels of factor A) represent a random sample from some
general population of subjects. Then we may not want to test differences in the means of
the I particular subjects participating in the experiment (as classical one-way ANOVA
does) but to test whether EYj; depends on the subject in the context of all subjects
belonging to the whole general population. To do this, we need to acknowledge in the
model that we may have taken different subjects who would have had different means
than the I subjects we were observing. A natural way to do this is to consider the subject
effects random rather than fixed.

Assume
Yij = p+bi + €5,

where p is the overall mean, ¢;; are iid error terms satisfying Ee;; = 0, varg;; = o2,
and by,...,br are iid random variables with Eb; = 0, varb; = O'g. We also assume
independence between (by,...,br) and (e11,...,€mm,). The random variables b; are called

random effects™.

There are 3 unknown parameters in this model, in particular g, O'g, o2. The param-
eter Jg expresses how different are the subjects in the general populations in terms of
the subject-specific mean response.

It is easy to calculate the conditional (given subject) and unconditional (in the
general population) moments of Yj;:

E[Yij |bs] = 1+ bs, EYi; = u,

var[Yij |bz} =o? varY;; = ag + 03.

e

The parameters O'g and o2 are called variance components’ because the total variability
in Y;; is decomposed into variability between subjects Jg (how different are the subjects
from each other) and variability within subjects o2 (how different are the observations
made on the same subject from each other).

* éesky ndhodné efekty 1 Cesky komponenty rozptylu
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6 Linear Mixed Effects Models

Unlike in classical one-way ANOVA, the observations are not independent:

Ccov (}/Zjv }/i/j/) =0 for 4 7é ’L.,,
cov (V;;,Y;;) = varb; = ol for j# 4,
%

212 Y for j# 7',
b e

cor (Y. Yiy) =
The observations are correlated within each subject unless Jg = 0. The data has group-
dependent structure. The correlations arise because the differences between subjects
are not expressed in the mean structure (u) but added to the random component of the
model (b;+¢;;). In classical ANOVA, the mean structure (p+ ;) captures the differences
between subjects and the random component of the model (g;;) consists of independent
variables.*

We would like to test the hypothesis that all subjects in the general population have
the same mean response. Within our model, this hypothesis can be expressed as

Hy: af =0 against H;: af > 0.

The analysis proceeds exactly as in the classical one-way ANOVA. Define SS4, 5SS,
MS, and M S, as in the previous section. It can be shown using Proposition 6.1 that

1 Enz
E — 42 _ ) 2
MS 4 Ue+[—1(n n >U,
EMS, = o2

If the null hypothesis is true then EM Sy = EMS, = 2. If the null hypothesis is true
and normality holds for both €;; and b; then F' = M S4/M S, has an F' distribution with
I — 1 and n — I degrees of freedom. Thus, the analysis proceeds according to Table 6.1
but the null hypothesis and the interpretation of the results are different.

The expected mean squares allow us to find an unbiased estimator of 02 quite easily.
In particular,
I-1

>
_
n n

G2 = (MSy — MS,)

is unbiased. However, the probability of MS4 < M S, is positive so this estimator can
sometimes attain negative values. We can take maX(O,ﬁg) as an estimator but it is no
longer unbiased.

* This an illustration of the fact that difference between dependence and independence can be a matter
of point of view. The same observations can be considered independent by one analyst and dependent
by another analyst without any of them being wrong.
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6.1.3 Two-way ANOVA with random effects

Now consider two classification factors A and B, both with randomly selected levels from
some general populations. Let

Yijk = o+ 01 + b7 + 0537 + e,

where ¢ = 1,...,1 are levels of factor A, j = 1,...,J are levels of factor B, and k =
1,...,m indexes observations made for each combination of the levels of A and B. The
design is balanced (equal number of observations for each combination of ¢ and j). The
total number of observations is n = mlJ.

bA bB , and bAB are mutually

independent random effects™ satisfying Eb{‘ =0, var b{‘ = o2 1 Ebf” = 0, var bf = J%,

The parameter p is the overall mean (a constant),

and EbA»B = 0, var bAB = 01243 Finally, €;5; are iid error terms satisfying Ee;;, = 0,
var g;j = O' 1ndependent from all the random effects.

There are 5 unknown parameters in this model, in particular p, 0124, 0%, 0124 5,0

We get

E[Yije b, 07, 055] = o+ 0 + 0P + 058

177 0%y
var [V, |6, bF 65P] = o2

EYijk=n

2 2 2
var Y = JA +og+oap+o..

The total variability in Y;;; is decomposed into four variance components.

The covariances depend on how many levels of A and B are shared by the observa-

tions:
_ 2 2 2
COV( ijk> z;l)—UA'f‘UB‘f'UAB for kj;ﬁl,
cov (Yiji, Yiju) = 04 < cov (Yijk, Yiji) for j#7',
cov ( wkaz’Jl) =0} < cov (Yijk, Yij1) for i #4,
cov (Yijk, Yirju) =0 for i#4d, j#5.

The covariance (and correlation) is largest between two observations made on the same
levels of both A and B. It is smaller between two observations made on the same level
of either A or B (not both). Two observations made on different levels of both A and
B are independent. This data does not have group-dependent structure, there are no
mutually independent groups.

* The random effects are independent from each other as well as from random effects pertaining to other
levels of A and B
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Define the sums of squares and mean squares exactly as in the balanced two-way
ANOVA problem with fixed effects:

. 554
SSA—mJZ}E“ Y..)?%, MSy =75,
J SSx
_ V. _V )2 _
SSB_4nI;;ag. Y..)?, MSp ==,
I J SSA
SSap=m Yii—Yi - Y. +Y.)2 MSup = ——248
" Z( I SV Y
I J m SS
SSe = Yijk — Yi.)?, MS, = ———.

Rewriting the sums of squares as quadratic forms and using Proposition 6.1, we get
expected mean squares as follows:

EMSa =mJoi +moip+ o2,
EMSp = mlok +mo’p + o2,

EMSap = moig + o2,
EMS, = o2

(6.1)

Consider testing the null hypothesis Hy : 0124 = 0. The only mean squares term that
involves the tested parameter is M'S 4. Under the null hypothesis, EMS4 = EM S p and
the test statistic is Fiy = MSy/MSap, distributed as Fr_1 (1-1)(7—1) under normality
and validity of the null hypothesis. This is different from two-way ANOVA with fixed
effects, where the test statistic for testing factor A main effects is M 'S4 /M S., distributed
as Fy_y (m—1)7s under normality and validity of the null hypothesis. So here, the test
for random effects is different from the test for fixed effects. Because EM S g > EMS,,
the test usually results in smaller test statistic than the test for fixed effects and rejects
less frequently. Thus, in more complex models than simple one-way ANOVA, it is more
difficult to demonstrate violation of the null hypothesis when the subjects represent a
random sample than if they are considered fixed.

The null hypothesis Hy : O'% = 0 is tested by the statistic Fig = MSp/MSap,
distributed as Fy_ (7_1)(s—1) under normality and validity of the null hypothesis. The
null hypothesis Hy : 01243 = 0 is tested by the statistic Fap = M Sap/MS,, distributed
as F(7_1)(J-1),(m—1)7s under normality and validity of the null hypothesis. This is the
only test in this model that is the same with random effects as with fixed effects.

The system of equations (6.1) is linear in the parameters. It can be used to derive
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these unbiased moment estimators of the variance components:
~2
o, =MS.,

=R 1
4p = R(MSAB — MS,),

1
2
= —(MS,4—MS
T4 mJ( A AB)s
1
2
= (M — M .

All these estimators except o2 may be negative.

The idea of generalizing the results known from classical ANOVA theory to random
effects can be followed for more complex models than this one. However, the results
quickly become too difficult to derive and apply. Even the two-way ANOVA model with
unbalanced data (number of observations n;; vary with ¢ and j) results in very compli-
cated expressions for EMS. The F-test statistics get more complex and do not have
exact F' distribution even under normality. Various approximations to the denominator
degrees of freedom are used to find approximate F distributions of these statistics (one
of them is called Satterthwaite’s approximation).

6.1.4 Random intercept and slope

Let Y;; be measured on a subject i at the time ¢;;, ¢ = 1,..., K, 7 = 1,...,n;. The
number of observations on a subject and the timing of the observations may vary. Suppose
that EYj; depends linearly on time.

Consider the model
Yij = Bo + Bitij + €45, (6.2)

where ¢;; are independent, Ee;; = 0, varg;; = o2. This is the classical linear model.

It assures that EYj; is a linear function of time but implies that Yj,...,Y;,, are mutu-
ally independent. This is not a realistic assumption for observations that are measured
sequentially on the same subject.

Now let us extend the model so that different subjects follow different lines. Let bg
be the deviation of the intercept of the i-th subject from the population intercept 5y and
let b} be the deviation of the slope of the i-th subject from the population slope ;. We
could include these parameters as fixed effects into model (6.2). However, if the number
of subjects grew to infinity the number of subject-specific parameters would grow also
and we would not be able to find their consistent estimators. It is better to view the
subjects as a random sample coming from some general population of subjects and to
consider their parameters random.

This consideration leads us to the model

Yij = Bo+ b + (B +bi)tij + eij,
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6 Linear Mixed Effects Models

where Eejj = 0, varey; = o7, EO) = 0, varby = of, Eb} = 0, varb; = o7, ¢;; are
independent, (b?,b}) are independent, ¢;; and (b?,b}) are independent, and cov (b?, b)) =
g01-
Separating the fixed and random part, we get
Yij = Bo + Putij + b7 + bitiy + €5 - (6.3)

~
fixed random

The fixed part of (6.3) is the same as in the linear model (6.2). However, the random
part is richer, it involves time and induces correlations between measurements taken on
the same subject.

We have E[Yy; [b0,b;] = Bo + bY + (81 + b} )tij, hence EYy; = By + Biti;. The linear

177
dependence on time is preserved, with the same parameters as in model (6.2). Also,

var[Y;j ‘bg, bll] = 02 and hence
varYy; = o2 4+ var (b0 + bjt;;) = 02 + 08 + 2t;j001 + t?ja%

So, under model (6.3), the population variance varYj; is a quadratic function of time.
Also,

cov (Yij, Ek) = cov (b? + biltz‘j, b? + blltzk) = 08 + (tz‘j + tz’k)001 + tijtikaf.
It can be shown that cov (Yj;, Yir) > (00 — tijo1)(00 — tikor).

This model can be written as

Y, =X,8+Zb;+¢e;, i=1,...,K

where Y; = (Yi1,...,Yin,) T, € = (€15 €iny) T
1 i
Xi=Zi=|: |,
1 i,

B = (Bo. )T, bi = (0,b})T, Eb; = 0, varb; = & = (% %) Eg; = 0, and vare; =

R I) 001 02
2
oly,.

This is an example of a linear mixed effects model to be studied in the next sections.
6.2 Definition of Linear Mixed Effects Model

6.2.1 Single-level LME model
Consider independent subjects i = 1,..., K and denote Y; = (Y;,... ,Ymi)T and g; =

(€i1y - - ,emi)T. Let X; be an n; x p regression matrix for fixed effects, 3 a p-vector of
fixed effects, let Z; be an n; X ¢ regression matrix for random effects.
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Definition 6.1. The responses Y7,..., Yy satisfy a (single-level) linear mized effects
model* [LME model] if

where b; (the random effects’) are independent vectors,
b; ~ Ny(0,D),

g; are independent vectors,
2
€ ~ Nni(O7U€Hni)7

T is independent of (by,...,bg)T.

and (e1,...€x)

This model was proposed by Laird and Ware (1982). Its mean structure is described
by the term X;3, the random structure is given by Z;b; 4+ €;. Obviously, the random
part has expectation 0 and variance Z;DZ] + ¢21,,. The assumption vare; = 021, will
be relaxed in Section 6.5.

The parameters of the LME model are the fixed effects 3, the variance of the residual
term o2, and the covariance matrix of random effects I, a symmetric positive definite
matrix. For computational reasons, it is convenient to replace D by another matrix
A such that ATA = ¢2D~!. The matrix A (which is not unique) is called the relative
precision factor. It can be obtained, for example, by Choleski decomposition of a positive
definite matrix?.

Model (6.4) can be also written as
Y; ~ Ny, (X383, 025), (6.5)

where X; = ZZ-]D)Z;F / O'g + I,,,. This is the marginal form of the LME model, which hides
the random effects structure. The marginal model (6.5) cannot be always written as a
mixed effects model (6.4) — for example, if the matrix D is not positive definite. The
marginal form can be extended to include all the observations

Y ~ N, (X3,02%),

where n = 35 n;,
Y| X4
Y=| |, X=1 11,
Yi Xk

and Y is a block-diagonal matrix with diagonal blocks >,..., X k.

* éesky linedrni smiseny model T Cesky ndhodné efekty * A > 0 = there exists a lower triangular
Lst. A=LL".
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6.2.2 Multi-level LME model

Another grouping level can be added to the LME as follows. Consider primary groups
i =1,...,K, and secondary groups j = 1,...,m; nested within the primary groups
(such as family j within town 7). Observe a multivariate vector Y;; = (Yjj1,. .. ,Y;jni].)T
for each combination of grouping levels ¢ and j.

Definition 6.2. The independent vectors Y11, ..., Yim, satisfy a two-level linear mized
effects model if

Yi; = X8 + Zi jb; + Zijbij +e5, i=1,....K, j=1,....,m;, (6.6)
where b; are independent first-level random effects
b; ~ Ny, (0,Dy),
b;; are independent second-level random effects
bij ~ N, (0, D),
g; are independent residual terms
gi ~ Ny, (0, JZ]IW)

(all the random effects and residual terms are mutually independent), X; is an n; X p
regression matrix for fixed effects, 3 is a p-vector of fixed effects, Z;; is an n; x ¢
regression matrix for first-level random effects, and Z;; is an n; x go regression matrix
for second-level random effects

This model can be further extended to three or more levels (multilevel modelling). In

the next sections, however, we will only present results for single-level LME. Extensions
to multi-level models are possible but the notation gets a bit more complex.

6.3 Parameter Estimation

Consider a single-level LME model satisfying Definition 6.1. Suppose there exists a
matrix A such that ATA = ¢2D~!. Let € be an unconstrained parameter that uniquely
determines the matrix A (and, together with o2, also D).

6.3.1 Marginal likelihood

Consider the marginal form of the model

Y; ~ N, (Xi8,02%;),
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6 Linear Mixed Effects Models

where
¥ = ZDZ] Jo? + 1, = Z(ATA)'Z] + 1,

is a function of parameters @ only. The log-likelihood can be written as
n e 1 =
(n(B.0,02) = c— Jlogoy — 5 log |l = o— > (Vi —XiB) 571 (Y; - Xi). (6.7)
i=1 € =1

When 0 and o2 are fixed, maximizing this with respect to 3 is equivalent to minimizing
the weighted least squares criterion

K
B =arg min 3 (Y, X85 (Y - Xi6).
i=1

The solution is the weighted least squares estimator

K -1 K
B(0) = <ZXIE§X¢> > xIsly;
=1 =1

This estimator depends on 0 but not on o2. Next, maximize the profile likelihood
0,(B(0),0,0?) with respect to o2 given 6. The estimator is obtained by the normalized

residual weighted least squares

_ 1 e _
ol0) =~ (Y —XiB(6) ;' (Yi - X;5(0))
i=1
The end of
Finally, take 8(6) and 52(8), plug them into £, to get profile likelihood for @ lecture 20
(Apr. 26)

62(0) - en(3(0)7 0, 83(0)),

and maximize it over 8. The form of this profile likelihood is very complicated; analytical
calculation of the score statistic and information matrix is possible only in simple special
cases. The problem can be handled by numerical optimization methods that do not rely
on analytical derivatives.

In the next sections, we will develop a different approach to parameter estimation
in LME models that takes advantage of the random effects structure combined with a
clever decomposition of the log-likelihood.

6.3.2 Henderson’'s mixed model equations

Write the model in the more general form

Y =XB+Zb+e,
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6 Linear Mixed Effects Models

where X has n rows and p columns, Z has n rows and ¢* columns, b ~ Ng(0,D,),
e ~ N, (0,A,), cov(b,e) =0, and ¥ = varY = ZDZ" + A,.

The single-level LME model can be obtained as a special case with

K h 1 o1 Z 0
“—Kq n=Y>m, Y=|: x=| : 7= 2
q - ) - 7y - N ) - N 9 - . . . bl
Yie XK 0 0 Zx
D 0 0
by 0 D 0
b=| : |, D, = . A.=01
b 0 0 D

Consider D, and A, known and write the joint density of (Y, b) with parameters 3:

Fusbi) = 1y | 6 6) = {5y = X0~ 20)TAT y ~ %9 - o)}
1 1 _
X WGXP{—EbTD* 1b}

Treat this density as a likelihood for unknown parameters (3, b) and maximize it jointly
to obtain estimators of both 8 and b. We get

-
= o . (Y —-XB—-17b A7 0 Y - X3 - Zb
(/35 b) - argmlgl ( b > < 0 Dl) ( b .
This can be rewritten as weighted sum of squares

weg(0)- (5 2) Q)] (5 ) [()-G 2)()]

This is a weighted least squares problem. The estimators satisfy the system of equations
XTAZIX XTA[1Z B  (XTA[ly (6.8)
ZAYX ZTAZ'Z+D7Y) \b ) T \ZTAYY ) '

Equations (6.8) are called Henderson’s mized model equations (Henderson 1984).

If all the inverses exist (which we assume they do), the estimators can be written

down explicitely:
8= X" 'x) (X" lY),
b=D,Z2"S (Y - XB),
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6 Linear Mixed Effects Models

where ¥ = ZD,Z" + A,. In the special case of the single-level LME model, we get
b; = DZ] (ZDZ] + o21,,) " (Y; — XiP3).
Note.

1. ,@ is the best linear unbiased estimator (BLUE) and consistent estimator of 3
regardless of the distribution of Y .

2. b is the best linear unbiased predictor (BLUP) of b. This means that Ve € RY"
E( c'h— c"b)? is minimized by b among all zero-mean linear functions bof Y.

3. bis the posterior mean of b given Y and ,B\ (the prior mean is 0).

4. bisa weighted average of 0 (the prior meaAn) and b estimated by weighted least
squares as fixed effects from the same data. b is called shrinkage estimator because
it shrinks the estimated fixed effects towards zero.

Denote

C= Cll Clg _ XTA;1X XTA;1Z -1
“\Cy Cy ZTA7IX ZTA7'Z 4+ D)t '
It can be shown that C;; = (XTE”X)A.

Proposition 6.2. (Henderson 1984) Suppose D, and A, are known. Then
(i) b maximizes cor (b, b) among all linear unbiased predictors b.

(i) E[b|b] =b.

(iii) var AB = AC;AT = A(XTE1X) AT,

(IV) cov (B\v 5) - 07 cov (B\v b) - _(C21-
(v) varb = cov (b,b) = D, — Cas.
(vi) var (b — b) = Cas.

Corollary. For a single-level LME model with known D and o2, the following holds:
. _ 1
(i) var 3 = (Zi:lXiTZi lxi) )
(i) varb; = DZT |57 - 571X (D1, XT 57 %:) XT3z,
(iii) var (EZ —b)=D-— varb;.
6.3.3 Maximum likelihood estimation of variance parameters

The likelihood function for a single-level LME model can be written as

L(B,0,0? | HfY|[3, H/fY|bZ,[3, o2)f(b; | 0,02)db;,
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6 Linear Mixed Effects Models

where ) )
f(Yi | b, B,02) = WGXP{—@ Y; — X8 — Zz‘biH2}
and
1 1
f(bl | 0’06) (27‘(’)(1/2 |D|1/2 eXp{ 2bl D bl}

1 1 9
= —— [1A)? L,
(Qmjg)q/Q |A|’1 eXp{ 202 I I }

where A is a relative precision factor matrix of size ¢ x ¢ such that |A| > 0 and ATA =
2m)—1
o;D™.

The whole likelihood can be rearranged as

2 o A 1 1 |~ =~ ~ 2
L(B,0,0; | Y) = 21—[1 (2ro2)/2 / (2ro2)il2 eXP{—@ Y, - XiB8 - Z;b; }dbi,
where
o3 2e() 23
all have n; + q rows. For fixed 3, the Euclidean norm ‘ }7@' — XZB — Zibi ’ is minimized

over b; for R o o
bi = (Z; Z;) "' L] (Y; — Xi3)

(see Henderson’s equations). Thus

The first term does not involve b; and

2 ~

Y; - XiB — Zb;|| + (bi — b;)"Z] Zi(b; — by).

- 2
Y, - XiB — Zib; :‘

1 1 JONS. - 1
575 OXD{ — 55 (bi = b;) Z; Zi(b; — b;) p dbj = ——. (6.9)
/ (2mo2)a/2 { 202 } |iZTZz|

Because ‘Z;Zi

=|Zz]z; + ATA|, we get

1 1 -
s exp{ - |
(2mo2)n/2 202 ;

2

Z}ﬁ A

i=1 1/ | 2] Z; + ATA]

L(B,6,02|Y) = Y, — X,8 — Zsb;

This can be maximized in three steps:

- ~ 2
1. For fixed 8 and o2, minimize Zfi 1 ‘ Y; — X;8 — Z;b;|| jointly with respect to 3

and b. Henderson’s equations provide explicit formulae for 3(0, 02) and Bi(e, a2).
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6 Linear Mixed Effects Models

2. Maximize L(E(O, 02),0,02%) with respect to o2 for fixed 6. This step yields

82(9)%21

2
Y, - Xi8 — Z;b;

3. Plug 3, b;, and 52 into L(- | Y') and get the profiled likelihood

exp{—n/2} 15 A
(2ra2(0)*2 5\ /|27 Z: + ATA|

L*(0) = L(B(0),0,5%(0) | V) =

The profile log-likelihood is

K

1

*(0) =log L*(0) = -3 <n+n log 2+nlog52(8)—2K log |A|—|—Zlog
i=1

This can be simplified further by QR /z\md/ or Choleski decompositions. Once the
MLE 6 is found, it is plugged into 52(0) and then into 3(0,52) and b;(0,52). For
details, see Jennrich and Schluchter (1986) and Lindstrom and Bates (1988).

6.3.4 Restricted maximum likelihood (REML) estimation of variance
parameters

The main idea of REML is to get rid of the fixed effects before the variance parameters
are estimated. There are two different ways to derive REML estimators, which lead to
the same result. Both derivations are shown for the general case Y ~ N, (X3, 02%). The
single-level LME model is a special case of this model.

Derivation of REML estimators by zero-mean contrasts

The REML method was first proposed by Patterson and Thompson (1971), who took
the following strategy to derive it. Take a matrix A such that EAY = 0 and use the
likelihood of AY instead of the likelihood of Y.

The matrix I, — X(XTES71X)"IXTE ™! generates the residuals of weighted least
squares, is idempotent and has rank n — p. Take A a (n — p) X n matrix such that

ATA =T, -XX'2!'X) X" and AAT =1, ,.
Since ATAX = 0 then also AX = 0 and EAY = AX3 = 0. We have
AY = Y4 ~ N, ,(0,02A%AT).

Take G = (XTEZ7IX)7IXT2 =1 It is a p x n matrix such that GX = L, GY = E (the
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6 Linear Mixed Effects Models

WLS estimator of 3) and

GY =3~ Ny(3,02(XT271X)~1).

-~

The random vector (Y4, 3) is a linear one-to-one transformation of Y, hence it is multi-
variate normal. Because cov (AY,GY) = 0, the components AY and GY are indepen-
dent.

Because of independence, the joint density of fYA 5 of (Ya, B\) is the product of the
marginal densities fy, and fﬁ, so we can express fy, = fYA 5/ fB. Instead of this ratio,

we take fy/ fﬁ and use it as a likelihood function for estimating o2 and 6.

We have

fy(y) = (2m;12)n/2 |E|11/2 eXp{—%(y —XB) e (y — Xﬂ)}. (6.10)

and

£B) = g [xTx %[ exp{— L (B-B)TXTS (B - ﬁ)}-

(2mo2)r/2 202
Realizing that XY~ 1(Y — XB) =0, we get
(y—XB)S Yy —XB) = (y —XB) "y —XB)+ (8- B)X'=IX(B - B). (6.11)

The ratio fy(Y)/ fﬁ(,é\), simplified by the equality (6.11), does not depend on 8. We
call it the restricted (residual) likelihood. It is not a proper likelihood because the ratio
of densities in not in general a density.

Definition 6.3. The restricted (REML) likelihood is

1

—1/2
—1/2 |¢Ty-1
Grone ‘X 5 X‘ x

Lg(0,02) =

x exp{— 2(1;3 Y -XB)= Yy - XB)}.

Note. The REML log-likelihood is

— 1 1
(r(0,0%) = C — o 5 plog o2 — §log X — §log ‘XTEAX‘
1

2
20

(Y —-xB8) Ty —XB), (6.12)

where ¥ and B depend on 6. It differs from the marginal log-likelihood (6.7) as follows:

. 1
(r(8,02) = 0,(3(0),8,02) + glog 0? — S log ‘XTz—lx‘ 1O
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Maximizing (6.12) over o2 for fixed 6 yields the following REML estimator of o2

72(6) = (Y ~XB)T=(Y - %B).

This differs from the MLE by the subtraction of the number of parameters p from the
number of observations n in the denominator. Unlike the MLE, the REML estimator
is unbiased when 6 is known and agrees with the usual unbiased estimator of residual
variance in linear models.

Repeating the steps leading to the derivation of the usual profile likelihood in Sec-
tion 6.3.3, we end up with REML profile log-likelihood for estimating 6 in the single-level
LME model written in the form

£3(6) = (u(6.%(0)) = 3 | (0 ~ ) log52(6) ~ 2K log A+

K
+Zlog‘ZiTZi+ATA‘+log ] + (.
i=1

K
> XIS
i=1

This is maximized to obtain the REML estimator 0 r of of 6.

Next, we calculate 82((9\3) and, finally, 0, r is plugged into the weighted least squares
estimator to obtain 3.

Derivation of REML estimators by integration over (3

This is a completely different way to derive REML estimators, which nevertheless leads
to the same result. It was proposed by Harville (1974).

We want to get rid of the unknown 3 in the likelihood. We can do this by averaging
the density of Y over all possible values of 3 and take the result as a new likelihood for
estimation of o2 and 6.

So the idea is to take
Lp(0,0?) = /L(ﬁ,a,ag)dﬁ.

This can be also viewed in a Bayesian context. Consider 3 random and assign a non-
informative improper prior density h(8) = 1 on R? to the random 3. Calculating the
expectation of L(3,0,02) over 3 yields Lr(0,02).

We will show that this likelihood is the same as the REML likelihood from Defini-
tion 6.3. We need to calculate

/ L(8,6,0%) df = / Iy (Y5 8.0,02) dB,
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where fy (y) is defined by (6.10). From the decomposition (6.11), we get

1 1 1 o _
/fy(Y;,B,G,Ug)d,B = @ro2)il2 |E|1/2 exp{ — (Y -XB)Ts (Y — X,B)}X

T 942
20¢

<[ exp{—;fg (B-B)TXTEIX(B - ﬂ)} aB.  (6.13)

Using the same trick as in (6.9), we can see that

/ exp{—Q; (B-B)TXTS1X(B - ﬂ)} 4B = (2n02)?? [xTo x|

Thus, the expression calculated from (6.13) is the same as the restricted likelihood in
Definition 6.3. Both approaches to deriving REML estimators lead to the same result.

6.3.5 Comparison of REML versus ML estimators

To understand REML estimation, one has to realize three important facts:

e REML likelihood only estimates the variance parameters, not the fixed effects;

e REML likelihood is not a proper likelihood;

e the difference between REML likelihood and ordinary likelihood is asymptotically
negligible.

We can summarize the strengths and weaknesses of REML (relative to MLE) as follows:

Advantages of REML

e The variance estimators agree with those used in the analysis of variance and linear
regression.

e Under certain conditions (balanced design), REML estimators of variance param-
eters are unbiased.

Disadvantages of REML

e Because of the extra term |XTE*1X|71/ ? in REML likelihood, the estimates of o2
and @ depend on the parametrization of the fixed part of the model.
Consider X # X* such that M(X) = M(X*). If MLE is used, then the likeli-
hood, variance parameter estimates, residuals, and fitted values, are the same for
both parametrizations. If REML is used, then the likelihood, variance parame-
ter estimates, residuals, and fitted values differ even though the two models are
equivalent.

86



6 Linear Mixed Effects Models

e REML likelihood (or any quantity derived from the likelihood, e.g. AIC or BIC)
cannot be used to compare two models with different fixed effects structures or
even parametrizations of fixed effects.

6.4 Hypothesis Testing and Confidence Intervals

6.4.1 Asymptotic approach based on MLE theory

It can be shown that in the single-level LME model the terms that express the difference
between the regular likelihood and REML likelihood vanish as the number of groups K
grows. Thus, the asymptotic theory for ML and REML estimators is the same, with
some exceptions explained below.

Theorem 6.3. If the model holds and regularity assumptions for the MLE theory are
satisfied
(i) The estimators I} o2 and 6 are consistent as K — c.

(ii) Let r be the dimension of 6. Then

B8
VK (52 - o? ng—i—r-{—l(O,I_l) as K — oo,
0—-0

where I is the Fisher information matrix with the following structure

Iz 0 0
I=[0 I Iz
0 Ip,2 o

(iii) Let M be a model, £ys its log-likelihood, and ,@,Nﬁg, and é\Barameter estimates.
Let S be a submodel, (g its log-likelihood, and 3, 52, and @ parameter estimates.
If the submodel holds and if the submodel does not specify parameters to be at the

boundary of the parameter space then
LR =2[0(B,52,6) — (5(8.57.8)] = X3,

where m is the difference in the number of parameters between the model M and

the submodel S.
The end of

lecture 23

The meaning of Theorem 6.3 needs to be carefully explained in a series of important / .
May 9

notes.

Note.
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1. The asymptotic results require that the number of independent groups K grows to
infinity. It is not enough to keep K bounded and to increase all n;.

2. Estimation of fixed effects:
) \/f(,@ - 0) LN Np(O,Igl) as K — oo if the model holds, where Ig =
EXIY X /02,

° ,@ is consistent even if the random part of the model is incorrectly specified
but its asymptotic variance is different from I 3 L

e [f the model holds then the asymptotic variance [ ) ! can be consistently esti-
mated by

K
1 N —~ . —1
{EE XT (521, + Z:D(0)Z:) 1Xi] .
i=1

3. Likelihood ratio tests:

e Theorem 6.3(iii) also holds for REML log-likelihood as long as the fixed part
X' is the same in the model as in the submodel.

e Likelihood ratio tests for reduction in the dimension of 3 (tests of the fixed
part of the model) are not recommended because of slow convergence to the
limiting x? distribution; these tests are more suitable for testing variance
components.

e Theorem 6.3(iii) does not hold when the submodel involves a removal of a
variance component. This issue is discussed in more detail in the next section.

6.4.2 Likelihood ratio tests

Likelihood ratio tests are not recommended for testing hypotheses about 3 but they
are useful for testing hypotheses about variance components (functions of 8). How-
ever, variance component testing frequently violates the regularity assumptions of MLE
theory, which makes the asymptotic distribution of the LR test statistic specified by
Theorem 6.3(iii) invalid.

Consider a model with a single random intercept b; added to the linear predictor
describing the fixed part of the model. Let the variance of b; be denoted Jg > 0. The
parameter space for the variance component O'g is not an open set because it includes
the zero value. Indeed, testing the presence of the random intercept in the model is
equivalent to testing the hypothesis Hy : O'g = 0 against the alternative H; : O'g > 0.
The null hypothesis specifies a value of the parameter Ug that lies at the border of the
parameter space. Because of this, the LR test statistic comparing log-likelihoods with
and without the random intercept does not converge to the usual x? distribution.

This problem persists in all likelihood ratio tests about a removal of a variance
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component (which reduces the dimension of 8 from ¢ to ¢ — m). Such test statistics
violate the conditions of Theorem 6.3(iii) and do not have asymptotic x2, distribution.

We provide several examples of the true limiting distributions of likelihood ratio test
statistics in important special cases addressed by Stram and Lee (1994; 1995). Proofs
are omitted. Recall that D = varb; and consider a few important hypotheses about D.

1. Hy:ID =0 against H; : D =dy; >0
This is a test for the presence of a single variance component, the number of tested
parameters is m = 1. If the null hypothesis is true then LR Py 7 where the
random variable Z is distributed as an equal mixture of the constant 0 and the x?
distribution.

If the observed value of the LR test statistic is A the correct asymptotic P-value
for the LR test can be calculated as 0.5P [X% > )\].

. o Dll 0 s . . Dll d12
2. Hy: D= (OT 0> against Hy : D = (lez doy )’
where the dimension of D7 is ¢ X ¢ and doy > 0 is a scalar. This is a test for
adding a single variance component to ¢ > 0 existing ones, the number of tested

parameters is m = ¢ + 1. If the null hypothesis is true then LR P, Z where

. P PR 3 . 2 2
the random variable Z is distributed as an equal mixture of the xj and the x7.4
distributions.

The correct asymptotic P-value for the LR test is 0.5P [x?, > )\] +0.5P [Xg+1 > )\] .

. _ Dll 0 . . . ]DH Dlg
3. Hy:D = (OT O> against Hy : D = <D-1|—2 D22),

where the dimension of D11 is ¢ X ¢ and the dimension of Dy > 0 is k x k. This
is a test for adding k variance components to ¢ > 0 existing ones, the number
of tested parameters is m = k(k + 1)/2 + ¢gk. If the null hypothesis is true then

LR 25 Z where the random variable Z is distributed as an unequal mixture of y?
distributions, all of them with degrees of freedom not larger than k(k +1)/2 + ¢k.
The weights in the limiting mixture are rather difficult to calculate.

In all these special cases, the true limiting distribution of the L R statistic is stochasti-
cally smaller than the asymptotic distribution x2, implied by Theorem 6.3(iii). Therefore,
the critical values and p-values based on the standard MLE theory are larger than the
true critical values and p-values. Likelihood ratio tests of variance components based on
standard MLE theory are conservative; they provide tests with true level much smaller
than the desired o and have much smaller power to detect deviations from the null
hypothesis.
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6.4.3 t tests and F tests for fixed effects

Suppose X is known and take ,@ = (XTESIX)"1(XT271Y). Consider the problem of es-
timation and testing linear combinations ¢ 3 of fixed effects for some vector of constants

c# 0.

Suppose that 02 is known, too. Then it is easy to show that for any ¢ # 0
CTE —c'pB

Vo2eT(XTE-1X) " 1e

~N(0,1).

This could be used to test Hy : ¢' B = ¢y and build exact confidence intervals for ¢' 3 if
the true variance parameters were known.

Now let 02 be unknown and use the REML estimator

52— 1 (Y —XB)Ts 1Y — XAB).

n—p
Then it is equally easy to show that for any ¢ # 0
CTE —c'p

~ by

o2eT(XTE-1X)"1e

This could be used to test Hy : ¢' 3 = ¢y and build exact confidence intervals for ¢' g3 if
3 were known and ¢ unknown.

With both ¥ and o2 unknown, take ML or REML estimators 5 and o2 of ¥ and
o2, respectively and redefine 8 = (XTE7!X)~1(XTE~1Y). By Theorem 6.3(ii) and the
note below it,

CTB —c'B
V2T (XTE1X) e
for any ¢ # 0. However, the asymptotics requires K — oo and the approximation may

not work well in practical data analyses. Unfortunately, it is no longer possible to obtain
the exact small-sample distribution of the left hand side.

25 N, 1)

There are several options for better approximations of the small-sample distribution
than by standard normal:

e Use t,—p as if ¥ were known. This is implemeted in the R library nlme.
e Use a better approximation ¢+, where ]?is calculated from the data.

— Satterthwaite approximation (Satterthwaite 1946)
— Kenward-Roger approximation (Kenward and Roger 1997)

These approximations should be more precise than ¢,_,. Kenward-Roger ap-
proximation is the preferred one. Both are implemeted in the SAS procedure
proc MIXED.
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Now take a fixed m x p matrix A, where m < p, r(A) = m. Consider the problem
of testing the hypothesis Hy : A3 = ~p against Hy : AB # ~y, where g is some vector
of constants, usually zeros.

If 02 and ¥ are known then
AB ~ N, (AB, o2 AXTEIX)T1AT)

and
(AB — AB)T[2AXTEIX)1AT] 1 (AB — AB) ~ X2,

If 02 is unknown and ¥ is known then
1, = . —done 1, 5
F=—(AB—AB) [FZAXTSTIX)TIAT] T (AB = AB) ~ Finnp.

If Jg and X are unknown then the statistic /' does not have exact F}, ,_, distribution
but it can be used as an approximation valid for large K. This is implemented in R

library nlme. Alternatively, one can use an approximation F P where fis calculated

from the data (Satterthwaite approximation). However, fA’ is different from and more
complicated than f used in the t-test.

Satterthwaite approximation for t-test

Let us briefly describe how Satterthwaite approximation for t-test can be obtained.

Write .
~ c'B-c'p
CTB - CT,B . \/UgcT(XTE_1X)_1c
JRTETSx) e [ ey
€ o2cT(XTE-1X)"1e f

The numerator is approximately standard normal. To show, that the distribution of this
statistics can be approximated by X%, we are looking for constants f and v such that

2T (XTEIX) e .,
v ~ X

We use the method of moments to find f and ¢ from the two equations

! Ec’e (XS IX) e =,

Y
f? S
e vargZe (XTE7IX) e = 2f.
We get

2[ER2T(XTEIX) 1¢)”

vara2e¢T(XTES-1X)1e
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Hence the number of degrees of freedom f is estimated by ]/”\: (2@2) / 17, where
E=52"(X"S %) e ¥ 1(52,0),
V=g"T"g,
T-! is the estimated covariance matrix of (52, 6" )T, and

0

~ ~2 N
g= 7@(03,0) h(cZ,0).
The end of
lecture 24
6.5 Extended Linear Mixed Effects Model (May 10)

6.5.1 Introduction

So far we have considered the model
K:X15+Zlbz+sl) izl)"')K)

where b; ~ N,(0,D) and €; ~ N, (0,02L,,).

Now we remove the assumption of independence and homoskedasticity on the resid-
ual terms and assume instead

E; ~ Nni (0, USAZ‘),

where A; is n; X n; positive definite matrix parametrized by a vector of parameters A of
a fixed dimension. Marginally,

Y; ~ N, (X;8, Z;DZ] + 02A;).

Thus, a part of the variance and covariance structure is ascribed to the random
effects b;, another part is ascribed to the residual terms g;. For a given covariance
structure, there may be multiple ways to partition it between the random effects and
residual terms, so one has to be careful with the specification of this model to make sure
that all the parameters are identifiable.

6.5.2 Parameter estimation

There exists an invertible square root of A; such that

A= (AHTAY? and AU =AMV

(2
Transform the observations, regressors and residual terms
Y=Y, X=X, ZE =AYz e = (A7) e

7 7 2 7 7
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6 Linear Mixed Effects Models

Then varef = 021, and Y;* satisfy the standard one-level LME model
Y =X/8+Z;b; +¢€;.

The Jacobian of the transformation is |A;|~*/%. The likelihood of the extended LME
model is

K
L(B,0.02,X|Y) = L(B.0,02 X | Y*) [ 10712

yYe y e
i=1

The first part is the likelihood of the standard LME model. The same holds for REML:

K
Lr(8,02 M| Y) = Lp(8,02, X | Y*) [ 1A 7V2.

yYen yYen
=1

The parameters are estimated by the same decompositions of the log-likelihood as
before, with an additional term —1/2 3% Tog|A|.
6.5.3 Generalized least squares
Consider a special case of the extended LME model with no random effects
Y =X3+e.
where € ~ N,,(0,02A). Suppose A is known. Then
Y* =X"'B+¢€"

satisfies the classical linear model. The LSE of 8 is B(A) = [(X*)TX*] 71(X*)TY*. The
parameter o> is estimated by the residual sum of squares

~2 1 2 2
52(\) = HY - X*ﬁ()\)H .
n—p
(this is REML estimator). Plug this into the likelihood to get
~ 1
0N = C — nlog HY - X*B(A)H ~ 5 log|A|
and maximize it over A to get the MLE. Or use the REML log-likelihood

((A) = € — (n — p)log||[¥* B - £ To ] - log| (%) T

and maximize it over A to get the REML estimator.

This method is called generalized least squares.
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6 Linear Mixed Effects Models

6.5.4 Decomposing variance structure

The ability to specify arbitrary A; (subject to identifiability assumption) allows to include
in the model correlated residual terms with time series or spatial structure and/or to
model unequal variances of residual terms.

Decompose
€ij = Wiz + 1ij,
where 7;; are independent variables with equal variance o2 and W; j are values of a random

Gaussian processes with zero mean, independent of 7;;. We can take, for example:

e W;; = W;(j) random processes in discrete time (j = 1,...,n; are indices of ordered
observations within subject), independent between subjects.
e W;; = Wj(t;;) random processes in continuous time (t;; is the time of the observa-
tion Y;;), independent between subjects.
o Wi; = Wi(usj,v;;) random fields on the plane ([u;j,v;;] are the coordinates of the
observation Yj;), independent between subjects.
Consider W;; = Wj(t;;) as an example. Let W;(t) be weakly stationary with
EW;(t) = 0, varW;(t) = 72, cor (W;(t), W;(s)) = p(|t — s|). Then the variance is de-

composed into three components
varY;; = Z;E]D)Zij +72+ Ug,

the random effects variance ZZ-TjID)Zij that depends on regressors Z;;, the variance of the
serial component 72 and the white noise variance o2. The covariance has two components

cov (Yij, Ek) = ZZ—IJ—DZZk + sz(‘tzj — tzk’)
Denote by R; the correlation matrix of (W;(ti1), ..., Wi(tin,)). We get

varY; = Z;DZ] + m°R; + o2I,,,

and
-2
Ue
The process W;(t) is chosen to generate the desired autocorrelation function, for
example

e exponential correlation p(u) = exp{—Au}

e Gaussian correlation p(u) = exp{—Au?}

e compound symmetry p(u) = A (beware nonidentifiability of the random intercept)
o AR(1) process W;; = AW, j_1 + vy, with correlations p(u) = A=l

e ARMA(p,q) process
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6 Linear Mixed Effects Models

For spatial correlations, one can take some distance function d (Euclidean, Lq, max-
imal) and calculate distances between measurements d;j = d([uij, vijl, [Uik, vir]). Then
specify p(d), the correlation between two measurements taken at the distance d of each
other, for example

e exponential correlation p(d) = exp{—Ad}
e Gaussian correlation p(d) = exp{—\d?}
e linear correlation p(d) = (1 — Ad)I(d < 1/X)

There are graphical methods for the choice of the right correlation structure (sample
autocorrelation function, sample variogram). For more details, see Diggle et al. (2002,
Chapter 5).

6.6 Comparison of LME and GEE Approaches

Group-dependent data with linear mean structure can be analyzed either by LME or by
GEE methods. Both methods provide consistent estimators of mean effects 3 as long as
the mean structure is correct and the number of independent groups K grows to infinity.

However, LME and GEE differ in some important aspects:

LME

e specifies a detailed model for varY;

e assumes normality of b; and g;

e yields important information on the variance structure (decomposition of variance,
estimates of variance components, random effects, hypotheses tests about variance
structure)

e inference on 3 (tests, confidence intervals) is invalid if the variance structure is not
correctly specified

e needs relatively large K, its performance when K is moderate or small is uncertain

GEE

uses a working model for varY;, which is not assumed to be correct

does not make assumptions on the distribution of Y;

does not provide much information on the variance structure

inference on 3 is valid even if the working variance structure is incorrect, as long
as K is large enough

e needs relatively large K, fails when K is small
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7 Generalized Linear Mixed Models

7.1 Model and Assumptions

Again, we observe K independent random vectors Y7, ..., Yy, where
Y, = (Yi,...,Yin,)", i=1,...,K.

In this chapter, we develop a model for non-normal group-dependent data by introducing
random effects into the generalized linear model.
Definition 7.1. The data Y; satisfy the generalized linear mized model* |GLMM] if

1. Y1,...,Yx are independent.

2. There exist unobserved iid g-dimensional random vectors b; with density h(b;))
parametrized by an s-dimensional parameter 1) such that Y;;,...,Y},, are condi-
tionally independent given b; and the conditional density of Y;; given b; has the
form of the GLM

Fly | b) = xp{“%f’““) n C(y,w)}-

3. The canonical parameter 6;; depends on the p-dimensional fixed effects covariates
X;, fixed regression parameters 3 € RP, random effects covariates Z;; of dimension
q < p, and random effects b; through the linear predictor

nij = X58+ Z5b;.

4. There exists a link function g such that g(u;j) = n;;, where p;; = V(0;;) =
E[Y;; [bi].
Note.

e Conditionally on b;, the response Y;; satisfies the GLM. The presence of the com-
mon b; in all Yj;,...,Y;,, brings in within-group correlations.

e The random effects covariates Z;; are usually taken as a subset of the fixed effects
covariates Xj;.

* éesky zobecnény linedrni smiseny model
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7 Generalized Linear Mixed Models

e Commonly, the random effects are assumed to be normally distributed
b; ~ Ny (0,D),

where the covariance matrix I is parametrized by a vector of parameters @». Then
h(b;)) is a multivariate normal density.

Note. The conditional moments of Y;; given b; are
E[Y; |bi] =g "(X[B+ Zby)
var[Yy; [bi] = oV (1),

where V() = b”(0) is the variance function. The expectation of Yj; given the covariates
is
EY;; = EE[Y;; |bi] = Eg (X8 + Zbi),

where the expectation on the right-hand side is over the distribution of the random
effects (conditionally on all covariates). Unless g is linear, the distribution of Yj; given
the covariates does not follow the generalized linear model.

7.2 Parameter Estimation

The likelihood for data that satisfy Definition 7.1 can be written as

K n;
L6 1) =[] [ 1170 | Bobonte: | ) ab
=17 j=1

Unlike in the linear mixed effects model, here the integral cannot be calculated explicitely
even if h is normal.

If the link ¢ is canonical and h is multivariate normal, the likelihood can be expressed

as

K

LB, |Y) =[] @r) D "/?

i=1

1 1
X /exp{; [YZ'-T(XZ‘,@ + Zib;) — 111,1)(3&'5 + Zibl-)} + llic(Yi, ) — §b¢T]lez'}dbi,

where the functions b and ¢ are applied to vectors by element-by-element calculation.
The log-likelihood has the form

K K
(B | Y) =~ log D] + Zlog/exp{- b+ e

i=1
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7 Generalized Linear Mixed Models

Many different approaches have been suggested to maximize ¢(3,1 | Y'), the use of the
Laplace approximation is one among them.

The Laplace approximation is
5 ) ~ —-1/2 ~
[ @0~ n |-Q' )] exn{Q®),
Ra

where b is the point where the maximum of the function @ is attained. This approxima-
tion is obtained by replacing @ in the integrand by the second order Taylor expansion of
@ around b and integrating the exponentiated quadratic function as a Gaussian density.

After plugging the Laplace approximation into the log-likelihood, the integral disap-
pears and the resulting expression can be maximized using a combination of a modified
IWLS algorithm for estimating 3, modified Henderson’s equations for estimating b;, and
moment estimation for ¢ and ¢. There are many different approaches to implementing
these ideas. The calculations that need to be performed and the development of formulas
and algorithms are rather tedious.

One of approaches leads to the following estimation procedure. At each iterative
step, using the parameter estimates obtained at the previous step, calculate successively:

1. The IWLS step: N e RN
B=XWIx)"xTw-ly*,

where
Wl )
W=|9o . o |, Wi=dag{pV(uyly ()}, +ZDZ]
0 - Wg

and Yzj = g(ﬁij) + (Yz_] - ﬁij)g,(ﬁij)-
2. The Henderson step: N PN ~
b, = DZ]W LY — X,8).

3. Moment estimation of an unstructured D:

K K 1 K
ZEbbT Z (b | )%+ = > var(bi | Yi) =

=1
1 K 1 K
o "®2 o~
== ;1 b+ — ;1 var(b; | b;)

The last term is calculated according to Proposition 6.2.
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7 Generalized Linear Mixed Models

7.3 Interpretation

Recall that
E[Vij|b:] =9 ' (X[B+ Z];by) (7.1)
and
EYi; = Eg~ (X8 + Z[jb). (7.2)

Thus, B in (7.1) expresses the effect of X;; on EYj; conditionally on b;, that is,
when the latent characteristics of the subject do not change. These effects are called
the subject-specific effects. They describe the effects on E[Yij ‘bl] when the given subject
changes the value of Xj;;. In general, the parameters 3 do not compare two different
subjects that differ in the value of Xj;.

The effect of X;; on EY;; unconditionally on b;, that is, in the general population,
is called the population-averaged effect. Because EYj; in (7.2) does not necessarily have
the form of a GLM with the link function g, the parameters 3 from (7.1) in general do
not possess population-averaged interpretation.

There are several special cases when a relationship between the subject-specific and
population-averaged model can be found:

e If the link function ¢ is linear (including identity link as a special case) then the
subject-specific and population-averaged model have the same form and the param-
eters 3 are the same in both. This is the case of the LME model of the previous
chapter.

e If the link function ¢ is logarithm and b; are normal then the subject-specific and
population-averaged model have the same loglinear form and the parameters 3 are
the same in both as long as the covariate does not appear in the random effects
structure.

e [f the link function g is probit and b; are normal then the subject-specific and
population-averaged model have the same probit form. The parameters 8 in the
subject-specific and population averaged model differ.

When the parameters in the subject-specific and population averaged model differ, their
value in the population averaged model is always closer to zero than in the subject-specific
model.

As an example, take binary Y;; and logistic regression with a single continuous
covariate X;; and a random intercept. Let m(x;;) be the conditional probability of success
given x;; and b;. The model equation is

1 —m(xz;;
log 1= mlwiy) = Bo + Prxij + by,
m(xij)
which can be rewritten as
b
W(xij) _ eXP{ﬁo + /81551] + z}

1+ exp{fo + Brzij + b}
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7 Generalized Linear Mixed Models

The random intercept b; can be interpreted as an innate propensity for success of the
i-th subject that affects the odds of success at all trials performed by this subject. The
parameter 3 is the subject-specific effect of the covariate Xj;; it explains what happens
to the success probability of a given subject when the same subject is tested in different
conditions.

The population-averaged model is

exp{fo + Bixij + bi}
1+ exp{Bo + Bizij + b;}’

T (x45) =

where the expectation is taken over the distribution of b; in the whole population. This
is no longer a logistic regression model. However, if b; is normally distributed with a
small variance, 7*(z;;) can be approximated by

exp{ 3y + Bizi;}
1+ exp{f + Bizij}’

7 (wi5) A~

where |87| < |B1]- The parameter f; is the population-averaged effect of the covariate
Xij;; it explains what happens to the mean success probability of the whole population
when the conditions change. The population-averaged effects are always weaker than the
subject-specific effects.

7.4 Comparison of GLMM vs. GEE models

GLMM is a subject-specific model, its parameters have subject-specific interpretation.
GEE is a population-averaged model, its parameters have population-averaged interpre-
tation. In general, GLMM estimates different parameters than GEE. Also, GLMM and
GEE models with the same link function cannot be both correct (except in special cases,
some of which were mentioned in the previous section).

Otherwise, the main points of the discussion in Section 6.6 are still valid.

The choice between the GLMM and the GEE model should be driven mainly by the
desired interpretation of the parameters.
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adjusted dependent variable, 22, 31, 36,
37, 40
autocorrelation function, 95

canonical link function, 16, 21-23, 39, 97
canonical parameter, 11, 16, 18, 96
estimation, 14
cauchit link, 33
cauchit regression model, 33
complementary log-log link, 34
conditional independence, 48, 50, 51
conditional odds ratio, 49, 50-53
contingency tables, 42-55
Cook’s distance, 31
correlation structure, 95
working, 64, 65-68

deviance, 24, 28, 30, 37, 41, 47
deviance residuals, 30
standardized, 30
deviance test, 28, 47
dispersion parameter, 11, 16, 56, 57
estimation, 15, 23, 62, 65
distribution
alternative, 12, 14, 18, 32
beta, 56
beta-binomial, 56
binomial, 32, 56
gamma, 12, 13, 17, 57
geometric, 57
inverse Gaussian, 12, 13, 17
multinomial, 4345
negative binomial, 57
normal, 11, 13, 17
Poisson, 12, 14, 17, 39, 43-45, 56
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poisson-gamma, 57
exponential family, 11, 16, 17

F test, 8, 71, 72, 74, 91
fitted values, 21

generalized estimating equations, 64, 95,
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generalized least squares, 93

generalized linear mixed model, 96

generalized linear model, 16, 96

Henderson’s equations, 80, 82, 98

iterative weighted least squares, 22, 36,
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Kenward-Roger approximation, 90

Laplace approximation, 98

leverages, 30

likelihood ratio test, 26, 28, 29, 59, 62,

88, 89

linear mixed effects model, 77
extended, 92-95
marginal form, 77, 79
marginal likelihood, 79
maximum likelihood, 82
multi-level, 78
REML, 83-88, 90, 93
single-level, 77

linear predictor, 16, 18, 31, 96

link function, 16, 31, 57, 63, 96
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cauchit, 33
complementary log-log, 34
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marginal independence, 48, 50
marginal likelihood in LME model, 79
marginal odds ratio, 48, 50, 51
model

cauchit, 33

logistic, 18, 33, 35-39, 54-55

loglinear, 17, 39-55

null, 19

probit, 33

saturated, 19, 24, 46, 52

null model, 19

odds, 35, 45, 46

odds ratio, 36, 46
conditional, 49, 50-53
marginal, 48, 50, 51

offset, 41

overdispersion, 56, 57

parameter
canonical, 11, 16, 18, 96
estimation, 14
dispersion, 11, 16, 56, 57
estimation, 15, 23, 62, 65
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standardized, 30
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quasi-score, 58
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random effects, 71, 73, 77, 96
relative precision factor, 77, 82
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residual maximum likelihood, see REML
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deviance, 30
standardized, 30
Pearson, 29, 66
standardized, 30
restricted maximum likelihood, see REML

sandwich variance estimator, 9, 61, 61,
62, 65

Satterthwaite’s approximation, 75, 90, 91

saturated model, 19, 24, 46, 52

subject-specific effect, 99

t test, 8, 90

variance components, 71, 73
variance function, 13, 57, 97
working, 61, 62, 64

White estimator, see sandwich variance
estimator

working correlation matrix, 64, 65-68

working variance function, 61, 62, 64
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