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Chapter 1

Rate-making in a
Multiplicative Tariff Structure

1.1 Introduction

Rate-making is a process of determining insurance premium in a heteroge-
neous portfolio that is divided into sufficiently homogeneous risk classes.
The premium is usually expressed in a form of a premium rate, i.e. as pre-
mium per unit of risk exposure. The choice of an appropriate exposure
base depends on the type of the insurance (examples are the value of the
insured property, one car-year in automobile insurance, sum insured,. . .)

We assume that the risks are classified in the risk classes on the basis of a
number of tariff variables - characteristics known for each risk and chosen
so that the resulting segmentation provides us with satisfactory homogenity
and size of risk classes.

Without loss of generality we explain the rate-making methods in the
simple case with only two tariff variables. The portfolio can be divided into
I classes according to the first variable and into J classes according to the
second variable. Thus, we have M = [ J different risk classes, they are
denoted by pairs (i,7), where i € {1,...,I}, 5 €{1,...,J}.

For each class we observe yearly aggregate losses (or alternatively, yearly
numbers of claims). Let S;; denote the total loss in class (4, j).

We make some assumption concerning the dependence of the distribution
of losses on the values of tariff variables. In what follows, we work with
multiplicative model

ESij:MUingU(,OQj7izl,...,l,jzl,...,J. (11)

Here v;; stands for the total risk exposure in class (7, j) (it can be for example



the number of policies) and it is assumed to be known. Our goal is to estimate
parameters p, @15, 1 = 1,...,1, @95, 7 =1,...,J, from the observed data.

First, we introduce some simple rate-making procedures, later we explain
the application of generalized linear models in the above described context.

1.2 Simple Methods

1.2.1 Method of Bailey and Simon

This method consists in estimating parameters p, (p1;, @2; by positive values
minimizing the expression

Z (Slj — MU L1 902j>2 ) (12)
K Vij P15 P25

x> =

1]

Remark. (1.2) is minimized numerically. Reduction of the number of param-
eters is necessary. We can for example set

p=¢n =1

A disadvantage of the Bailey-Simon method is a (systematic) positive
bias of the estimates {, @1, @25, ¢ = 1,...,1, j = 1,...,.J, obtained by
minimizing (1.2). It holds

Y] ,J

Proof. To prove (1.3) we differentiate ith summand in (1.2) with respect to
2;. We obtain

0 (S —vijppupsy)? 0 [ Sy

— 2855 + vij 1L P15 P2

0pa; Vij U P1i P25 - Op2j [ Vij 1L P1ipa;
g2
= vy 1P
Vij K P15 P
The estimates [i, ¢1; and @y, satisfy
Ov2
X 0,
0pa;



which means

G2
1] o ~ o~
;. Uij 110 P25 3
From here it follows
52 1/2

2. L

— 1 Vij P14
P = | =  =~—<
Zi Vij U P14

Finally,

1/2 ) 1/2
Zvij,u(ﬂu P25 = ( Uz‘jlﬂﬂu) (Z AA> .

Vij K P14

Applying Schwarz inequality to the terms on the right-hand side provides
the lower bound

1/2 S V2
ZUU 1 Pri 9023 > Z Vij 11 P17) / (ﬁ) = Z Sij.
ij i p

(1.3) is proved by summing over j.

1.2.2 Method of Total Marginal Sums

This method (also called method of Bailey and Jung) derives the estimates
of parameters p, ¢1; and 9, as positive solutions of the following system of
equations

J J
Zvij/i@li%jzzsij,izl,---,[, (1.4)
j=1 j=1
I

I
sz‘jﬂ901i902j=zsz‘j7 J=1...,J (1.5)
i=1

i=1

Remark. It can be shown that when we suppose that S;; are random variables
with Poisson distribution with mean values given by (1.1), the solutions of
the system (1.4)-(1.5) coincide with the estimates obtained by the method
of maximum likelihood.



Chapter 2

Generalized Linear Models

2.1 Introduction

Generalized linear models (GLM) represent a class of statistical models gen-
eralizing classical linear regression model: the data may come from a broader
family of probability distributions (not necessarily normal). A transforma-
tion of the expected value of observed data is expressed in the form of a
linear function of regression parameters.

We start with basic definitions and relations, later we explain the appli-
cation of GLM to parameter estimation in the multiplicative tariff structure.

Definition 2.1. Probability density function f is a member of exponential
dispersion family (EDF) if it has a form

26— b(0)

Py + c(z, go,w)} , (2.1)

In (2.1) w > 0 is a given weight, ¢ > 0 is so called dispersion parameter,
0 is a parameter satisfying 0 € ©, where © is an open set in R. The function
b(0) (cumulant function) is supposed to be twice differentiable function
such that (')~ exists.

Remark. (2.1) can be a density of an absolutely continuous distribution, it
can also be a probability function of a discrete distribution.

Examples of well known members of EDF are normal, gamma, exponen-
tial, Poisson distribution.

The following result concerning a distribution with density (2.1) can be
used to express its expected value and variance.



Lemma 2.1. Suppose that for given cumulant function b (2.1) defines den-
sities with identical supports for all parameters 0 € ©. Assume further that
for any 6 € © the moment generating function M(r) of (2.1) ezists at some
netghborhood of zero. Then for all @ € © and for r sufficiently close to zero,

it holds b0+ rp/w) — b(O)
M(r)—exp{ o }

Proof. Choose 0 € © and r such that M (r) exists. Then

M(r) = /em exp {%ﬁ@ + oz, go,x)} dz

= [ ex z (0 + 1 p/w) — b(0)

_ / pb({H +r w/ug}o)/z_u b(6)

- eXp{ o }
« /exp {x 6+ rw/w;;wb(e +7ro/w)

(2.2)

+ c(x, p, w)} dz

+ c(x, go,w)} dz.

For r sufficiently close to zero it holds 6 +r ¢/w € O, thanks to the assump-
tion that © is an open set. The integrand in the last integral is a density of
the type (2.1) with the same support as the one we consider. Therefore, the
last integral is equal to one.

O

Corollary. Under the same assumptions as in the previous lemma we obtain
for the moments of the distribution with density (2.1)

EX =1b'(0), 2.3
Var X = 207 (6) (2.4)
w
Proof. 1t holds
EX = d log Mx(r) |
= ar 0g Mx\T) |r=0
d2
Var X = 2 log Mx (1) |r=o

Denote




From the previous lemma it follows

dy(r
EX = Z}i ) lr—o =0 (0 +719p/w)|,— =V (0),
d?a(r
Var X = dzfig ) lr=0 = gb” O+ 7rp/w)|m— = L% (0)
O
Denoting u = E X we can write
Var X = EU(M), (2.5)

w

v(p) =" (V)" (1))
is so called variance function. It describes the relationship between the
variance and the expected value of the EDF distribution.

where

Consider independent random variables Y7y, ..., Y, such that Y; has a den-
sity
y0; —b(0;)
fily zexp{—+c Y, wi) o 2.6
) e g w) (26)

(We assume a distribution of Y; from EDF with the same dispersion param-
eter o for all the observations.) The assumption for the expected value of
the vector Y = (Y1,...,Y,,) from linear regression, EY = x 3, where x is a
known matrix of type n x (k+1) and 3 is a vector of regression parameters,
is now generalized to

k
g(EYi):m:szjﬁj,izl,...,n, (2.7)
=0

where ¢ is a strictly monotone and differentiable function, called link func-
tion.

When we choose link function in the form

g(z) = (V) (2), (2.8)
we obtain (denoting p; = EY;)
ni=g () = )" () = ()7 (¥ (6:) = 6.
(2.8) is called canonical link function.
Using the canonical link can make the estimation computationally easier,
but it is not always the link that suits best to the modelled situation. Later we

will see that in the multiplicative structure the logarithmic link g(y) = logy
is the natural choice.



2.2 Estimation of Parameters in GLM
We look for the estimates of 3y, ..., Sr based on observations
Yi=vy,....Y, =y, (2.9)

For the sake of maximum likelihood estimation we derive the logarithmic
likelihood function

l(017"'70n7¢7y17"'7yn - sz yl i (82))+Zc(y27@7w1) (210)
i=1

We aim at maximizing (2.10) with respect to unknown parameters fy, . . . , Gx.
When differentiating (2.10) with respect to 3; we use the following rela-
tions:

O (0:), ni =g () (2.11)
( ) Ywa) s =gt () (2.12)
N = sz’j B;. (2.13)
=0
According to the rule for differentiating inverse function,
/ 1
=) () =+ :
U=V = 7
we obtain
a90; 1
Opi gt ()7 (i)
1 1

TV () () o (w)

where v(p) is the variance function introduced in (2.5). Further,

O 1 1
oni (g (n) 9 (pa)
o

o5, ="



Finally,

ol "L 9l 0,

9B; = 060,

— ézw (i — 1/ (6,))

06: Opts O
Op; On; O;

:liw;kﬂ;m
o= o) g ()

Maximum likelihood estimators (MLE) of fy, ..., x are obtained from
the solution of

- Ui — i .
w—L =0, 5=0,...k, 92.14
; v () g () ™" ( )

where i
pi=g" (Z Tij 5;’) :
=0

Remark. When the number of observations is equal to the number of esti-
mated parameters, n = k + 1, we speak about a saturated model. In such
a (theoretical) case we could find the solution of the system (2.14) by setting

vi= i, t=1,... k+ 1.
In a general case, the system (2.14) can be rewritten in a matrix form
xXWy =x'Wp, (2.15)
where

-----

y:<y1a"'7yn)/7
I’l’:<:u17"'7:un)/7

and W is a diagonal matrix with diagonal elements
w;

—— i=1...,n.
v (i) g (i)

Wii =



Ezxample. In classical linear regression we assume normally distributed ob-
servations with mean values j; and the same variance o2, the density of Y;

is therefore
f) =7 exp{——<y ’“)}

2mo 202

_ yui— 1 /2yt
— P o2 202

log (mo—) } .

Comparing this with the general form of EDF density (2.1) we conclude

2
0=p, b(0)= %, vV)=46, b (0) =1,
w =1, 30:02,

_¥P_ 2
vlp) = =0

The link function now is identical function, g(y) = v.
It holds W = 0721, where I is identity matrix and (2.15) is rewritten as

x'y = x'x 3.
In general, the solution of (2.15) is found by an iterative numerical algo-
rithm. We briefly discuss two possible ways of finding the solution of (2.15).
Newton-Raphson algorithm

The iterative solution of an equation of the form f(x) = 0 is based on the
consecutive computation given by

gl 1) — glnl _ g1 (l,[n])—l f (2

with a starting point x[.
For the generalization to the case of a system of equations for unknown

ﬁ()?"-;ﬂkv

the derivative f’ is substituted by the matrix <g§?> .
3/ i=0,....k,j=0,....k

10



In our case, f; is the first derivative of the logarithmic likelihood function
with respect to ;. Therefore, we need the matrix of second derivatives

1 — Wi | Opi Omi
851” 66] a sz aﬂl { z) (1 )] an; aﬂr

:‘Z am[ (1) 9 u( ZJ gf(lmw””

We can write

8?% L} <ZZ> gft(zm)l g (1m)

I 1 v () g7 () 0 () 9 ()
g’(m){ v (i) g (p:) (4 = ) v (1) ¢ (1)) }

_ 1 v () g7 () ' (a) g ()

T V) [ ()P {”(% ) o (us) & () } (2.16)

Denoting (2.16) as —a;, we write

aﬁr 8,6] Zz:: xz] Qi Ty

For the matrix of second derivatives of [,

2
= (575), ..
9B, 0f; 7,j=0,....k

,,,,,

it holds
H= x"Ax,

Where A is a diagonal matrix with diagonal elements a;, i = 0,..., k.
The Newton-Raphson algorithm is now described by

g+l — ginl _ (H‘l)[”] (X/W[n] y — x W H[n]) 7
where H, W and p are recalculated at each step.

Fisher method of scores

This algorithm is based on the substitution of the matrix H by —J, where J
is Fisher information matrix defined by

J=-EH,

11



while taking the random variables {Y;} instead of their realizations {y;} in
(2.16).

Instead of a; introduced in (2.16), we use

v (1) g7 (i) + 0" (1) g’ ()

1
di=E———— |1+ (Y, —
2 S v (i) g’ (pa)

v (1) [g' ()]
1

v () g ()]

The iteration step is now given by

g+l — gl | (J_1>[n} (Xlw[n] y — x' W “[n]) .

Remark. With canonical link, g(u) = (b') "' (1), we obtain

, 1 1
Ay Ay
and also )
v(p) 9" () = —Z ((5)) —g' (1) V' (1)

Then a; = d; and both Newton-Raphson algorithm and Fisher method of
scores are identical.

2.3 GLM in Multiplicative Tariff Structure

We explain how GLM is applied to loss data in a portfolio classified by two
tariff variables.
We recall formula (1.1) and we introduce the ratio

We consider two possible interpretations of variables \S;; and exposures
Vij:

1. Let S;; be the total number of claims in class (4,7). When v;; stands
for the number of policies in class (i, j), Yi; represents claims frequency
(average number of claims for one policy) of class (i, j).

2. In case S;; is the aggregate loss in class (i, j), we treat v;; as the total
number of losses (not random in this situation). Then Yj; is interpreted
as the average loss per claim in class (i, 7).

12



In what follows, we describe the stochastic models suitable for both above
mentioned settings. In both cases we start with renumbering the classes so
as to obtain observations in the form of a vector

Y:(Yh"‘?YM),: (}/117"‘73/1J7§/217"‘)}/1J)7

where Y, =Y, form=(i—1)J+jand M =1J.

We model the variables Y;; in both situations 1. and 2. by probability
distributions that are members of EDF family.

For the multiplicative model (1.1) the logarithmic link function g(y) =
logy is an appropriate choice. Indeed,

g(EY,) =g (EY;;) = log u + log ¢1; + log pa;,

which can be rewritten as
9 (EYy) = Bo+ Bui + Boy. (2.17)

As the vector of regression parameters we choose

B = (Bo, bz, birs Bazy -, Bag) = (Bos Bus -+ B

where k=14 J — 1.
Using the notation

g(EY)=(9(EY)),...,g(EY,))

we obtain from (2.17)
9(EY) =178,

where Z is a M x (I + J — 1) matrix of assumed full rank (that is why we
set 811 = Ba1 = 0) consisting of elements equal to 0 or 1.

Ezample. For M =9 classes (1,1), (1,2),...,(3,3) we have
B = (Bo, Bi2, P13, Baz, B23) = (Bos - - -, Ba)

and

N

I
e e e e e e e i
O OO = EEOOO
— = —_0 OO O OO
O OO OOoOFO
_ OO O, OO F=OOO

—
w



The expected value of Y; is estimated by

EYZ-j:eﬁo Mgl j=1 .. Ij=1,...,J,

—

where B\H = ,5\21 = 0 and B;), 5/\12,. .., Pay are maximum likelihood estimates
obtained as described above.

2.3.1 Poisson Model for Claim Frequency

We suppose that S;; in (1.1) is the total number of claims observed in class
(4,7) and v;; is the number of policies in class (i,7). We assume that S;; is
Poisson distributed with

E Sij = )‘ij Uij-

Random variable Y;; than takes on values from the set

N { 1 2 }
=490, —, —,... .
(%] Vij Uiy

For y € 1:—;) we derive the probability function of Y;; (we omit the subscript

ij in the sequel):

P(Y :y) = P(S:Uy) — (/\U)vy e—)m

(vy)!
=exp{vy (log A +logv) — Av —log|[(vy)!]}
:exp{%jtvylogv—log [(vy)']} (2.18)

Probability distribution (2.18) has the form of (2.1) with
6 =1log\ b#)=¢’, w=v, p=1.

Note that log b'(0) = 6, logarithmic link in case of Poisson model is canonical.
After renumbering the classes we see that parameter 6,, is the m-th ele-
ment of the vector Z 3:

=(20),,
The logarithmic likelihood is

Z = 171;;6 + ) (Vi Y 108 0, — 10g (V3 ym)]) -

m

14



Differentiating it with respect to 3, we obtain

0 /gy = 5 Ym =" W
o5 P = 2 e
Ym — exp{(ZB3),,}
Z 1/Um mls

where z,,; is the corresponding element of matrix Z.
The system of likelihood equations now can be expressed as

vaymzml:vaeXp{(ZB)m} Zmiy 1 =0... k. (2.19)

The matrix form of (2.19) is
Z'Vexp{ZB} =7Z'Vy, (2.20)
where V is a diagonal matrix with diagonal elements v,,, m =1,..., M and

we denote by exp {Z B} a vector with elements exp{(Z3),,}, m=1..., M.

2.3.2 Gamma Model for Claim Severity

Now we take S;; in (1.1) as the aggregate loss in class (7,7), the number of
claims is taken as non-random weight v;;. Random variable Y;; now repre-
sents the average claim size in class (4, 7).

We derive the distribution of Y;; in a given class, we omit the subscripts
7,7. We start with the assumption that the size of an individual claim in the
given class follows gamma distribution I'(«, §) with the density

g(m):ﬁxa_l e P x>0,a>08>0. (2.21)
() ’ ’ ’
We further assume that individual claim sizes are independent. When the
number of claims in the class is fixed, then the aggregate loss S has also
gamma distribution, S ~ I'(v a, §).
This is easily shown by considering the moment generating function. The

m.g.f. of I'(«ev, B) is
Mx(r) = (Tf,3> , < .

For the sum S of v independent gamma distributed random variables we

obtain oo
Mg(r) = Mx(r)" = <ng> :

15



The density of Y is derived from

P(Y <y)=P(S <wvy)

as
fly) =vh(vy) = % e Py (vy)* v
= Sy ¢ (2.22)

[(va)
Y is also gamma distributed, Y ~ I'(awv, Bv). We rewrite the density (2.22)
in a form corresponding to EDF density (2.1).
fly) =exp{avlogfv—logl'(av)—Bvy+ (av—1)logy}

= exp {av <logﬁi—loga+logv— gy) —logl'(av) + (v — 1)logy}.

We introduce parameters
e 1
/’L - /67 (p - o

and we write

) = exp { LB L )

In the notation of (2.1) we have

0=~ b(0) = —log(—0), w—1.
1

After renumbering classes we have the density of the average claim in class
m in the form

) em + log (_em)
©/Vm

f(y) = exp { +cy, ¢, vm)} :

Remark. In accordance with (2.6) we assume that parameter « is the same
for claim sizes in all classes. The differences in expected claim size are due
to different values of parameter § in (2.21).

The logarithmic link function in this case is

g (EY,) = log G%) — log (~6y).

16



From
g (EY,) =(ZB),
we obtain

On = —exp (= (Z20),,)-

The logarithmic likelihood function is

em m _em
(B =Y v J;;Zg( )+Zlog0(ym,so,vm)

=3 Ll e (= (Z8),) = (ZB),] + 3 1ogc (g, o tm).

Its derivative with respect to [; is

a U’I’I’L
8_&1(5) => s [Ym exp (= (Z B),,) — 1] 2mi

Um
¥
The system of likelihood equations written in a matrix form is

Z'Vyexp{Z B} = Z'Vyy, (2.23)

where exp {Z 3} has the same meaning as in (2.20) and Vjy is a diagonal
matrix with diagonal elements —0,, v,,/p, m = 1..., M. The substantial
difference between (2.20) and (2.23) is in the dependence of Vy on the esti-
mated regression parameters (through ).

2.3.3 Variable Reduction Analysis

We consider the general case of independent observations Y = (Y1,..., Yy’
of random varibles from EDF, the density of Y,, being

F (Y, 0, @, wp,) = exp {
( ) Py

+c<y,w,wm>},

i.e. we suppose that all observed variables have the same dispersion param-
eter ¢ and cumulant function b. When the logarithmic link function is used,
we have the estimate of EY,, in the form

e {(25) )

17



where Z is a matrix consisting of 0 and 1 and ,@ is the MLE of the vector

B=(Bo B, 5)"

In the previous subsections we obtained this model by renumbering classes
in the multiplicative structure with two tariff variables. We can imagine that
regression parameters correspond to different values of any number of tariff
variables ({):

8= (ﬁOaﬁl%---7B117B227---7B2J7~--7Bl17~-7ﬁlK)-

We deal with the problem of possible reduction of the number of parameters
in B - the question is whether we can eliminate a tariff variable or reduce the
number of possible levels for a tariff variable (by merging classes).

It holds .
=Y <9m) .

We denote h = (V)" and we write

—

Om = h (/jf\n) .
The value of the log-likelihood at this estimate is

Yo B (fim) — b (h
Z (£ (P (i)

+ (Y, ©, W) - 2.24
T (Fpwm). (220

(2.24) maximizes the likelihood over all possible choices of B (under given
design matrix Z and cumulant function b). Statistical tests for GLM often use
a statistics called deviance. It is based on the ratio of likelihood functions
in the considered model and in the saturated model.

Recall that in the saturated model there is the same number of observa-
tions as is the number of estimated regression parameters (M = k + 1) and
the MLE of 3 is obtained by setting j1,, = Y;,. The value of log-likelihood
in this case is

Z Yinh (Yim) —b(h(Yy))

/w +c (Yo, o, wpn) .

The scaled deviance is defined by
D (Y, 1) =2 (L(Y) — L ()
= = Vb (Yin) = b8 (Vi) = Yo () + b (b ().

(2.25)

18



The deviance statistics is defined by
D(Y.}2) = ¢ D" (Y, i) (2.26)

It does not depend on .

Ezample. Poisson model. In the Poisson model we have b(#) = €, so h(u) =
log pi. Also, ¢ =1, 1i.e. D = D*. We have

D(Y. 1) =2 wy [Ynlog (V) = Y] =2 wy [V, 10g (fim) — fim)]

Y, —
=2 Z [wm Y,, log (xm) + Wy (o — Ym)] )
m Mm

We want to see from the data Y wheter we can reduce the number of
parameters in 8. For given p < k + 1 we formulate the null hypothesis:

Hy : 502"'25;)—1:0-

We calculate the deviance statistics D (Y, fig,;) in the full model with 8 €
R**! and the deviance statistics D (Y, 7 Ho) under the null hypothesis Hy.
We define the test statistics

D (Y7 ﬁHO) - D <Y7 ﬁfull) M—k—1
D (Y7 ﬁfuu) p

Under the null hypothesis, F' has approximately F-distribution with p and
M — k — 1 degrees of freedom.
Another test is based on the statistics

F =

(2.27)

X?*=D" (Y, I//\"Ho) — D" (Y, ) - (2.28)

Under the null hypothesis, the distribution of (2.28) is approximated by
x2-distribution with p degrees of freedom.

For calculation of (2.28) an estimate of the dispersion parameter ¢ is
needed. Note that when we assume the same value of patameter ¢ for all the
observations, the estimates 0,,, obtained by maximizing the log-likelihood, do
not depend on . We use the estimates 6,, to compute Pearson’s residuals

o Y (%) . (2.29)

v (72) fon

19



The residuals (2.29) can be used to assess the accuracy of the GLM model.
The sum of squared Pearson’s residuals also serves for estimation of the
dispersion parameter .

) (¥ —b’(f)f
PEM k-1 k—l Z“”” <9Am>

is an approximately unbiased estimate of . It follows from the fact that

_ M—k-1 Y, — i
G —Z m—>
v (fim)

has approximately y2-distribution with M — k — 1 degrees of freedom with
the expected value equal to M — k — 1.
An alternative estimator of ¢ can be based on the deviance,

__¢D'(Y.B) _ D(Y.B)
D= k-1 M-—k—1

2.4 GLM in Loss Reserving

In this section we explain the main principles of the application of GLM in
the field of estimating claims reserves in non-life insurance. At the beginning
we recall the usual notation used in analysis of claim development.

2.4.1 Notation

We separate loss data according to the accident year (year of ocurrence)
i and the development year j. We assume i € {0,...,I}, j € {0,...,J},
where [ denotes the most recent accident year and J denotes the last devel-
opment year. We further assume that I = J.

We denote the incremental data X;;: X;; stands for payments for claims
in accident year ¢ made in year i+ (alternatively, X;; may denote the number
of reported claims with delay j or the change of the reported claims amount).

The cumulative amount C;; for accident year ¢ after j development years
is then given by

J
k=0
The observations available at time I are represented by the set

Dy ={Xy:i+j<I 0<j<J} (2:31)
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They are usually represented in the form of a development triangle. Data
in (2.31) arranged in rows according to accident years and in columns ac-
cording to development years represent the incremental development trian-
gle. The information available at time I is equivalently described by the
cumulative development triangle formed by the data

{Cy i+ <I, 0<5<J}

The values X;; (or C; ;) for i+ j > I need to be estimated or predicted.

We suppose that there is no further development after development year
J, so C;; represents aggregate loss from all claims occurred in accident year
i. Then the outstanding loss liabilities (claims reserve) for accident year
¢ at time [ are given by

J
Ri - Z Xij - OZ'J - Ci,[—i- (232)

j=I—it1

2.4.2 GLM Model for Incremental Claims

We assume that the data in the incremental development triangle (2.31) are
independent random variables and that X;; has a distribution from EDF as
defined by (2.1). We suppose that all variables in (2.31) have a density with
the same cumulant function b, unlike in the multiplicative model for rate-
making we work here not only with specific canonical parameters ¢;; and
weights w;;, but we also have different values of dispersion parameters ;;.
The density of X;; has the general form

[, 05, pij, wi; ZGXP{]—]vLC T, Qij, Wij } 2.33
(@00 05.15) e e oy ) (2.33)
We know that

wi b7 (0i5)  wij

where v(u) = b” (b')7!) is the variance function introduced in (2.5).
We use the parametrization of a multiplicative structure

EXij = piv; (2.36)

with p; standing for the exposure of the accident year i (e.g. the expected
number of claims, total number of policies,...) and v; defining an expected
reporting /payment pattern over the different development periods j.
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We use the logarithmic link g(u) = log p, i.e.

ni; = g (EX;;) = log p; + log ;. (2.37)

We set g = 1 and denote

/3: (ﬁla"'?ﬁ[#»Jfl)/
= (log,ul,...,10g,u1,log70,...,10gw)'.

It is seen from (2.37) that

nij = Zij 3,
where z;; is 1 x (I + J + 1) vector with elements equal to 0 or 1: zg; has one
unit element on the position / 45+ 1. For ¢ # 0, the vector z;; has two unit
entries - on positions ¢ and I + 7 + 1, the other elements are equal to zero.

We form from the incremental claims in the triangle (2.31) one column
vector

X = (XOOa XOla s 7XIO)/

and we write

g (EX)=17p,

where

g(EX)=(g (EXoo)w--ag(EX]o))/

and Z is a matrix with rows zq, ..., Zjg.
We estimate the elements of 3 by maximum likelihood method and we
obtain

—~ o — e — _—\
ﬁz@%mpwbmmbmmmJ%%>.

Then
—~ GLM — T~ T
Xy =E[X;| D] =exp {log“i+1og7j}
den:()te /1\7‘,_)//\]7 for Z +] > [ (238)

The estimate of the total claims in accident year ¢ is derived from (2.38) as

1
—~ GLM — — GLM —~GLM
Cir =E [Czl | DI] - Cz‘,[—z‘ + Z Xij =Ci 1+ R; . (2.39)

j=I—it1
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2.4.3 Mean Squared Error of Prediction

For the estimated total loss from years ¢ = 1,..., I, we define conditional
mean square error of prediction (MSEP) as

I I I 2
mse|p, (Z Cir | DI) =E <Z Cir — Z Ci[) | Dr| . (2.40)
i=1 i=1 i=1

Clearly,

—E (Z)/(\]—ZX]> | D;| . (241)

i+j>1 itg>T1

(2.41) can be decomposed in two parts:

I
mse|p, (Z Cir | D1>

i=1

—F (Z ()@—E[XmD,]+E[Xijypf]—xij>> | Dy

i+i>1
2
= Var ( > Xy D1> + (Z (X —E[X,; | Dﬂ)) . (2.42)
i+3>1 i+j>1

The first term on the right hand side of (2.42) represents the (conditional)
process variance, the second term on the right hand side of (2.42) expresses
the (conditional) estimation error.

We rewrite (2.42) using the assumption that X;; and D; are independent
for i 4+ j > I and also the assumption of mutual independence of X;:

I
mse|p, (Z Cir | D[>

i=1
2
i+g>1 i+g>1
The first term on the right hand side of (2.43) is estimated using (2.35) for

a given variance function.
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We define unconditional MSEP by

I I
mse (Z C/’Z\[> = Emse (ZC/’Z\[ | DI)
i=1 i=1 )
= Py (EX,) +E ( > ()?] - EXiJ-)) . (2.44)
wij

i+j>1 iti>1

The last term in (2.44) is rewritten as

3 E[(}?\]—EX) ()Z;—EXW)]. (2.45)

1+y>1m+n>1

We approximate the summands in (2.45) by Cov ()/(2\], @) Note that
EX,; #EX,;

in general, but the bias is usually neglected. For the GLM estimates we have

o~ —

Cov <X,-j, an> = Cov (ez“a, ermn E’)
— o@ijtzmn) B oy (ezij (E_ﬂ),ezmn (ﬁ—ﬁ)) )

Further, we use

ezij (ﬁ_ﬂ) ~ 1 + Zij (B _ ﬁ) .
From here and from the fact that 3 is asymptotically unbiased we deduce

— —
n

Cov (Xiqum ) ~ EXZ] Ean Z;j Var (B) Z/ (246)

mn*

In section 2.2 we mentioned the Fisher method of scores as a possible
way how to calculate the estimate 3. It can be shown that the inverse of the
Fisher information matrix is a reasonable estimator for the variance matrix

Var <B>
Recall the definition of the Fisher information matrix,

J(B) = —EH(B),

where the matrix of second derivatives of the log-likelihood function H(3)
now consists of the elements

82
5 log f (Xij7 Qij, Pij, wij) (2-47)
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for k,0 = 1,...,1 +J+ 1. f in (2.47) is the density (2.33). H(B) is a
function of incremental claims observed up to time /. When we substitute
the parameters in (2.47) by the estimates calculated from the data in the
development triangle (2.31), we have an estimate of the variance matrix in

(2.46) in the form -
Var (B) =J <B> B .

To sum up, we can calculate the mean square error of the GLM prediction
of ultimate claims as

I
- —~ GLM
mse Ciy
i=1
1

- Z ?U()/Q\J)—i_ Z @)@LZ@'J(E)_ z .

iti>1 Y i+i>I,m+n>I1
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Chapter 3
Credibility Theory

Credibility models are used in situations where the data used for estimation
(e.g. claim experience of a given tariff class) are not sufficient and we want
to utilize also the information contained in the data from other tariff classes
or any external information we have.

Modern credibility theory is based on the principles of bayesian statistics
and its origins are connected with the works of Hans Biithlmann. First we
explain the asic concept using a model for just one insurance policy. THen
we present the most widely used Biilhman-Straub model. Finally, we men-
tion the application of credibility approach in the area of rate-making in
multiplicative tariff structure.

3.1 Buhlmann’s Model

We consider one insurance policy with unknown and fixed risk parameter 6,
during a period of ¢ years. The yearly claim amounts are Xi,...,X;. We
make the following assumptions:

1. 0 is a realization of a r.v. © with a density u(6).

2. For given © = 6, the claims are conditionally independent and identi-
cally distributed, with known density f(z,0).

We want to estimate u(0) = E[X|0]. We look for an estimator based on
Xq,...,X;, solving minimization

minE (u(0) — g (X1,...,X1))*. (3.1)

g

In statistics (3.1) is called the Bayes estimator with respect to the quadratic
loss function.
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With given u(6) and f(z,0), (3.1) can be rewritten using Bayes theorem

() fx1,0) - fxe, 0) u(8) db
E{u@)| Xi1,..., X = T 7@,0)f(en.0)u(d) 8

Linear credibility estimator is obtained by minimization of (3.1) un-
der the restriction that ¢ is a linear combination of Xi,..., X;. The mini-
mization problem is then expressed by

cgnirit E (,u(@) —co — Z Cs XS> ) (3.3)

-----
s=1

(3.2)

The solution of (3.3) is found by differentiating with respect to the coefficients
o, --.,c; and equating the derivatives to zero. The resulting estimate is

written in the form B
tM*=(1—2)m+zX, (3.4)

where
ta

z =
ta+ s2

is credibility factor,

m=Eu®)=EX;
a = Var u(0)
s> = EVar (X, | 0)

are structural parameters.

In the situation when the linear credibility estimator (3.4) coincides with
the best estimator (3.2) we speak about exact credibility.

Assume that the distribution of Xj, ..., X, for given value 6 has the den-
sity

f(x,0) =p(z) e /q(0), >0, >0 (3.5)

where p(z) is a non-negative function. Note that (3.5) contains the same
exponential term with the product of the argument x and the parameter 6,
as in the EDF density (2.1). By assuming (3.5) we take the a distribution
from EDF as the appropriate model for our data.

Assume further that the density of r.v. © is

u(0) = q(8)~" 7% /c(ty, 20), 0 >0, (3.6)

for some positive constants tq, xg.
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The distribution with density «(6) is called prior distribution. It de-
scribes our idea about the distribution of the random risk parameter indepen-
dently on the observations. Posterior distribution of © is the conditional
distribution for given realizations of X1, ..., X;. We denote the density of the
posterior distribution as u(f|xy,...,z;). From the Bayes theorem we know

_ fxy, .o, 2]0) u(0)
[ f(z1,0) ..., f(x,0)u(d) d§°

After inserting (3.5) and (3.6) into (3.7) we see that the posterior distri-
bution is of the same type as the prior distribution when we replace ty with
to +t and z¢ with 2o + 1 + - - - x;. The system of densities obtained from
(3.6) for different values of parameters ¢y and zy is referred to as conjugate
prior to the system of densities (3.5). Choosing conjugate prior distribution
we get the posterior distribution of the unknown parameter that is of the
same type as the prior distribution.

We use this property to show that with the densities (3.5) and (3.6) we
arrive at the exact credibility.

w(@|zy, ..., x) (3.7)

Proof. From (3.5) it is seen

and by differentiating

((0) =~ [ apta) e do = ~q(6) ().
From (3.6) we derive

u'(6) = (to u(0) — o) u(0).

We assume u(0) = u(oco) = 0, so we can write

/ W/'(0)do =0,
0

which together with the previous result gives

Zo
to

m = /000 w(6) u(9)do (3.8)

We get the expression for the expected value of the prior distribution of ©.
To express the conditional expectation (3.2) it suffices to replace in (3.8) the
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parameters of the prior distribution with the corresponding parameters of
the posterior distribution. We see that the Bayes estimator (3.2) is a linear

function of the observed variables.
$0+X1—|—"'+Xt

E[u(0)| X,,...,X,] = e . (3.9)

(3.9) is easily rearranged to
Eu(6)] X1, ..., X = (1— 2)m+ 2 X,

where

3.2 The Bulhman-Straub Model

We consider a portfolio consisting of J groups of policies for which we observe
loss variables in time periods 1,...,t. We denote by Xj;, the observation
from group j in period s. Moreover, for each group we know the weight wj
reflecting the size of risk exposure for given group and given time period. The
distribution of the loss variable in group 7 depends on an unknown parameter
©; which is again considered as a random variable.

The Bithlmann-Straub model works wih the following assumptions:

1. The groups, i.e. the random vectors
(X1, X5, ©5), G =1,...,J,
are independent.
2. ©1,...,0; are identically distributed.

3. For any j, conditional on ©;, the variables Xji,..., X} are uncorre-
lated, i.e.
Cov (Xjs, Xjr | ©;) =0 for s # 7.

We specify only the dependence of the conditional expected value and the
conditional variance of X on ©;. We assume for all j and s

E[Xjs| ;] = 1 (8;), (3.10)
o’ (©5)

js

Var [st | @j] = (311)
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Similarly as in the previous section we denote

m=Eu(0;) =EXj, (3.12)
s> =Ed*(0,), (3.13)
a = Varu (9;). (3.14)

For given group j we seek an estimator of 14(0;) based on the data from all
groups. We want the estimate to be a non-homogeneous linear combination

p(®)=co+> Y a Xy (3.15)
l r
minimizing
2
E (u (©;) —co— ZZC” Xh«) )
l r

The solution of the minimization problem is

1(0)) =2 Xj + (1 - zj)m, (3.16)
where
B o D Wis X
Zj = w I 32/a ij,57 7 w;, .

Proof. To show the optimality of (3.16), we take a non-homogeneous linear
combination of the form (3.15) with arbitrary coefficients. We denote it
h(X). We write

BA00) (O = B [n00) ~ #6) + #(6) ~ 1(®,)]
= Var [n(X) = 1(6;) + 1(6;) — 1(8;)]
i (E [h(X) —1(8)) + 1 (6;) — u(@j)D2
— Var (h(X) - @) + Var (;@ — (@j)>
+2 Cov | (A(X) - 1(85)) (#(8;) - 1(8y))]

+[ErX)—Eu(6,). (3.17)
It holds
Cov < ]r,/ﬁ@\» =z Z % Cov (Xjs, Xjr) (3.18)

S

Cov (X, Xjs) = Var©; = a, r # s,

2

Cov (X, X;s) = Var Xjs = a + —
wj,

T =S.
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Inserting into (3.18) we get

Cov( JT,;F@\)> = 2 (aerjr i ) =a.

Wj. Wiy

At the same time,
Cov (Xip, 1(6;)) =0, 14

00v<xlr,u<@j>>=Cov<u<@l>,u<@j>>{ oy

It is

Cov (M(@j),er> =Cov(pn(©;),Xp), l=1,...,J, r=1,... ¢t

hX) — /@ is a linear combination of the elements of X. Therefore, the
covariance on the right hand side of (3.17) is equal to zero. Also,

E4(0;) =Eu(6)) =m.

The right hand side of (3.17) attains its minimum in the case h(X) = p (9;).
[l

The estimate (3.16) cannot be computed exactly just from the observed
values and known weights, it depends on unknown structural parameters

(3.12)-(3.14). They are substituted in (3.16) by their estimates.
An unbiased estimator of s? is

~ 1 ~
2 _ 2
=7 Z S
J
is an unbiased estimator of s? based on the data from group j:

2
- Y (- )"
An unbiased estimator of a is

Zj wy. (Xg - X)2 —(J—-1) 52
w. — Zj wi/w“

The mean m is estimated by a weighted average of all the observed values,

e.g.
P ij
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3.3 Credibility Models in Classification Rate-
making

We explain the application of the Bithlmann-Straub credibility model in the
rate-making in the portfolio of risks classified according to values of several
tariff variables. In section 2.3 we worked with the multiplicative model based
on two tariff variables. We recall the formula for expected claims.

E}/;j:u@ligpgj,’izl,...7l,j:1,...,J. (319)

If we set 11 = @91 = 1, then ¢y, is interpreted as a relativity - it determines
the ratio of the tariff rate in the class where the value of tariff variable 1 is
equal to 7 to the tariff rate in the class with the value of the first tariff variable
equal to 1 (always for the same level of the second tariff variable), i.e.

_EYy
=5y

P13 ,j:].,...,J.

After renumbering the classes we obtained the vector of observations
Y =(Yi,...,Yu),

where

EY, =t Ym,
with

Ym = V1im V2m;

where Y1, = @15, Yam = 25, when the class m corresponds to the pair (i, 7).
We want to work with more general model with R tariff variables, then

E}/til,...,iR = M@lil t e 'SOR/L'R, Zk; - 1, e 7[k.’

where I denotes the number of possible values for the tariff variable k.
After renumbering we have

EY,. = uyim - Yem-

Assume that the numbers of possible values of the R tariff variables con-
sidered are relatively small and the available data are sufficient for estimating
parameters [, Yim, - - - , Yrm based on GLM.
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3.3.1 Multi-level Factors

Now let us introduce a new tariff variable with much higher range of possible
levels (such a variable is sometimes called multi-level factor). There are
levels of the multi-level factor, for which we have very few or none obser-
vations in our dataset. The estimation of parameters by GLM procedure is
not possible due to the lack of data and also the intractability for so many
different parameters. The idea of credibility theory is in exploring the in-
formation available in all classes to estimate the expected losses even in the
classes with the factor levels that are very rarely met.

We denote a level of the multi-level factor by subscript j, while m stands
for the classification according to "standard” tariff variables. For the sake of
credibility aproach we also assume that our observations come from different
time periods. This will be denoted by the third subscript, . We work with
the data in the form

ijt7 TI”L:l,...,]\47 jzl,...,J, tzl...,nj,

with known weights w,, .
We assume
E (Yo | Uj) = pym Uj, (3.20)
where
Ym = Vim " VRm

is the product of the relativities of the class m with respect to ”standard”
tariff variables 1,..., R and U; is the random relativity of the multi-level
factor class j. We also assume

EU; =1.
If we denote
V}' = MUj?
we can write
E [Yonse| Vil = 7 Vi (3.21)

We use more specific assumptions concerning the conditional variances of the
observations than in section 2.2. We suppose

2 .
Var [V | V] = 2 (V;) (3.22)
Wit
with
o> (Vi) =¢ (m V). (3.23)

¢ and p in (3.23) are parameters.
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Remark. R.v. Y with the distribution from EDF with the density (2.1) has

the variance

VarY = SOU('“),

w

where v(u) is the variance function. (3.22) with o2 as specified in (3.23) is
a special case with v(u) = pP. This particular form of the variance func-
tion defines the class of Tweedie distributions in the framework of EDF.
Important special cases are Poisson distribution with p = 1 or gamma dis-
tribution with p = 2.

Denoting
o’ =pEV?, (3.24)

we obtain from (3.23)

2
b

B [Var (Yo [ V3)] =

wmjt

We want to use the Biihlmann-Straub credibility model to cope with the
stochastic relativity representing the multi-level factor. For this we need the
following assumptions to be fulfilled.

1. The classes given by random vectors

(Vs Vi) d=1,...,J,
are independent.

2. Random variables V;, j = 1,...,J are identically distributed with
EV; =up>0and
VarV; = 7% > 0. (3.25)

3. For every j, random variables Y,,;; are conditionally independent when
Vj is given, and

E Yo | Vil = v Vi, (3.26)

P ~2
_ Im©

E (Var [Yinge | V) = 227 (3.27)

wmjt

We need to transform the observed variables to

- Y,,;
Tm

34



Together with the transformed loss variables we use transformed weights
given by
wmjt = Wyt /yfn—p‘ (329)

Then we have from (3.26) and (3.27)

B Vool V;] = Vi (3.30)

0_2

E <Var [Y/mjt| VJ]) -7 (3.31)

Wt

It is seen that (3.30) and (3.31) formally correspond to the assumptions of the
Biithlmann-Straub model of section 2.2. The results presented there can be
applied to the transformed data under the assumption that the parameters
Ym, m =1,..., M are treated as known values. Then we obtain from (3.16)
the estimator

V=5V, +(1-%) (3.32)
or equivalently, -
~ Y.
where ~
s w ;.
! W, +o2/72
and -
7, - S ot
Zm,t Wimjt

The structural parameters o and 72 are replaced in (3.32) or (3.33) by the
estimates calculated by the same means as described in section 2.2.

3.3.2 Combination of GLM and Credibility Models

In the final subsection we explain an iterative algorithm that enables us
to estimate simultaneously the parameters concerning the ”standard” tariff
classes and the parameters of the Bithlmann-Straub model used to deal with
multi-level factors. For (3.32) and (3.33) the parameters pu and {v,,} are
assumed to be known.

On the other hand, when the estimates (3.33) are inserted as known values
into (3.20), we can apply maximum likelihood estimation in an appropriate
GLM model (with a Tweeedie distribution for Y,,;;). Since now the value U;
is treated as a known constant, before the application of methods described
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in section 1.3 we need a slight modification, called in the GLM context off-
setting. If part of the multiplicative expression of the expected value in (1.1)
is known, the estimation procedure is applied to modified data obtained by
dividing the original values by known values of offsets.

In the case of (3.20) we denote u; = U; and we work with new observations
Yonje/u;. In the multiplicative model with logarithmic link this results in
subtracting logu; from the linear predictor ;.

Since we use the Tweedie model as specified by (3.23), the offsetting will
change the weights in (3.22) to wp u?_p.

The iterative algorithm that applies both GLM and credibility estimation
is described in the following steps:

e Step 0. Initially, set (/]; =1forall j=1,...,J.

e Step 1. Estimate the parameters

[T TR Y, (3.34)

for the ”standard” tariff variables by a GLM model with a Tweedie
distribution, using log U; as an offset variable.

e Step 2. Use (3.34) to compute the estimates of the structural parame-
ters 02 and 72 given in (3.24) and (3.25).

e Step 3. Use (3.33) to compute /U; using the estimates from Step 1 and
2.

e Step 4. Return to Step 1 with the new value of ﬁ; from Step 3.

Steps 1 - 4 are repeated until the estimates converge with required preci-
sion.
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