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Chapter 1

Introduction

1.1 Definition and basic properties of a stochastic
process

Definition 1.1. Let ({2, A, P) be a probability space, T C R. A family of random
variables {X;,t € T'} defined on ({2, A, P) is called to be stochastic (random) process.

T =7={0+1,+2, ... Yor T=No={0,1,...},

{Xi,t € T} is called discrete time stochastic process or time series. If T = [a,b],
where —o0o < a < b < 00, {X;,t € T} is said to be continuous time process.

The pair (S, &), where S is a set of values of random variables X; and £ is o—algebra
of subsets of S, is called state space of the process {X;,t € T'}. If X, are discrete-valued
only, we speak about the discrete state process, otherwise, if X, take values from an
interval, we speak on continuous state process. If S = R and £ is a Borel o—algebra,
{Xi,t € T'} is a real-valued process.

A stochastic process {X;,t € T'} can be considered to be a function of two variables
w,t. Given t € T fixed, X; = X;(.) is a random variable defined on 2; for a fixed w € (2
Xy = X()(w) is a real-valued function of ¢, which is called trajectory of the process
{X;,teT}.

For every finite subset {¢i,...,t,} C T there exists a system of random variables
Xty ..o, Xy, , with joint distribution function

Ft1 ..... tn(xl,...,.fn):P(th Sl‘l,...,thSI'n).

For n € N and t;,...,t, € T, the system of distribution functions {F}, ., (21,...,2,)}
has the following properties:
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a) for any permutation iy,...,4, of 1,... n,
F‘til ..... tin (x’h? s ’Iin) = Ely---vtn (m17 e 71’71)’
b)
Bm  Fy ot (@1, Ty 1) = Fy e (21,0, 2).
Tp+4+1—>00

A system of distribution functions that satisfies a) a b) is called to be consistent. For
any stochastic process there exists a consistent system of distribution functions. On the
other hand, the following theorem can be proved.

Theorem 1.1. (Daniell-Kolmogorov) Let {F;, . (z1,...,2,)} be a consistent sys-
tem of distribution functions. Then there exists a stochastic process {X;,t € T} such
that, for everyn € N, any t1,...,t, € T and any real numbers x1, ..., x,

P(Xy, <zy,...,Xy, <z,) =Fy 4 (21,0, 20).

Proof. Stépan (1987), véta (Theorem) 1.10.3. ]

The distribution of a stochastic process {X;,t € T} is uniquely determined by the
distribution of all finite-dimensional random vectors (X, ..., Xy, ).

Definition 1.2. Let {X;,t € T} be a stochastic process such that for every t € T" EX;
exists. Then the function u;, = FX,; defined on T is called mean value of the process
{X;, € T}. If E|X,|*> < oo for all t € T, the function of two variables on T x T defined by
R(s,t) = E(Xs—ps) (X —pe) is called autocovariance function of the process { X, € T'}.
The value R(t,t) is called variance of the process at time t.

Definition 1.3. We say that a stochastic process {X;,t € T} is strictly stationary, if
for every n € N, for any real-valued x4,...,z, and for any t;,...,t, and h such that
et +heT,1<k<n,

Ftl,...,tn (-731, cee 7xn) = Ft1+h,...,tn+h(l’1> . 75Un)-

It holds from the definition of strict stationarity that all the random variables X; are
identically distributed.

Remark. A finite second order moments stochastic process is weakly stationary or
second order stationary if its mean value is constant and its autocovariance function
R(s,t) is a function of difference t — s, only.
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Definition 1.4. Let {X;,t € T}, {Y;,t € T} be stochastic processes defined on the
same probability space ({2, .4, P) with values in the same state space (5, ). We say that
processes {X;},{Y;} are stochastically equivalent if for every t € T

P(X, = Vi) = P({w: Xu(w) = ¥i(w)}) = L.

If {X;} is a stochastic process on ({2, 4, P) and {Y;} is stochastically equivalent to {X;},
we say that {Y;} is a stochastic version of the process {X;}.

Stochastically equivalent processes have the same all finite-dimensional distributions:
for every n € N,tq,...,t, € T and any real-valued z1, ..., z, we have

P(th le,...,th an) :P(th Sfl:l,...,th an,th :}/;17“'th :}/;n)
— P(Yi, <01, Vi < 00

Remark. Stochastically equivalent processes do not need to have the same trajectories.
Let, e.g., 2 =0, 1], A be the o—algebra of Borel subsets of [0, 1] and P be the Lebesgue
measure on [0, 1], let 7" = [0, 1]. Consider processes {X;,t € T} and {Y;,t € T'} defined
on (2, A, P) by

Xi(w)=0, we teT,

0, t# w,
IO

Then for every t € T
P{w: Xi(w) =Yi(w)}) = Pw:w #1t}) = 1,

which means that {X;},{Y;} are stochastically equivalent, but they have different tra-
jectories.

Definition 1.5. A stochastic process {X;,t € T} is called to be stochastically continuous
(continuous in probability) at point ty € T, if for every € > 0

hm P(|Xt — Xto| > 5) =0.

t—to

The process is stochastically continuous if it is stochastically continuous at every point
of T.
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Remark. A stochastically continuous process need not to have continuous trajectories.
Let us consider, e.g., a sequence of independent and identically distributed random
variables {7,k > 1} with a continuous distribution function F(t) = P(T; < t) and
define the process {X;,t > 0} by

X =Y I(T, <t), t>0,
k=1

where I(A) is the indicator of an event A and n € N. Obviously, 0 < X;, < X, for every 0 <
t1 < to. The trajectories of the process { X;,¢ > 0} are non-decreasing step functions with
jumps at points T(1y < --- < Ti,), where T(y),... T, are order statistics of 11,...,T,.
However, the process {X;,t > 0} is stochastically continuous since, according to the
Markov inequality, for every h > 0 and € > 0

1
P(|Xuu = Xi| > €) < ZE|Xirn — Xi| = gEl(t <Ty<t+h)= g(F(t +h) — F(t))

and due to the continuity of the distribution function F, the last expression converges
to 0 as h — 0; similarly, P(|X;—p — X¢| >¢) = 0as h — 0;.

Let {X;,t € T} be a stochastic process defined on ({2, 4, P). The mapping X,(.) :
2 — R is A—measurable for every ¢t € T, i.e., {w : X¢(w) € B} € A for every Borel
subset B C R. If T' is not countable, sets

{w: X,(w) € Bt e T} = {w: Xi(w) € B}

teT

generally do not belong to A; then for a continuous time stochastic process { X, t € T'},
functionals like sup,c X¢, infier X; need not be random variables. This founding leads
us to the following definition.

Definition 1.6. A stochastic process {X;,t € T'}, where T' C R is an interval, is called
to be separable, if there exist a countable dense subset D C T and an event A C {2 of
zero probability such that

{w: Xi(w)eCiteJNDI{w: Xiy(w)eCite JNT}C A

for any closed set C' C R and any open interval J C 7. The countable set D is said to
be separant of the process {X;}.

Since
{w: Xi(w)yeCiteJnND} D{w: Xi(w) e C;t e INTY,
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it follows from the last definition that
An{w: Xi(w)eCite JND}=AN{w: Xy(w) e Cit e INTY,
and since A° € A and the left-hand side is an event in A, so is the right-hand side.

Remark. If {X;,t € T} is a separable process and A, D are as in Definition 1.6, then
it can be shown that for every w € A° ¢t € T there is a sequence {t,,n € N} C D and
t, — t as n — oo such that

Xi(w) = lim X;, (w) .

n—oo

(Stépan, 1987, 1.10).

Definition 1.7. A stochastic process {X;,t € T'} is called measurable, if the mapping
(w,t) = X¢(w) is A ® Br— measurable, where Br is the o—algebra of Borel subsets of
T and A ® Br denotes the product o—algebra.

Theorem 1.2. Let {X;,t € T} be a stochastically continuous process and T'C R be an
interval. Then there exists a version of the process (with states in R), that is separable
and measurable.

Proof. Stépan (1987), 1.10.14. O

1.2 Examples of stochastic processes

Example 1.1. White noise is a process {X;,t € Z} of uncorrelated random variables
with zero mean and the same finite variance. If X; are independent and identically
distributed we speak about the strict white noise.

Example 1.2. Random walk on the real line. Let Y1,Ys, ... be independent and identi-
cally distributed random variables taking values +1 with probability 1/2. Define Xy =0
and for n € N put X,, = Z?Zl Y;. The random variable X,, represents the position of a
particle after n steps if we assume that it moves randomly on the integer-valued lattice
(in Z) with the same probability to the left and to the right.

The sequence { X,,,n € Ny} is called random walk. Generally, any sum of independent
identically distributed random variables is said to be a random walk.
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Example 1.3. Galton-Watson branching process is a random sequence {X,,n € Ny},
that represents numbers of individuals in generations n = 0,1.... It is assumed that any
individual of the n—the generation, n > 0, give a birth of a random number of offsprings
in the generation n+1. The numbers of offsprings are equally distributed and independent
both mutually and of the previous generation. Assuming that at the beginning (n = 0)
there is only one individual, the number of individuals in the n—th generation can be
expressed by X,, = Uy, + -+ + U,x,,_,, where U,1,U,q,... are independent random
variables with the same distribution as X7, and independent of X, 1, X,,_o,..., Xo.

Example 1.4. Poisson process. Suppose that we register occurrences of some events
during a time interval [0,¢], e.g., the number of particles registered in Geiger-Miiller
counter, the number of calls registered in a call center, or the number of insurance claims
that register an insurance company. Assume that in the interval (¢, ¢+ h], independently
of t, exactly one event occurs with probability Ak + o(h), more than one event with
probability o(h), and numbers of events that occur at disjoint time intervals are mutually
independent random variables. The symbol o(h) means that o(h)/h — 0 as h — 0, and
A is a positive constant

Let N; denotes the number of events that occur in interval [0,¢]. Then {N;, ¢t > 0}
is a stochastic process. Under the above assumptions, the random variables /N; have the
Poisson distribution with the parameter A,

e*)\t()\t)k
Kl

Stochastic process {N;,t > 0} is called the Poisson process and the constant A is the
intensity of the Poisson process.

P(N, = k) = k=0,1,...

Example 1.5. The Wiener process (Brownian motion) is a stochastic process {W;,t >
0}, with the properties

(1) Wy = 0 and the trajectories of {W;,t > 0} are continuous (real-valued) functions.

(2) Forany 0 <t <ty < -+ < t,, the increments Wy, =W, , Wy, —W,,, ... W, =W, .
are independent random variables.

(3) For any 0 <t < s, the increments Wy — W, have normal distribution with zero mean
and the variance o?(s — t), where o2 is a positive constant.

The Wiener process is historically connected with the process of the Brownian motion,
i. e., the random motion of particles suspended in a liquid resulting from their collision
with fast-moving molecules of the liquid. The Wiener process plays an important role
e.g. in physics, applied mathematics, probability and financial mathematics.



Chapter 2

Discrete time Markov chains

2.1 Basic properties

Let (£2,.A, P) be a probability space and {X,,,n € Ny}, be a sequence of integer-valued
random variables defined on it. Let S be a set of integers ¢ such that ¢ € S if and only
if there is n € Ny for which P(X,, =) > 0. The set S can be either finite or countably
infinite and we call it state space of the stochastic process {X,,,n € Ny}, its elements are
states of the process. Without loss of generality, we will assume S ={0,1..., N} or S =

{0,1,...}.

Definition 2.1. A sequence of integer-valued random variables {X,,,n € Ny} is said to
be discrete time Markov chain with the state space S, if

P(Xp1 = 51X = 0, X1 = ints. .., Xo = i0) = P(Xni1 = j| X, = i) (2.1)
foralln =0,1,... and all ¢, j, i1, ...,i € Ssuch that P(X,, =4, X,_1 = ip_1,..., X0 =

ip) > 0.

Relation (2.1) is so called Markov property; it means that the conditional probability
distribution of a future state of the process (conditional on both past and present states)
depends only on the present state, not on the sequence of events that preceded it.

Conditional probabilities

(if defined) are called transition probabilities from state i at time n to state j at time
n + 1, sometimes also transition probabilities of the first order.

11
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Similarly, conditional probabilities
P(Xpim = j| X =1) = pij(n,n+m)

for m € N (if defined) are called to be transition probabilities from state i at time n
to state 5 at time n + m, or transition probabilities of the order m—. If the transition
probabilities p;;(n,n +m) do not depend on times n and n + m, but on their difference,
i.e., on m, only, we say that the Markov chain is homogeneous.

Consider a homogeneous Markov chain {X,,}. The first order transition probabilities
P(X,+1 = j|X, = 1), (if defined), are independent of n; we will denote them by p;;.
Since for every i € S there is n € Ny such that P(X,, =) > 0 and thus the conditional
probability P(X,+1 = j|X,, = i) = p;; is defined for all j € S, all these probabilities
create a squared matrix P = {p;;,?,7 € S}. Obviously, for every n € Ny

pi >0, i,j€S; > py=1, i€S. (2.2)
jes
Any squared matrix the elements of which satisfy condition (2.2) is called stochastic

matriz. The matrix P of transition probabilities of a homogeneous Markov chain is the
stochastic matrix.

Consider probabilities

Obviously,
pi>0, i€S; Y p=1 (2.3)

The probability distribution p = {p;,7 € S} is called to be the initial distribution of a
Markov chain.

All the finite-dimensional distributions of a Markov chain are uniquely determined
by the probabilities P(Xy = ig, X1 = 11,..., Xx = ix) for all k € Ny and all i, € S.

Theorem 2.1. Let {X,,n € No} be a stochastic process with the state space S =
{0,1,...}. Let p = {pi,i € S} be a vector that satisfies (2.3) and P = {p;;,i,7 € S} be
a matriz that satisfies (2.2). Then {X,,n € No} is a homogeneous Markov chain with
the wnitial distribution p and the probability transition matriz P if and only if all the
finite-dimensional distributions of this process are of the form

P(XQ = 7:0, X1 = il, Ce ,Xk = Zk) = piopioil .. ‘pik—lik (24)

for all 1g,11,...,1x € S and all k € Ny.
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Proof. Let us recall properties of conditional probabilities: if Ay, Ay,..., Ay are random

k—1
ﬂ Ai> P (Ak .
=0
k—1
P (ﬂ Ai> >0
=0

Let {X,} be a homogeneous Markov chain. Put A; = [X; = 4;],7 = 0,1,...,k and
assume that

events then

P (m> _p (Ak

provided

ﬂA) P(A1]Ag).P(A),

P(Xo = io, . an—l = ik—l) > 0. (25)
Then we get

P(Xo=rig,..., Xy =1ix)
— P(Xk — ik’kal — Z‘k‘fla “e 7X0 — Zo) N P(Xl — 7;1’X0 — ZO)P(XO - io),
and from here, due to the Markov property, we get (2.4). In case that (2.5) is not satisfied

put
j*=min{j > 0: P(Xo =1io,..., X; = i;) = 0}.

If j* =0, P(Xo=19) = pi, = 0 and (2.4) holds. If j* > 0, then
P(XO = io, ... Xj*—l = ij*—l) = DioPioiy - - 'pij*72ij*71 >0

and
P(onio,...,Xj* :Z]*):O
From here, since

Dijn_yije = =0,

(2.4) follows.

Now, let us assume that the vector p satisfying (2.3) and the matrix P that sat-
isfies (2.2) are given. Let us consider the process {X,} of integer-valued random vari-
ables the finite-dimensional distributions of that are given by (2.4). According to the
Daniell-Kolmogorov theorem 1.1 such process exists. We will show that this process is a
homogeneous Markov chain with the initial distribution p and the transition probability
matrix P.

Obviously, P(Xy = i) = py, for every ig € S.
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Next, if P(X,, =1i) > 0, then according to (2.4)

P(XnJrl =7 X, = Z)

Z P(XO:Z‘OV--aanl:Z‘nben:Z‘?anLl:j)

10,81+ eyln—1

S P(Xo =g, Xy = 1)

20,81yt —1

>~ DioDigir - - - Pin_1iDij
10,01y n—1
= = Dij-
Z DioPigiy - - - Pip_1i

20,81+ oyin—1

It remains to prove the Markov property of {X,,}.
Let

DPioPigiy « + - Pip_1i > 0.
Then

' ] ; - DioPigiy - -+ Pip—1iPij
P(Xn—"_l:j‘Xn:Z’Xn—l:Zn—l,---,X():Zo): 017101 1 ]:p
DigDigiy - - - Pip—vi

ij -
[l

Using properties of conditional probabilities and Theorem 2.1 we can also prove that
P(Xm+n - km+n, Xm+n_1 - km+n_17 e 7Xm+1 - km—i—l’Xm - km; e ,X() - ko)

= P(Xm+n = km—l—n; Xm+n—1 = km—l—n—ly cee 7Xm+1 = km—l—lle = km)
forall k; € S;9=0,1,....m+n, m,n € N and

P(XO = 7:[)7)(1 = 7:17 s 7Xn—1 = Z.n—la)(n—ﬁ—l = 7:71—‘,-17 s 7Xn+m = Z.n—i-m|)(n = Zn)
= P(XO = io,Xl = il, Ce 7Xn—1 = in—l’Xn = Zn)
X P(Xn+1 — in+1, e ,Xn+m - 2n+m’Xn — Zn)
foralli; € S,j=0,...,n+m, m,n € Na P(X,, =1,) > 0. It means that given outcome

X, at present time n the future outcomes at times n + 1,...,n + m and past outcomes
at times n — 1,...,1,0 are mutually independent (conditional independence).

Remark. The assertion of Theorem 2.1 can be extended to a non homogeneous Markov
chains. All the finite-dimensional distributions then will be determined by the initial
distribution and the system of transition probabilities, i.e., we will get

P(XO = 7:07X1 = il, Ce ,Xk = Zk) = piopioil (O, 1) .. plk—llk(k — 1, k‘)
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for ig,il,...,ikes,kENg.

Now, let us again consider a homogeneous Markov chain with the transition proba-
bility matrix P. Put pg-)) = 0;5, where ¢;; denotes the Kronecker symbol

0, U # 7,
%:{ 7
1, 1=7.
Next, put pg) = p;; and for n € N define
n+1 n
P = pi (2.6)
kes
We can prove that the series in (2.6) are convergent for every n > 1, since pg) <
Y resPi = 1 and by using the mathematical induction, we get pg;l) < 1. Similarly we

can prove that the matrices P™ of elements pg-L)

have

are stochastic matrices. From (2.6) we

P? = P.P = P? and generally P®™ = p~Y p = p P — pn,

Theorem 2.2. Let {X,} be a homogeneous Markov chain with the transition probability
matrix P. Then the transition probabilities of order n satisfy

P(Xopin = j| Xm =4) =p", i,j€S (2.7)

i
for all integer m > 0,n > 0 and P(X,, =1i) > 0.

Proof. For n = 0,1 relation (2.7) is obvious. Let us assume that (2.7) holds for some
integer n > 1 and all 7,5 € S and m > 0. Then, using the mathematical induction and
the Markov property, we have

P(Xm+n+1 = ]|Xm - Z) - Z P(Xm+n+1 =7, Xm+n = k’Xm = Z)

kesS
kesS
- Z P(Xmin = k| X = ) P(Xppini1 = J[ X = k)
keS
= o =Y.
kes

(Here we have assumed that P(X,,1, = k, X,, = i) > 0 for all k. If P(X,,4,, =
k,X,, = i) = 0 for some k, then P(X,int1 = 7, Xonan = k| Xm = i) = 0 and also
P(Xppsn = k| X = 1) = p) = 0, thus p{”p; = 0.) O
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The relation in (2.6) can be easily generalized to the equation

Py =3l py) (2.8)
kes
for all m,n € Ny, that is called the Chapmanov-Kolmogorov equation. The matrix form
of (2.8) is P = p(m p),

The (unconditional) probabilities p;(n) = P(X,, = j) are said to be absolute proba-
bilities at time n and satisfy

P(Xp=j) =) P(Xo=kX,=j)=> P(X,=j|Xo=k)P(Xo=k)

kesS kesS
_ E (n)
= Pk Dyj -

keS

If we denote p(n) = {p;(n),j € S}, we can also write (all the vectors are columns)
p(n)" =p'P", neN,. (2.9)

We can see that > ¢ p;(n) =1 for all n € No, hence, {p;(n),j € S} is the absolute
distribution of the Markov chain at time n.

Remark. If the state space S is finite the elements of the matrix P" can be determined
by using the Perron formula (see Appendix B, Theorem B.6).

2.2 Examples of Markov chains

Example 2.1. A sequence {X,,,n € Ny} of independent integer-valued random variables
is the Markov chain since for every n € Ny and integers i, j, 4,1, . . ., %0,

P<Xn+1 :j|Xn:i>~-aX0:i0) :P(Xn—H :j):P(Xn+1:j|Xn:i)

which is the Markov property (2.1). If X,, are moreover identically distributed with the
distribution {a;,7 € No}, {X,,,n € Ny} is the homogeneous Markov chain with the initial
distribution

P = (ao,(l1,...)T

and the transition probability matrix

ap a1
P=]0 @
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Example 2.2. Let {Y;, k € N} be a sequence of independent integer-valued random
variables. Define

Xo=0, X,=» %, n>L
k=1

We show that {X,,,n € Ny} has the Markov property. From the definition of the condi-
tional probability the left-hand side of (2.1) is

P(Xn—i-l :j,Xn:i,...,Xlzil,XOZO)

2.10
P(X,=1,...,X1 = i1, X0 = 0) (2.10)

Due to the equivalence of the events
[Xn+1 :j,Xn = i,...,Xl - ’il,Xo == 0], [Yn+1 :j—Z,Yn = Z —z’n,l,...,Yl = ’ll]

and
[Xn:i,...,Xlzil,XOZO], [Yn:i_infly---a}/l:/il]

and due to the independence of random variables Y,,, the expression in (2.10) equals
P(Y,+1 =j — ). The right -hand side of (2.1) is

P(Yn+1 :j—Z,Xn:Z)

- P(Yn+1 :]—Z)

The sequence {X,,,n € Ny} is the Markov chain with the transition probabilities p;;(n, n+
1) = P(Y,41 = j —i). In case that Y, are identically distributed it is the homoge-
neous Markov chain. Especially, the random walk from Example 1.2 is the homogeneous
Markov chain with the state space S = {0,%1...}, and the transition probabilities

_ I
Piit1 = Dii-1 = 5,1 € 5.

Example 2.3. Gambler’s ruin problem Two gamblers A and B play repeatedly a game
that ends by either the winning of one of them. In each round, A wins 1 dollar with
probability 0 < p < 1 or loses 1 dollar with probability ¢ = 1 — p (and equivalently, B
wins 1 dollar with probability ¢ and loses 1 dollar with probability p). The initial fortune
of A is z dollars while B has a — z dollars, where a is the total amount of money at the
game. The rounds are repeated independently on the past rounds and the game stops
when either player has no money (he is ruined while the other one wins the total).

Let X,, be the fortune of the player A after the n—th round. Then we can show that
{X,} is a homogeneous Markov chain with the state space S = {0, 1,...,a}, the initial
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distribution p, = 1,p; = 0,5 # 2z and the transition probabilities poy = poa = 1, Piit1 =
D, Pii—1 = ¢,1 <i < a— 1. The transition probability matrix thus is

1000 ... 00O
g 0p 0 ... 000
0 0 ... 000
p—| * 00T
00 0O0 ... g 0Op
00 0O0... 001

Other interpretation of the problem can be a random walk with absorbing barriers.
We consider a particle moving on the integer-valued grid between barriers at x = 0 and
r = a > 0, at any time one unit step to the right with probability p > 0 or to the left
with probability ¢ = 1 —p, independently on the previous steps. The barriers 0 and a are
absorbing; when either one of them is reached the particle remains there. The sequence
of random variables describing the movement of the particle is again the Markov chain
as above.

Example 2.4. The Galton-Watson branching process from Example 1.3) is a Markov
chain. Number of individuals in the null-th generation is Xy = 1, number of individuals
in the first generation is a random variable X; with the distribution P(X; = j) = a;,j =
0,1,... and the number of individuals in the n—th generation is X,, = U1 +---+Upx, _,,
where U,; are random variables with the same distribution as X5, independent of each
other and of X,,_1, X,,_a,..., Xo. Then

P(Xn :j‘anl :’i,...7X1 :?;17X0 = 1)
Xn—l

=P| > U=
k=1

=P (> Uu=j
k=1

=P (> U =j) = P(X, = j|Xoo1 = 1),
k=1

Xn_1:i7...,X1:i1,X0:1>

anl :i,...,Xl :il,XOZ 1)

which is the Markov property.
The initial distribution of the process {X,,,n € Ny} isp = (0,1,0...)T, the transition
probabilities are

P(X, =j|Xp1=i)=P (Z Upi = j) =a,
k=1

where {a;}* is the i—th convolution of {a;} (see Appendix A.)



2.2. EXAMPLES OF MARKOV CHAINS 19

Example 2.5. Generation of a Markov chain with the given state space S, the initial

distribution p = {p;,7 € S} and the transition probability matrix P = {p;;,7,7 € S}.
Let {U,,n € Nyo} be a sequence of independent identically distributed random vari-

ables with the uniform distribution on the interval [0, 1]. Define the random variable Xy

by
k-1 k

Xo=k<=> p<U<) p
=0 =0

(put Zi;lo pi = 0). Then X, takes values k with the probabilities py. Further, define the
function f(i,u) on S x [0,1] by

k—1 k
f(z,u) =k Zpij <u S Zpij
=0 =0

and random variables X,, by a recursion
Xn+1 = f(Xn7 Un+1)7 n 2 0.

Given X,, = i, the random variable X, takes value k with the probability p;.. We can
see that X, is a function of U,,U,_1,...,Uy, only, thus X,, and U, are independent
and

P(Xn—H = ]|Xn = Z) = P(f(Xna Un—f—l) = ]|Xn = Z) = P(f(iv Un-H) = ]) = Dij-
Moreover,

P(Xn+1 = j|Xn = iaXn—l =lp_1,--- aXO = ZO)
=P(f(i,Uns1) = j| X0 =4, Xoo1 = n-1,..., Xo =1d0) = P(f (¢, Upy1) = J) = pij,

since X,,, X,,_1,...,Xo are independent of U, ;. The sequence {X,,n € Ny} has the
Markov property.

Example 2.6. A storage model. A store of a good (in integer-valued units) is checked
at given times fg, t1,t2 ... Demand for the good at interval [t,, t,+1) is a random variable
D,,. Suppose that D,,,n =0,1,... are independent identically distributed integer-valued
random variables such that P(D,, = k) = pg,k = 0,1,.... The replenishment strategy
is as follows: Let m, M be integers such that m < M. If the store X,, at time ¢, is such
that m < X,, < M, there is no replenishment, if X,, < m, the stock is replenished to the
level M. Suppose that D, is independent of Xy and Xy < M. Then the stock at time
tnt1 (before possible replenishment) is

X max (X, — D,,0), m< X, <M,
"] max (M — D,,0), X, <m.
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we see that X, depends on X,, and D, only, and X,,, D,, are independent. It means
that {X,,,n € Ny} is the Markov chain with states 0, 1, ..., M. The transition probability
matrix has elements

Pio = 4m, i:(),l,...,m,

pzj:prj, ZIO,l,...,TTL, j:17.__7M7

Dio = i, t=m+1,..., M,
Dij = Di—j, t=m+1,.... M, 5=1,...,1,
pij = 0, t=m+1,.... M, j=i+1,..., M,
where
Q. = Pk + Pk+1 + ..., m<k§M

Example 2.7. A car insurance model. An insurance company offers three-level discount
of a car premium: 0%, 30% and 50%. Each year the level of the premium of a policy-
holder is determined on the basis of the level in the previous year and the number of
reported claims in that year. In the case of a claim-free year, a policy-holder moves to
the immediately higher discount level. A claim causes the policy-holder to move one
step-back level if exactly one claim has been reported, and two step-back level if more
then one claim has appeared. Assume that the number of claims in the n—th year is
a random variable Y,,, and further assume that Y,,,n = 1,2,... are independent and
identically distributed and follow the Poisson distribution with parameter \. Let X,
denote the discount level in the n—th year and assume that X; and Y; are independent.
Obviously, for n > 1

min (X, + 1,2) pro Y, =0,
Xpt1 = { max (X, —1,0) pro Y, =1,
0 pro Y, > 1.

We can conclude that {X,,, n € N} is the Markov chain with the state space S = {0, 1, 2},
with the initial distribution p = (1,0,0)” and the transition probability matrix

1—e? e 0
P = 1—e? 0 e A
l—er=Xe ™ de? e
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2.3 Classification of states

We start with the definition of a stopping time.

Definition 2.2. Let {X,,,n € Ny} be a stochastic process with a countable state space
defined on ({2, A, P). A random variable 7 : 2 — Ny U {00} is called to be a stopping
time of {X,,n € Ny} if the events [7 = n] ([t < n], respectively,) belong to the o-field
Fn = 0{Xo, X1,..., Xy} generated by random variables Xo, Xi,..., X,,.

Theorem 2.3. Let {X,,n € Ny} be a homogeneous Markov chain on (§2, A, P) with
a state space S and a transition probability matrix P. Let T be a stopping time of the
process {X,,n € No} such that P(t < oo) = 1. Then

P(X7-+1 = j’XT = Z',Xq-,l = 2-7-71, . 7X0 = Zo) = P(X.,-+1 = leT = Z) = Dij, Z,j € S,
(2.11)
where X;(w) = X;w)(w) for all w € Q.

Proof. Let K, = {k € Ny : [ Xy =4, X1 = ig_1,...,X0 = io] C [T = k]}. Due to the
assumption P(7 < 00) = 1 and the Markov property we have

P(Xr1 =5, X; =0, Xo1 =ir_1,..., X0 = i)

ZZP(XTH =75, X;=0,X; 1 =0,1,..., Xo =10, T = k)
k=0

:ZP(Xk—i—l :jan::ian—l :ik—la"'7X0:i07T:k)
k=0

=Y P(Xpp1 =4, X5 =1, Xpmy =g, Xo = o, 7 = k)

keK,

= Z P( X1 =7, X =4, Xp—1 = -1, ..., Xo = i)
keK,

= Z [P(Xjt1 = Jj| Xk =4, X1 = Gg—1, - .., Xo = o)

keK,
X P(Xk = i,Xk_l = ik—l, R ,XU = Zg)]

=Y P(Xpp1 = j Xy = i) P(Xy = i, Xy =g, .., Xo = i)

keK,

= Dij Z P(Xy =1, Xp—1 = i-1,..., X0 = o)

keK,

:pijZP(Xk:i7Xk_1:ik_l,...,XOZio,T:/{Z>
k=0

= pijP(XT = Z‘7)(7—1 =lr_1,... 7X0 = ZO)
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Similarly we get
P<Xr+1 =X ZP 1 =5 X _iaT:k> IpijP(XTZi)-
k=0

]

Theorem 2.3 says us that the Markov property holds true when the process {X,,,n €
Np} is observed in random times 7 + m,m € N, where 7 is the stopping time. This
property is called strong Markov property. If 7 < oo and X, = ¢ for ¢ € S, then it
can be shown that (Xo,..., X, 1) a (X;41,...,X;4m),m = 1,2,... are conditionally
independent.

In the sequel, we will consider homogeneous Markov chains only. Further we will use
the following notation:

P(|Xo=17) = F()
and given X, = j, the conditional mean and conditional variance will be accordingly
denoted by E; and Var;.
Put 7;(0) = 0 and define

7;(1) =inf{n > 0: X,, = j} (2.12)

where inf{()} = co. According to this definition, 7;(1) is a random variable taking values
1,2,..., or oo and denotes the random time in which the chain visits state j for the first
time. It is called the first passage time to state j. Similarly, we can define times of next
visits to state j :

7i(k+1)=1inf{n > (k) : X,, = j}, k=1,2,..., (2.13)
when 7;(k) < oo.
The first passage time 7;(1) is the stopping time that satisfies definition 2.2 since

[Tj(].) :TL] = [Xl ?éjy‘--an—l #],Xn :j] Efn :O'{X(),Xl,...,Xn}
forn=1,2,..., j € S. Similarly, random variables 7;(k) for kK = 2,3,... are stopping

times.

Definition 2.3. State j of a Markov chain is said to be recurrent if, starting at state
7, the chain will return to j with probability 1, i.e., in a finite number of transitions, in
other words,

Py(ry(1) < 00) = 1.
State j is said to be transient, if

Py(7;(1) = 00) > 0

which means that there is a positive probability that the chain will leave state j forever.
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Definition 2.4. The recurrent state j is called positive recurrent if p; = E;7;(1) < oo,
and null recurrent if p; = oo.

Now, let us introduce the following notation:

©) _
fij _07
£ = Plry =n). n21,

wa = (1) < 00).

We can see that j is recurrent if f;; = 1, positive recurrent if y; = > n f;;l) is
convergent, and null recurrent if this series is divergent. If f;; < 1, state j is transient.

Theorem 2.4. Let pgl) be transition probabilities of order n. Then

(n—k
Py = ZL 7 mz (2.14)
s Zfz N >0, i#j. (2.15)

The generating functions Pyj, F;; of sequences {pl(»?)}, {fz-(f)} satisfy

Pjj(s) = #ﬁ-(s)’ |s| <1, (2.16)
Py(s) = Fij(s)Pj(s), [s| <1 i#}j. (2.17)

Proof. Since [X,, = j] C [1j(1) < n], we have
(n) _ X = i) = P(X. = ) = (X = ilr(1) = BP: (7:(1) =
py; = P(X, = j|Xo = j) = P{(Xp = j) = Y Pi(Xn = jlm(1) = k) Py(7;(1) = k)

—ZP o= gli(1) = k) £

and by using the Markov property we get

Pi(X, =jlmj(1) = k) = P(X,, = j|Xo =4, X0 # J,..., Xom1 # 5, Xi = J)
= P(X, = j|Xp = 5) = p{i Y.



24 CHAPTER 2. DISCRETE TIME MARKOV CHAINS

From here (2.14) follows, since f](?) = 0. The proof of (2.15) is analogous.

Since Pj;(s) = o, pg?) s, Fyi(s) =300, ;;L) s" are generating functions, we obtain

") on n) n n k) (n—k
o= S =1 S e S (S ) <1

which results in (2.16). Formula (2.17) can be obtained in the same way.
[

Theorem 2.5. State j is recurrent if and only if

S o0
n=0
and transient if and only if

Sy < e
n=0

Proof. Obviously f;; = hIP F;;(s) = Fjj(1). State j is recurrent if and only if f;; = 1,
s—1—
equivalently, according to (2.16) if and only if

]

Remark. We have used the convention limg ,;_ A(s) = A(1) where A is a generating
function. We will use the same convention for derivatives of a generating function.

Example 2.8. Consider a sequence of independent tosses of a dice. Let X,,, denotes the
maximum number achieved up to m—th toss. Then {X,,} is the homogeneous Markov
chain with the state space S = {1,...,6} and transition probabilities

; 1< 7,
=7,
, 1> 7.

Dij =

O ol o=
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Transition probabilities of order n are

ORIy
P =)

pi] - 1= ja
0, 1> 7.
We can see that >, pg-?) is convergent for 7 = 1,...,5 and divergent for j = 6. States
1,...,5 are transient, state 6 is recurrent.

Example 2.9. A symmetric random walk on Z is the Markov chain with the state space
S ={0,%1,...} and transition probabilities p; ;11 = p;i—1 = %,2’ € S (see Examples 1.2
a 2.2). Transition probabilities from state j to state j after n steps are

k
o @) a=2k k=01
Jj 0, n=2k+1, k=0,1,....

When using the Stirling formula
k! ~ kke_k\/ﬂ, k — o0,

we get for all j € S and £ > 0
P~
vk

From here it follows that Y~ pg-?) = oo for all 7 € S, therefore, all states are recurrent.

Now, let us consider visiting times 7;(k) defined in (2.13). The random variables
Ty =7;(1), Ty =7;(2) — 7;(1), T3 = 7;(3) — 75(2), ... are times between returns to state
j. They satisfy the following theorem.

Theorem 2.6. Under condition that 7;(1) < oo,...,7j(k) < oo, T1,T5, ..., T} are in-
dependent random wvariables. If the chain starts from state j, Ty, 15, ..., T have the
same distribution given by probabilities {fj(]n)} If the chain starts from state i, T} has

distribution {fl(]”)} and Ty, ..., Ty distribution {f](:)}
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Proof. For simplicity, we prove the theorem only for random variables T}, T5. Notice that
Ty =m. Ty = n] = [5,(1) = m, 75(2) = m 4+ n
= [Xl #j,...,Xm_l #jaXm :jaXm-‘rl #j?"'aXm-‘rn—l #jaXm-i-n :]]
Then
P](Tl = m,TQ = n) = P(Tl = ’ITL,TQ = TL|X0 :]>
= P(Xm+n :jaXm+n71 #ja-"aXerl #]‘Xm :j7mel #ja"'aXl #j,Xo :])
X P](Xm :j7Xm—1 #ja"'aXl 7&])

Now we utilize a simple generalization of the Markov property, homogeneity of the chain
and relation 2.4 and get

P (Xinn = J, Xonno1 # Jy- -+, Xonsr # ] Xom = J, Xnes # o, Xa # 5, Xo = j)
= P(Xmn = J, Xoan—1 # Js -+, X1 # J[Xim = J)
=P(Xy =J, Xp1 #J,..., Xa # j|Xo = j) = Pi(7;(1) = n).
We can summarize that
Pi(Ty =m, Ty = n) = P;(7;(1) = m)P;(7;(1) = n) = P{(Ty = m)P;(Ty = n).  (2.18)
From here
Pi(To =n) = ZP =m, T, =n) = P;(T1 =n),
thus, 77,75 have the same dlstrlbutlon given by
P(Ti=k)=f¥ k>1. (2.19)

It also follows from (2.18) that 77,75 are independent.

Provided that the chain starts from state ¢ £ j, using similar arguments we get
Bi(Ty = m, Ty = n) = Py(7;(1) = m)P;(7;(1) = n) = B(Ty = m)P;(T1 = n),
P(T, =n) = ZP =m, Ty =n) = Pj(Ty =n).
We can see that Ty, T are mdependent, random variable T has distribution
P(T = k) = P(ry() = k) = [, k>1, (2.20)
while 75 has distribution

P(Ty=k) =P(Ti=k) =¥, k>1 (2.21)

J3 0
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Now let us consider random variable N;, that denotes the number of visits to state j
after leaving the initial state, i.e.,

Nj = ZI(Xn :]>
n=1

Obviously, NN, is a random variable taking values & = 0,1,.... The distribution of this
random variable is given in the following theorem.

Theorem 2.7. It holds

]-_fi') k:()a
R(Nj = k) - k_jl
fij i (1 — fjj)7 k> 0.

Proof. For k =0 we have

Pi(Nj =0) =1—F(N; 2 1) = 1= P(7;(1) <o00) =1 - fi.
For k > 0 we obtain

P(N; > k) = Py(1;(k) <o00) = P(Ty + T + - - - + T}, < 00).

It follows from Theorem 2.6 that the random variables Ti,...,T} are independent, T}
with the distribution { fi(;l)} while T5, . .., T}, with the distribution { f](Jn)} The generating
function of the random variable 7;(k) is Fy;(s)[Fj;(s)]*!. From here

o

P(N; > k) = P(7;(k) < 00) = > Pi(r(k) = r) = Fy()[F; (D] = fi ;"7

r=0

Thus,

Pi(Nj=k)=P(N; > k) — Pi(N; > k+1) = fi 7" = fis £l = fa i ' (1= fiy).
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Theorem 2.8. If j is a recurrent state of a Markov chain, then

P

J

(N; =00) = 1.
If 5 is a transient state, then

P(N;=00)=0, i€S
and

Pi(N; = k)= (1— fi;)ff, k>0 (geometric distribution) .

Jg

Proof. Due to monotonicity of the random events
[N; >k D[N, >k+1]D...

it holds
o o . o . k—1
P,(N; =00) = khm P(N; > k) = khm fiifii

Suppose that j is recurrent. Then f;; = 1, hence P;(N; = oo) = 1. If j is transient, then
fi; < 1 and therefore P;(N; = 0o) = 0. The rest of the proof follows from Theorem 2.7.
]

The previous results show us that if the state j is recurrent, then the chain visits
it infinitely many times with probability one, while the number of visits to a transient
state j is finite with probability one.

Now, let us introduce the following classification.

Definition 2.5. Let d; be the greatest common divisor of numbers n > 1, such that

Py

the state j aperiodic. If pg-?) =0 for all n > 0 we put d(j) = 1.

> 0. If d; > 1, we call state j to be periodic with the period d;, if d; = 1, we say that

Example 2.10. In the gambler’s ruin problem (Example 2.3) states 0, a are aperiodic
and states 1,...,a — 1 periodic with period 2. In Example 2.9 (symmetric random walk
on Z) all states are periodic with period 2.

Remark. If p;; > 0, holds, the state j is aperiodic. However, this condition is not
necessary, for example, in the chain with the transition probability matrix

010
P=|(10}
100

we have pi; = 0, p§21) = %7 pﬁ) = %7 thus, d; = 1.
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Definition 2.6. A positive recurrent and aperiodic state j is called ergodic.
Next, we will treat an asymptotic behaviour of transition probabilities but first we

introduce the following lemma.

Lemma 2.1. Let {f,,n € Ny} be a sequence of real numbers such that fy =0, f, >
0, >0y fn =1 and the greatest common divisor of numbers n, such that f, > 0 equals
1. Let us define the sequence {u,} by

Ug = 1,
Up = Z fk’un—ka n > 1.
k=0
Let =7~ kfr. Then as n — oo

1
Uy = —, <00,
1

u, = 0, pu=o0.

Proof. Feller (1964), pp. 331-333. O

Theorem 2.9. (i) Let j be a transient state of a Markov chain. Then as n — oo

p) =0, ies.

(i) Let j be positive recurrent and aperiodic. Then as n — oo

P — uij
pY = &7 i # J,
Hj
where pj =" n J(]n) 1s the mean value of the first visit to j.
(iii) Let j be positive recurrent and periodic with period d;. Then as k — oo

. d;
- &
Hj

. dj = (dow .
P ;] SR 0<i<d;, i
J v=0
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and further, as n — oo

—(n 1 2 v fz . .
pz('j) = pv(;j)_>_3? i J.
n v=1 M
(iv) Let j be null recurrent. Then as n — oo

p) =0, i€s.

Proof. (i) Let j be transient. Then » >° pyjl) < 00 (Theorem 2.5) and thus, pg-?) — 0 as
n — oo. Similarly, according to (2.17) and (2.16)

=~ () Fi;(1) fij
;p” i) -0 1-f5

so that pz(;l) — 0, 1#].

(ii) Let j be positive recurrent and aperiodic. Put f, = f](;l),un = pg-?) and notice

that, if number 1 is the greatest common divisor of {n > 1 : pg-?) > 0}, it is also the

greatest common divisor of {n>1: f;;) > 0}. Thus, according to Lemma 2.1, p;?) — #ij,
where i, = S0%, nf§) = Fj(1).
For ¢ # j we get from (2.15) and for n > N
N
n k (n—k
pl] Z f ) + Z fzj )7 (222)
k=0 k=N+1
hence we can write
fi Y al
n 1 k n—k n—Fk)
pz(j) < pj _Zfz‘(j)Pg] |+ Zf” ¥ Z (2.23)
Hi k=0 k=0 Hj
N
1 w _ fij
+ |— o ——

Podle (2.22) je

N

(k) (n—k

S W
k=0

SN RED WAED o

k=N+1 k=N+1 k=N+1
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for € > 0 and sufficiently large N (N > Ny(¢)), since Y ,-, ” = fi; <1< 0.
The second term on the right-hand side of (2.23) for given N and n > N + ng(e) is

< er/“) < ngﬁ <e,

N

k
(B3
k=0
(n) 1

since we have proved that p;;” — - as n — 00.
J

(k), (n—k)
Z f ij Djj

N N
k=0 Ik

Finally we have

Z 90— fil =

k=0

— Z f”

Jk N+1

:“J

for N > Ny(e). The expression on the left-hand side of (2.23) can be done arbitrarily
small by a proper choice of n and N.

(iii) Let j be positive recurrent with period d;. Then pg-?) =0, f](j") = 0 for n #
kd;, k=0,1,.... Denote
k kd; (kd,
§O i) F) _ )

JJ Jj

When we apply (ii) to the sequence {}3%)} we get, as k — 00

g
27 /jj )

where f1; = > o0, /{:f}f) = ﬁJ’J(l) and fjj is the generating function of the sequence
{]?J(f)} We have

i Zm (/%) z ()" = Fy(s1/%),
k=0

and from here

thus

For i # j we have from(2.15)

k
(kd-i—l qud—i-l (k V)
7
v=0

and further we can proceed analogously as in (ii).
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According to the Tauber theorem, see (iv) in Appendix A, and from (2.17), and (2.16)

lim pl(j = lim — pr = lim (1 — s)P;(s)
Parell

n—00 n—oo 1

lim ——° ()—Fij(l):fii.

T T Fy(s) Y T

(iv) If j is null recurrent and aperiodic, then by Lemma 2.1 p;?)
(n)

— 0 and from here

py; — 0fori # j analogously as in (ii), since every summands in (2.22) can be arbitrarily
small for sufficiently large n and N If 7 is null recurrent and periodic with the period

d;, then pg " =0 for n # kd; and pﬂ ) 50 similarly as in (iii).

Remark. The relation
fii .,
pr 7 i # ]

holds also in the case that j is recurrent aperiodic.

Theorem 2.10. A recurrent state j is null recurrent if and only ifpg-?) — 0 as n — oo.

Proof. Let j be a recurrent state such that p(-n)

JJ
to the Tauber theorem (Appendix A),

lim (1 —s)Pj;(s) = 0,

s—1—
which according to (2.16) implies

I 1—s 1 1 0
lm == = - s
so1= 1= Fy(s)  Fj;(1)  py

thus j is null recurrent. The rest of the proof follows from Theorem 2.9.

— 0. Then + >0 p§l;) — 0 and according
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2.4 Decomposition of the state space

Definition 2.7. We say that state j is accessible or can be reached from a state i, i — j,
if there exists n € Ny such that pZL > 0. If pg) = 0 for all n € Ny, we say that j is not
accessible from i. If 7 is accessible form ¢ and ¢ is accessible from j, we say that states
1 and j communicate, 1 <> J.

© _q

Remark. Every state is accessible from itself, since p;;’ =1 (since pg-)) = 0;)-

Definition 2.8. A non-empty set of states C' C S is called to be closed if pgl) =0Vne€
Ny, Vi € C a j ¢ C. The smallest closed set containing a set C' is called the closure of the
set C. A closed set of states is called to be irreducible, if it does not contain any closed
proper subset.

Theorem 2.11. A set C C S of states is closed if and only if p;j = 0 for alli € C, j ¢ C.

Proof. 1. Let p;; =0V i e C, j ¢ C. Obviously, pgjl-) =0VieC, j¢ C. Further, let

u(s use the mathematical induction and assume that for an integer n > 1 the relation
n

pz-j) =0Vie(, j¢C issatisfied. According to the Chapman-Kolmogorov equation
(2.8) we get

P =" P
kes

If k € C, then py; = 0 from the assumption of the theorem. If k ¢ C, then pgz) =0 by
the induction assumption.

2. Let C be closed, then Vi € C, j ¢ C, pl(-;”) =0V n €Ny, thus also forn =1. [

Remark. When deleting rows and columns of a probability transition matrix P that
correspond to states outside a closed subset C' C S, we obtain again a stochastic matrix.

The one element-set {j} is closed if p;; = 1. The closure of the one-element set {j}
is the set of all states accessible from j including j.

Definition 2.9. State j is called absorbing if the set {j} is closed, i.e., if p;; = 1.
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Definition 2.10. A Markov chain is called irreducible if the only closed subset is the
set of all states (it means that all the states communicate each other). Otherwise it is
reducible.

Example 2.11. In the gambler’s ruin problem (Example 2.3) states 0,1,...,a, are
accessible from states 1,2,...,a — 1, from state 0 only 0 is accessible, similarly, from a
only a is accessible.

Sets {0}, {a} are closed, set {1,2,...,a — 1} is not closed, since, e.g., state 0 is
accessible from state 1. States 0 and @ are absorbing, the chain is reducible (the state
space obtains closed proper subsets {0}, {a}). In the car insurance model (Example 2.7)
all the states are mutually accessible. The only closed set is the set of all states, the
chain is irreducible.

Example 2.12. Consider the Markov chain with the state space S = {1,2,3,... }, initial
distribution p = (1,0, ...)" and with transition probabilities p; ;11 = 1, i > 1. The state
space contains closed subsets {i,7 + 1,...},7 > 1. The chain is reducible.

Theorem 2.12. A Markov chain with finite number of states is reducible if and only
if the transition probability matriz (after a permutation of rows and columns) is of the

form
pP= (1} g) (2.24)

Proof. 1. Let P be of the form given in (2.24), where Py, B are square matrices. Then
P, is a stochastic matrix that corresponds a proper closed subset of states. The chain
is reducible.

2. Let the chain be reducible, the state space contains a proper closed subset. We can
change the ordering and assign the lowest orders to the states from this closed subset.
Applying the same permutation to the rows and columns of the transition matrix we get
P in the form given by (2.24). O

where P, B are square matrices.

Example 2.13. Consider a chain with the transition matrix

00001
00010
P=lot o
11 1 1 1
5 5 5 &5 5
1 0 000
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We can see that subset {1,5} is closed. Permutation (1,5,2,3,4) of rows and columns

changes the matrix into

= O O = O
= O O O =
gl w= O O O
= wer O O O
U= W= = O O

Remark. The assumption that P, B are squared matrices is crucial. For example, the
chain with the probability transition matrix

1 1
3 3 0
111
P_333
10101
3 3 3

is irreducible, because p%) > (, thus 3 is accessible from 1 (after two steps).

Definition 2.11. We say that two states of a Markov chain are of the same type if
they are either both transient or both positive recurrent or null recurrent, both either
aperiodic or periodic with the same period.

Theorem 2.13. If states i and j communicate, they are of the same type.

Proof. Let jbe accessible from 7 and 7 be accessible from j. Then there exist N and M

such that pgj )= a > O,pﬂ = [ > 0. Using Chapman-Kolmogorov equation for any
n > 0 gives us
(N+M+n) (N M+n) M+n
pu e szk )pl(cz " > pE] )p§z ! )’
kes
(M+n) (n), (M)
pﬂ ijk pkz = p]] Pji
kes
thus
P > apply (2.25)

and similarly,

N+M+n n
PO > 0. (2.26)
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If ¢ is recurrent, then (2.26) and Theorem 2.5 imply that j is recurrent, if 7 is null
recurrent, then according to (2.25) and Theorem 2.10 j is also null recurrent, if i is
positive recurrent, then (2.26) implies that j is positive recurrent. If i is transient then
j is also transient due to (2.25) and Theorem 2.5. The reasoning for states j a i je
symmetric.

Now, let us assume that ¢ and j communicate, let ¢ be periodic with the period d;.

By (2.25) for n = 0 we have pEfVHN) > af > 0, and M + N is divided by d;. Then,

EZM +N+n) equals zero for n not divided by d;, from here and from (2.25) pé.?) =0 for n
not divided by d;, hence, the greatest common divisor of {n : p§?) > 0} > d;, it means
that j is periodic with the period d; > d;. If we exchange the role of 7 and j, we obtain
d; > dj, thus d; = d;. O

Theorem 2.14. In the irreducible Markov chain all the states are of the same type.

Proof. 1t follows from the previous theorem. m

Theorem 2.15. Let j be recurrent and k be accessible from j. Then

(i) k is recurrent,
(ii) j is accessible from k,

(iii) fjx = Pj(m(1) < 00) = Py(7;(1) < 00) = fi; = L.

Proof. 1f we prove (ii) we also prove (i), since then j and k will be states that commu-
nicate and are of the same type.

Let state k be accessible from j. Then there exists m such that p%) > 0; let m be
the smallest integer with this property.

Suppose that j is not accessible from k, then

Pu(X,, # 7,V n>1) = Py(r;(1) = 00) = 1.
Since j is recurrent, by Theorem 2.8 P;(N; = oo) = 1, and thus Pj(X,, # j, X;1 #
Jy--.) =0 (m is finite). Then
J(Xm 7éj,Xm+1 %j,) Z Pj(Xm:k’,Xm_H %j,)
Xm :k,Xm+1 #],‘XO :])
X1 # Js Xing2 # J, - | Xin = k, Xo = J)P(Xin = k| Xo = j)
Xomir 7 5y Xonso 7 G-+ | Xom = B)P(Xom = k| X0 = 5)
X1 # 5, Xo#j,...|Xo = k)pEZn)
(X0 # 5. 2 Dpgt) = pi? > 0,

J

0

P
B
P
B
B
P
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which is a contradiction, thus, j is accessible from &k and (ii) and (i) hold.
Similarly, by using conditioning, the Markov property and homogeneity, we have

1— fi; = P(73(1) = 00) = P;(7;(1) = 00, X = k)
:PJ<X1 ;éj,...,Xm,1 ;éj,Xm:k,Xerl #]7)
= 73 Pu(7y(1) = 00) = 1 = fi].

Since j is recurrent, fj; = 1 holds and fi; = 1, too (because pg.zb) > 0). Since k is
recurrent, f;, = 1 which can be proved in the same way.
O

We can conclude that the set of states accessible from a recurrent state is closed
and irreducible. The previous theorem enables us to decompose the state space S of a
Markov chain in the following way. Let j; be the smallest order of a recurrent state, let
C be the set of all states accessible from j;; let jo be the smallest order of a recurrent
state among those that do not belong to C', let C'y be the set of all states accessible from
J2 ete.

Proceeding in this way we realize that S is of the form

S=TUCLUC,U...,

where T' is the set of transient states and C4,Cy, ... are disjoint closed irreducible sets
of recurrent states.
If S is finite, the transitition probability matrix is of the form

P, 0 ... O 0
o P, ... O 0
pP=: oL f ;
o o ... P. O
Q Q ... Q Q.
where P;,..., P, are squared matrices of transition probabilities between recurrent
states in subsets C,...,C, and Q, ..., Q, ., are matrices of probabilities of transitions

from transient states.

Theorem 2.16. In the chain with a finite number of states not all states are transient.
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(n)

Proof. Suppose that all the states are transient. Then by (i) in Theorem 2.9 pi; — 0as
n— oo Vi, jeS. From here
: (n) _ () :
Ja D vy’ =) Jmpy =0, Vies
j€s j€S
which is a contradiction since the matrix P® {p”)} is stochastic and all the row
totals must be equal to one. O

Example 2.14. In a chain with inﬁnitely many states all the states can be transient.
Let us consider the chain with states S = {1,2,3,...}, wit the initial distribution p =
(1,0,...)T and the tran81t10n probabilities p; ;41 = 1 i > 1. Then p( W —0VieSand
vV n > 1, thus Zpii < 00,1 € S. All the states are transient.

Theorem 2.17. In the chain with a finite number of states there exist no null recurrent
states.

Proof. Let ¢ be a null recurrent state, let C' be the set of states accessible from 1.
According to Theorem 2.15 C' is the closed irreducible set of null recurrent states
with corresponding transition probability matrix Pc = {p;;}. By (iv) in Theorem 2.9,
13{;) — 0 Vi,j € C. But then

1 0
s > P =Dt =0, i€ C

jecC jecC
which is a contradiction, since P and Pc = {p } are stochastic matrices. ]

Theorem 2.18. In an irreducible Markov chain with a finite number of states all the
states are positive recurrent.

Proof. A consequence of Theorems 2.14, 2.16 and 2.17. m
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2.5 Absorption probabilities

In the previous section we have shown that the state space of a Markov chain with
recurrent states can be decomposed into a disjoint union

S=TUC,UCyU

where T is the set of transient states and C7, Cy, . .. are closed irreducible sets of recurrent
states. Sets C} can consist of one element only; these are absorbing states j such that
pjj = 1.

Consider a chain {X,,} with the set 7" of transient states and define random variable
T=inf{n >0: X, ¢ T},

that denotes the exit time from the set T. Obviously, 7 is the random variable taking
values 0,1,..., but let us remark that value 7 = oo, can be achieved with non-zero
probability, too, see Example 2.14, where T'= S; in this case P(t =o00) =1 Vi€ S.

Theorem 2.19. In a chain with finite number of states (shortly: in finite chain)
P(r=00)=0, 1€T.

Proof. Since S and consequently T is finite, [T = 00| = Ujer[N; = oo and

B-(r:oo>=1%-<U[ ><ZP =0,

JeT JET

since according to Theorem 2.8 for a transient state j, P;(NN; = co) = 0 for all 7. (Recall
that N; denotes the number of visits to j after leaving the initial state.) O]

In the next we will always assume that P;(7 < oo) =1 for all
Let X, denote the state into which the chain enters when leaving the set of transient
states T', ,i.e., at random time 7. Define probabilities

w; = P(X,=j), ieT,jeT" (2.27)

When j is absorbing, u;; means the probability that the chain starting from transient
state i, is absorbed at state j. If C} is a closed irreducible set of recurrent states then
the probability that the chain starting from ¢ is absorbed in CY, is

wi(Cr) = Pi(X, € Cp) = ) . (2.28)
JECK

Let us show how to compute probabilities u;; by using transition probabilities py;.
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Theorem 2.20. Probabilities u;; defined by (2.27) satisfy

Uij = Pij + Zpiuuuj; 1€T,jeTe". (2.29)

veT

Proof. Denote by -
W) = P(X, = j,r=n), i€T,jeT
the probability that the chain exits the set of transient states and hits the recurrent state

J just in time n. Since
oo

X, =j]=JX: =j,7=n],

n=0

we have

wy =y ul?, ie€T,jeT".

n=0
Obviously, probabilities ugb) satisfy
ug-)) =0,
1
n n—1
ugj) = Zpiyul(,j ), n > 2.
veT

Notice that for n > 2, the relation for uiy) follows easily from

u(n) :B(Xl €T7...,Xn_1 ET,Xn:j ETC)

ij

by conditioning on [X; = v € T, Xy = i] and using the Markov property. We get

U5 = Z Ugl) = Dij + Z Zpil/uz(j;‘_l) = Dij + pr Z U’z(/?'_l) = Dij + Zpiyuuj~
n=1

n=2 veT veTl n=2 veTl

Notice that the transition probability matrix can be written in the form

P= (g 10%) , (2.30)

where P* = {pij,iaj S TC}, Q = {pl]7Z S T,j S TC}, R = {pij,i,j S T}
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Put U = {w;;,i € T, j € T°}. Then (2.29) becomes
U=Q+RU. (2.31)

For finite dimensional matrices we get (I — R)U = Q, where I is the identity matrix of
the same order as matrix R. If an inverse matrix to I — R does exist then there is the
only solution

U=(I-RQ. (2.32)

The existence of the inverse matrix to I — R follows from the following assertion.

Theorem 2.21. Consider a Markov chain with transition probability matriz (2.30). Let
the set T' of transient states be finite. Then the matriz I — R is reqular and

I-R)™'= iR’“.

Proof. 1f T is finite, R is finite square matrix of probability transitions between transient
states only. It follows from (2.30) that R" = {pgy),i, j € T}. By Theorem 2.9 pz(»?) -0
piin — oo Vi,j € T, thus R" converges to the null matrix as n is increasing. The rest
of the proof follows from Theorem B.2 in Appendix B.

[

Remark. Matrix F' = (I — R)™! is called the fundamental matriz of a Markov chain.

Example 2.15. A university course consists of 5 stages (study units). At the end of each
study stage a student’s progress is classified as it follows: he successfully passes exams
and moves to the next stage (with probability p), fails and repeats the same stage (with
probability r) and leaves the study without graduation with probability ¢, p+q¢+r = 1.
We assume that probabilities p, ¢,r are constant and do not depend on the previous
performances of the student. Then the education process can be described by a Markov
chain with states 1- leaving the study, 2 - successfully graduating from the study, 3 -
study in the first stage, 2 - in the second stage, ..., 7 - study the fifth stage. The
probability transition matrix is

g

Il
QLK Q@@ O+
"W oo o~ OoO
S OO o I OO0
coo=IR® oo
oIV OO0 O
oIV OO oo
SR OO0 o oo
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states "leaving the study” a ”successfully graduating from the study” are absorbing,
other states are transient. In this case

q 0 rp 0 0 0
q 0 0O r p 00
Q=1q 0, R=[00 r p 0
qg O 000~ rp
q p 00 00T

and
1 p p? p® p*
p+qe  (p+9)?  (p+9)* (p+9)* (p+9)®
0 1 p P> p®
p+a  (p+9)?  (p+9)? (p+2q)4
= 1 p _p”
F 0 0 p+q (erlq)2 (p+q)3
1 _p
0 0 0 p+q  (p+9)?
0 0 0 0 L
p+q

A student studying the first stage leaves study with probability

1 p p? P p* )
Uz = ¢q + + + +
(p+q (r+q)? @+q?® @+o* (@P+q)P°

and successfully graduates with probability

U3z =

p+aqP

Example 2.16. Let us determine the ruin probability for the player A from Example
2.3. We know that states 0, a are absorbing, other states are transient. We want to find
the probability of absorption from the transient state i,1 < ¢ < a — 1 (starting capital
of player A) to state 0. According to (2.29) absorbing probabilities have to satisfy

a—1

uiO:pi0+ZpiuuV07 i:17"'7a_17

v=1
in our case,
Uy —q —puz =0,
Ui — QUi —pui1 =0, 1=2,...,a—2, (2.33)

Ug—1 — qUg—2 = 07
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where for simplicity u; is denoted by wu;. Put
u =1, u,=0. (2.34)
Then the system (2.33) satisfies the homogeneous difference equation
—puiv1 +u; — qui_ =0 (2.35)

with marginal conditions (2.34). The characteristic polynomial of this equation is —pA?+
A — ¢, with the roots 1 and %.
A general solution to the difference equation (2.35) is

7 i
Ui_Cl‘i‘Cz(—) ., PFq
p
u; = ¢ + icy, pP=q.

From the marginal conditions and for p # ¢ we get

thus, .
-
U; = P pa , 1=1,...;a—1
=0
p
For p = q we similarly have

1
C1 = 1, Co = ——,
a

and therefore ,

wi=1-2, i=1,...a—1

Consider now random variable W; that denotes the total time the chain spends in a
transient state j. Obviously,

W= {Ne Xo=i#
Nj—l—l, X():j
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Then the mean time spent in j is

EW; = EN, = E, (Z I(X, = j)) =Y P(X,=j)=>_p, i, jeTi#]
n=1 n=1

n=1

EJW]:E]N]-i—l:Zpg?)‘f‘L jETv
n=1

(Q):(s

and since p;; ij» we have

n=0

If T is finite then by using Theorem 2.21
EZVV] - Spija Z7j S T7

where ;; are the corresponding elements of the fundamental matrix F = (I — R)™'.
Denote by W = >" jer W the total time spent in the set 7" of transient states. Then

EW =Y EW;=Fil,

JET

where F; is the row of F' that corresponds to the initial state ¢ and 1 = (1,1,...,1)T.

Up to now we know that if S (and thus T') is finite, then Pj(7 = o0) =0, i € T
and the system of equations (2.29), (2.31), respectively, has only one solution U = F'Q,
where F' is the fundamental matrix. In case that S is not finite we must admit that(see
Example 2.14) that P;(7 = oo0) > 0 and a question of a unique solution of (2.29) arises.

Theorem 2.22. The system (2.29) has a unique solution 0 < u;; <1, i€ T,j € T if
and only if the system

vi=Y pyxj, i€T (2.36)

JET

has the solution x; = 0 Vi € T, only. This condition s equivalent to condition

P(r=o00)=0, ieT. (2.37)
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Proof. See Resnick (1992), Proposition 2.11.1; here we show only that (2.36) and (2.37)
are equivalent.

Denote v; = P;(1 = o0), i € T. We will show that v; solves (2.36). Denote vfn) =
P;(1 > n) the probability that at time n the chain is still at the set 7. Then

W =P(r>0)=1, i€eT,
o) = P(r>1)=P(X1€T) =Y pa,
veT
U7L(n+1) = P’L(wl € Ta . n+1 S T ZPWU n > 0.
veT
Since events A, = [T > n] satisfy 4,41 C A, C ..., it holds v; = lim,_, v(n) and
thus
— i ) .
= Jim > pue =3 pn,
veT veT

(we can do it since 0 < p;v, < py and Y ppi < 1.)
Let 0 < v; <1 be other solution to (2.36). We will show that v; < v;,7 € T. It holds

- prvv < pr - Uz(l)7

veT veT

and further, by induction for n we get

v; < v ) for all n,

since if v; < vZ(k) for some k, then by using the induction

= put, <Y par = o,

veT veT

From here

v; < lim vl(n) =v, 1€T.
n—o0

So, if v; = 0 Vi € T, it is the only solution to (2.36) in the interval [0, 1], and, on the
contrary, if there exists only the trivial solution to (2.36) then v; =0 Vi € T. O

In Example 2.14 we have considered a chain with a countable many transient states.
The following theorem help us to decide about states of a Markov chain with infinitely
many states.
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Theorem 2.23. In an irreducible Markov chain with the state space S ={0,1,...,} all
the states are recurrent if and only if the only solution of the system of equations

vi= Y pya, i=12... (2.38)
j=1
in the interval [0, 1] is the trivial solution x; = 0,1 =1,2.... All the states are transient

if and only if (2.38) has a non-trivial solution in [0, 1].

Proof. Let us consider the subset ' = {1,2,...} and the decomposition S = {0} U T.
Then,
r=inf{n>0:X,¢7T}=inf{n>0:X, =0}

is the exit time from 7" and similarly as in Theorem 2.22 it can be proved that x; = 0 is
the unique solution of the system (2.38) in the interval [0, 1] if and only if (2.37) holds
true, i.e., if Pi(t = 00) =0,i = 1,2,.... Notice that in the presented proof of Theorem
2.22 we have not used the assumption that 7" is a set of transient states. For ¢ # 0 we

have

Let all the states are recurrent; then according to Theorem 2.15 f;o = 1 for all
i = 1,2,..., thus (2.37) and consequently (2.38) hold. On the other hand, let the
only solution to (2.38) in [0, 1] is the trivial one. Then (2.37) holds and consequently
fio=1,i=1,2.... Then,

foo = Po(7o(1) < 00) = poo + mefz'o = ZPOZ' =1,
i=1 i=0

which means that 0 is the recurrent state. Since the chain is irreducible, all the states
are recurrent.

]

2.6 Stationary distribution

Definition 2.12. Let {X,,,n € Ny} be a homogeneous Markov chain with a state space S
and a transition probability matrix P. Let w = {r;, j € S} be a probability distribution
on S, ie.,. m; >0,5 €85, ZjeS 7; = 1. Then = is called a stationary distribution of the
chain, if

nl =xTP, (2.39)
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for column vectors, or, component-wise,

Wj:Zﬂ-kpkja ]GS
keS

Theorem 2.24. Suppose that the initial distribution of a homogeneous Markov chain is
stationary in the sense of (2.39). Then the Markov chain is strictly stationary stochastic
process, i.e., for alln € No, k € Ny and any 19, ...,1, € S

P(Xo =10, X1 =11,..., X =in) = P(Xg =10, Xp1 = 01, - -, Xppion = ).
Especially, for absolute probabilities
p](n):P<Xn:]):7r]7 j€S7

where m; are initial stationary probabilities.

Proof. Let 7 be a stationary distribution. First, we prove by induction that for every
n>1
nl =al P, (2.40)

ie.,

T = Zﬁkp,(g-), J€E€S.
kesS

For n = 1 this follows from the definition and if it holds for some n > 1, then
' P =gt PP =xn"P =x".
Let 7 be the initial distribution. From (2.9) we get
p(n)' ==x'P" =x".
By using Theorems 2.1 and (2.40) we get
P(X}y = 0, Xyt = i1y - oy Xpin = in) =

Z P(XO =17, Xk =10, - - 7Xk+n = Zn> = Zﬂ—jpg‘igpioil c o Dip_1in
jeS jes
= TioPigi1 « + + Pipy_19n — P(Xo =10, X1 =11,..., X, = in)-
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Theorem 2.25. Let a Markov chain be irreducible. Then the following holds true:

(1) If all the states are transient or all are null recurrent, the stationary distribution does
not exist.

(ii) If all the states are positive recurrent there ezists the unique stationary distribution.
If moreover all the states are aperiodic, then the stationary probabilities m; satisfy

(n)

m = lim pl) >0, i,jeS

n—oo
and
m; = lim p;(n) >0, jes.

n—oo

When all the states are periodic then

Proof. (i) If all the states are transient or null recurrent then according to Theorem 2.9
pgl) — 0 asn — oo Vi,j €S. Let us suppose that the stationary distribution does exist.

Then by (2.40) 7; = > m-pgb), and we get for all j € S

€S

— 1 o _ RE (n) _
™= Jim ) ol =) fim pi =0
(2 7

which is a contradiction since in this case {m;} is not the probability distribution.
(ii) If all the states are positive recurrent then by Theorem 2.15 f;; = 1,Vi,j € S.

E;-L) — LV, j € S, where
Hj

w; >0, 7 € S.1If all the states are periodic with the same period then by Theorem 2.9

If they are aperiodic, then according to Theorem 2.9 (ii), p

(iii), ]32(?) =I5 pgf) — i for i # j. By using the same assertion we can easily prove
that the same result holds true also for 1_95-?). Further, it can be proved that (2.40) holds
with pgl) replaced by 1_952). Thus, in the proof we can confine ourselves to aperiodic states.

Now, we will show that the stationary distribution does exist. Consider probabilities

n+1 n .
P =" py. keSS
€S



2.6. STATIONARY DISTRIBUTION 49

Is S is finite, we can apply the limit as n — oo to ger

= Z Py JES. (2.41)

’LES

If S is infinitely countable, then

ka—H Zp’ﬂ bij = Zpkl pij, N >0,

and from here, for N fixed, using the limit as n — oo we obtain
—>Z—%
M i—o Mi

and then, as N — oo

Notice that if

for some j then
= 1
> —MZZ Sm=3
go 3010Z ZOMZJO i—o Mi
which is a contradiction. Thus (2.41) must hold. Since
Z%—ZP L
jES
we have » ¢~ L - < 1. The vector 7 = {m;,7 € S}, where
1 1)
T = — — . JES,
Ty (; Mi)

satisfies (2.39), and thu, it is a stationary distribution.
Since 7 is the stationary distribution,

:szpl(;)7 27]657

€S
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and from here, using the limit as n — oo, we get

Zm hmpw Zﬂ'—:—

ies ieS H i

(hence, desu =1).
Let {v;,7 € S} be another stationary distribution. Then for all j € S we have

vy = Z ViPij = Z vipZ‘)
icS icS

and limiting this we get v; =), vi% = /% Thus, there exists the only one stationary
J J

ieS
distribution and it holds

(n)
ij

1
=—>0, 7,7€8.

m; = lim p; "
j

n—oo

For absolute probabilities we can use (2.9) and get

lim p;(n) = hm Z:p2 pw Zpl =m;, JES.
e €S ics MJ

(n)

Remark. The relation lim,,_, pij =75, 4,J € S can be written as

lim P" = IT,
n—00
where
™ T ... 7TT
H: m T ... — 7TT

Theorem 2.26. In an irreducible finite chain the stationary distribution always exists.

Proof. A consequence of Theorems 2.18 and 2.25. n
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Example 2.17. In the car insurance model (Example 2.7), {X,,} is the Markov chain
with states 0, 1,2,, the initial distribution p = (1,0,0)? and with the transition proba-
bility matrix
1—ag ag 0
P = 1-— agp 0 ap | ,
1— apg —ay ap Qo

where ag = e, a; = e .

The chain is irreducible, all the states are positive recurrent and aperiodic. The
stationary distribution exists and is given by (2.39), i.e., by the solution of the system
of equations

o — 7T0<1 — Go) —|—7T1(1 — Go) —|—7T2(1 — ag — CL1>,
T = MoQp + T2aq,

Mo = T10Gg + 7200,

which results to

1-— ag — QoA 1-— €_>\ — )\6_2/\
o = =

1—apay, 1= Xe 22
Cap(l—ag) e Ml—e?)
YT —aea, 1= e
ag e 2

T = = .
1—apa; 1—Xe2A

Example 2.18. The existence of the stationary distribution can be used as a criterion
for the state classification.

Let us consider The Markov chain with the state space S = {0,1,...} and the
transition probability matrix

qg p 0 0
g 0 p O
P=10 ¢ o0

where 0 < p < 1,q = 1 — p. The chain is irreducible, all the states are of the same type.
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Search for a probability solution of the system of equations

Ty = qmo + qm1,

T = PTo + qma,

Tj = PTj—1 1+ qTj41,
We get recursively

If§<1weget

For p < ¢ the stationary distribution exists and thus all the states are positive recurrent.
For p > q the stationary distribution does not exist and all the states are either null
recurrent or transient. We can further decide according to Theorem 2.23. The system
(2.38) is of the form

xr1 = pTa,

T =qri1 + priy, 02> 2
which is the system of difference equations
PTiy1 — ;i +qri1 =0, 1>1

with the marginal condition xy = 0. Proceeding as in Example 2.16, we get the general
solution

i
q
Ti=C+C (—) . PFG
p
T = €1 +icy, p=q.
With the marginal condition zy = 0 we have
_ qyi
'771‘—/4(1_(_))7 D >4q,
p
x; = Blv pb=4q,

where A, B are constants. We can see that for p > ¢ there exists a nontrivial solution of
(2.38) in the interval [0, 1], thus, all the states are transient; for p = ¢ there is only the
trivial solution of (2.38) in [0, 1], and all the states are null recurrent.
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Example 2.19. The chain with the state space S = {0, 1, ...} and the transition prob-
ability matrix

= W= N
S O =
O win O
sl © O

is irreducible but the stationary distribution does not exist. The system (2.39) is of the

form
1
WOZ§W0+§7T1+ZL7T2+”.7
] 1

T, j=12...

Since the sum Z;‘io T = To Z;io ]ﬁ is not convergent for any my > 0, there is no
positive solution to (2.39). Since the chain is irreducible, all the states are either transient

or null recurrent. Again, we can decide by using Theorem 2.23. The system (2.38) is

VRS

= 1 =1,2...

Lj j+2x]+17 J ) )
form here 1

Ij:j2 xIy, j:1,2

and the only solution in [0, 1] is x; = 0, Vj. All the states are null recurrent (and aperiodic
since pog > 0).

2.7 Limit theorems for frequencies of returns

Consider an irreducible Markov chain with positive recurrent states. We know from the
proof of Theorem 2.25 that there exists the unique stationary distribution {r;,j € S}
and .
T, =— > 0, j€5,
Hj

where p; = E;7;(1) = E;17 is the mean value of the first return to state j.

Let N;(n) be the random variable that denotes the number of hittings of state j in
the first n steps, i.e.,

Ni(n) =>_I(X, = j).
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Then for £k =1,2...
[Nj(n) < k] <= [r;(k) > n],

where 7;(k) is time of the k — th visit to j. Since the chain is irreducible and all states
are positive recurrent, we have P;(7;(k) <o0) =1Vi,j €S, VE=1,2....

Now we can prove an analogy of the strong law of large numbers for relative frequen-
cies.

Theorem 2.27. In an irreducible Markov chain with positive recurrent states it holds

Ni(n)

—m; asn — oo almost surely
n

for every j € S.

Proof. Obviously, the following relations between random events hold:

)y <] = ) <ty + 2] 2 () < 2

where Z denotes the integer part of n(m; + ¢), and further,

M) < 2) = 1(2) > 0] = | 22> 2] o[B8 >
[ gl

Z M (T + 5

N ™M

We know that 7;(Z) = Zle T}, where T}, T, ..., Ty are independent random variables
(see Theorem 2.6); if the initial state is j, they are equally distributed with the finite
mean value p; = ﬂi and satisfy the strong law of large numbers, i.e.,

J

(Z 1
TJ(Z ) — — as Z — oo  with probability 1 (2.42)
T

J

(see, e.g., Stépan, 1987, Theorem 1V.2.2).

If the initial state differs from j, then T5,..., T, are equally distributed and 77 is
finite with probability 1. From here we again get (2.42).

Thus, Ve >0, Vd>03 Zy= Zy(e,0) positive integer such that,

(Z 1
P(M——>—€ VZ>ZO)>1—6.
Z 71']'
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Since Z — 00 <= n — o0, it holds that Ve > 0, V § > 0 3 ng = ng(e, d) such that
P(%—m<e ‘v’n>n0> >1-—4.

Analogously, we get Ve > 0, V6 > 0 3 ng = ng(e,0) such that

N
P(#—Wj>—s Vn>n0)>1—5,

from which the assertion of the theorem follows.

]

Consider again an irreducible Markov chain with positive recurrent states (which
implies that p; is finite for every j) and suppose that the variances o7 = var;(7;(1)) are
also finite. The we can state the following analogy of the central limit theorem.

Theorem 2.28. In an irreducible Markov chain with positive recurrent states and finite
variances of the return times it holds

, Nj(n) — -t

lim P| —= <z | = d(x), (2.43)
n—00 2/.3
nos [

where @ is the distribution function of the standard normal distribution.

Theorem 2.28 says , that for large n, random variable V;(n) is asymptotically normal
with the mean
ENj(n) ~ ni
Hj
and the variance

Proof. We will simplify the proof assuming that the initial state is j. Since N;(n) is an
integer valued random variable, it holds

Nj(n) — <z | =PNn)<r),

[ 2 /3
naj/#j
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where r is the smallest integer greater than % +x0j4/n/ ,uf;?, ie.,

r:£+xoj %—l—@, 0<f<1.
Hj V

P(Nj(n) < 7") — P(Tj<7") > ’n) =P (Tj(Z-)j\_/FT/JJj > no-;\;/;j)

Further,

and -
lim Hi

Since 7;(r) is the sum of r independent and identically distributed random variables, and
n — 00 <= r — 00, the central limit theorem (Stépéan, 1987, Theorem 1V.3.4), gives us

lim P (Tf'(z\_/;“j > ”U;;;‘j) =1 - &(—z) = b(z).

Example 2.20. Consider the Markov chain {X,,n € Ng} with states 0 and 1, and the
probability transition matrix
l—a a
P=("," %),

where 0 < a <1, 0 < b < 1. The chain is irreducible, the states are positive recurrent
with the unique stationary distribution

b 7T_oz
at+b Y a+b

T =

The distribution of the random variable 79(1) = 77 and random variable Ty = 74(2) —
70(1), ..., is given by Theorem 2.6. By the straightforward calculation we get

P(Ty =n|Xo=0) = Py(1o(l) =n) = ég)7

where

m _ J1—a n=1,
0 lab(1 —b)" 2, n>2

(notice that in this case fég) =P(X;=1,...,X,,.1 =1, X, =0/Xy =0)) and similarly,
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P(Ty = n|Xo = 1) = Pi(ro(1) = n) = 2,
where
fm—p1—p)"t, n>1

If the initial state is 0, 1,75, ... are independent and identically distributed with the
distribution { fég )}. The mean and variance are

1 a+b a(2—a—0>
==t g d2oamh)

70 b b2
If the initial state is 1, 7} has the distribution { fl(g )} with the mean % and the variance

1-b
b2

The random variable Ny(n) has approximately the normal distribution

I nb | nab(2 —a — b) ‘
a+b (a+b)?
For a 4+ b = 1, this distribution simplifies to

No(n) ~ N (nb, nb(1 —b)).

2.8 Markov reward chains

Consider an irreducible Markov chain with a finite state space. Recall that in this case
all the states are positive recurrent; suppose further that they are aperiodic (thus, all
states are ergodic). Let P = {p;j,1,j € S} be the transition probability matrix. To any
one-step transition from state ¢ to state j associate a reward z;;. Let Z = {%;;,4,j € S}
be the matrix of rewards. Then the expected reward (earning or cost) associated with
one transition from state 7 is ¢; = Zjes 2i5Pij-

Generally, let v;(n) denote the expected reward in n transitions (steps) given that
at origin the chain was at state i, let v(n) = {v;(n), i € S}. Put v(0) = 0 and denote

Theorem 2.29. The mean reward in n steps satisfies the recursive relation
v(n)=q+ Pv(n—1), n>1, (2.44)

where q = v(1) is the mean reward in one step.
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Proof. Observations (Xog =14, X7 =iy,...,X,, = i,) yield reward z;;, + i, + -+ 2i,_1in;
with probability p;pi, ... i, _,4,, thus

vi(n) = Z e Z(Zm + Ziyip + 0 Ziy_yin )Piiy - - Pin_yin
in in
= me Ziiy Z e me‘z e Pigqin T
i1 72 in
+3 ) (Fun + o F 2 i)+ Pin i
in in
= bz T Y pava(n—1) = a+ ) pavi(n—1),
i1 i1 i1

where ¢; = Zj Pijzij = vi(1).

Denote

m=|: |, (2.45)

7.‘.T

where 7 = {m;,j € S} is the stationary distribution.
Theorem 2.30. Under the above assumption, the mean reward in n steps is
vo(n)=I—(P-I)"'q— (I~ (P-H))"(P-I)"qg+(n—1)IIq.  (2.46)

Proof. Using (2.44) recursively we get

3
—

v(n)=q+ Pv(n—1)=q+P(q+Pv(n—2))=---=» Pkq. (2.47)

i

Since all the states are aperiodic, it holds
P* = IT pro k — .

From the properties of the stationary distribution it follows that PII = II, ITP = IT
a také IT?> = IT. Hence, we have

(P-I)?=P*-IIP-PII +IT*=P>* - IT
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and by the induction for k£ > 1 we obtain
(P—-II)"=P"—1I.
Since the matrix P — IT is squared and satisfies
(P —IT)" = P* — IT — 0 for k — oo,

according to Theorem B.2 in Appendix B there is the matrix (I — (P — IT))~! such that

(I—(P—H))*l :Z<P_H>k:I+Z(Pk—H)_
Thus, the series
S (P ) =11 Y (P = (- (P ) o

n—1 n—1
v(n)=Y Pfq= (P"-II)q+nllq (2.48)
k=0 k=0
=> (P*—M)q-> (P*—M)q+nllq
k=0 k=n
=(I—-(P-I))"'q-IIq-) (P"—I)q+nllq
k=n

=[I-(P-N))'q-Iq—(I—-(P—-I))"(P—-1II)"q+nllq.

Remark. For sufficiently large n the term with (P — IT)™ is negligible and (2.48) can
be written as

v(n)~ (n—1)Iq+ (I - (P-1I))q.
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Example 2.21. A new product at the market is evaluated every month either to be
successful (state 0) or poor (state 1). Suppose that the sale can be modeled by a Markov
chain with two states 0,1 and the transition probability matrix

0,8 0,2
P_<0,3 0,7)

and that transitions between states are associated with rewards

10 5
Z= (10 —20) ‘
We can easily calculate

0,6 0,4 1,4 —0,4
H_<O,6 0,4)’ (I = (P -1~ ( 0,6 1,6)
and for the vector g with components g; = _; pij2;; we have g = (9, —11)7. The expected
earning from the sale in n months is (for large n)

v(n) ~ (n+16,n —24)".

Discounting: Suppose now that the transition from state ¢ at time k& to state j
is realized at time k + 1 and at time k the transition is evaluated by reward z;;, and
discounting is considered. Then the discounted reward of the transition from i to j is
Bz, where 0 < 8 < 1 is the deductible (discounting factor). The discounted mean
reward for n periods given the initial state 7 is

Z Z Z Ziiy + Bigiy o B i i )Pt Pivis -+ Disin

i1 12

= prl Ziiy T B Z Z Ziyip T 622213 -+ /8n_2zin—1in )pi1i2 ‘e ‘pinflin]

- Zpulzzu + ﬂ mevzl =q; + B Zpihvzj (TL - 1),
11

in the matrix form
v(n) =q+ pPv(n—1), n>1. (2.49)

Theorem 2.31. For the discounted reward it holds
v(n) = (I - pP) 'q—p"(I-BP)"'P'q
and

lim v(n) = (I — BP) 'q

n—o0
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Proof. From the recursive relation (2.49) we get
n—1
_ _ L k pk
v(n) =q+BPv(n—1)=q+BP(q+pPv(n—2) ==Y p"Pkq
k=0

Since 0 < 8 < 1 and P* — IT, the matrix 3% P* converges to the null matrix. According
to Theorems B.3 and B.2

n—1 ) 50
v(n) =Y p*Prq=Y p*P'q - B*P'q= (I - fP)'q- 5'(I - BP)'P'q
k=0 k=0 k=n

and

n—o0

n—1 o)
: . kpk,, kpk. _ (T _ -1
hmv(n)—r}ggo;/@Pq—;ﬁPq—(I BP)'q.

2.9 Controlled Markov chains

A controlled Markov chain with a (finite) state space S is defined by a system of K
transition probability matrix | P, ..., x P. To every matrix P there belongs a reward
matrix Z;k € {1,..., K} is the control parameter. In every step we decide which
transition probability matrix , P and the reward matrix ,Z we choose; our decision can
depend on the current time and the current state.Generally, our decision could depend
also on all previous states of the chain, but we will not consider this general situation.

Let k;(n) € {1,..., K} be the decision (i.e., the value of the control parameter)
at time n, under the assumption that at time n the chain is in state i; in the next
step we choose matrices ()P, r,m)Z. If X, is the state of the chain at time n, then
P(Xop = j|lXn =4, X1 = in—1,..., X0 = ) = kn)Pij, and in general, the sequence
{X,,n € Ny} is a non homogeneous Markov chain. The vector k(n) = {k;(n),i € S}
is the vector of possible decisions at time n; the sequence {k(n),n = 0,1,...} is called
Markovian control of the chain. If k(n) is independent of n, we speak on the homogeneous
control.

Denote by v;(0, N) the mean earning from N time periods (steps), when the initial
state of the chain (at time 0) was 7. Similarly, let v;(m, N') denote the mean earning from
N — m period, if the chain was at state ¢ in time m. Our aim is to find a control that
will maximize the mean earning from N periods.

We will proceed similarly as we did proving (2.44): If the chain is in state ¢ at time
m we choose control k;(m) and the corresponding transition and rewarding matrices and
get
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vi(m m)qi + Zk )Pij vj(m+1,N), (2.50)
JjeES
where
ks(m)qi = Z ki(m)Pij ki(m)=<ij (251)
JES

is the mean earning from one period when the control k;(m) is used.
Theorem 2.32. Let for every i € S
0i(N—-1,N) = mMax g,

1<k<

v;(m—1,N) = n}cax kq,+zkpwv] ,N)|, m=N-1,N—-2 ... 1
JES

Then v;(0, N) is the mazimum mean earning from N periods, i € S.
Proof. We will show that

vi(m, N) <v;(m,N) forall m=0,1,...,N — 1.
We will use the mathematical induction for m = N — 1,...,0. Obviously,

Uz'(N - 17N) = k(N1 < 1%@% k9 = UZ(N -1, N)-

Further, if v;(m, N) < 9;(m, N) for some m < N — 1, then also
vi(m —1,N) < 0;(m —1,N),
because

Uz'(m -1, N) < ki(m-1)4i + Z ki(m—1)Dij UAj(m, N)

JjeS

< [max kg + kaij vj(m,N)| =v;(m —1,N).
jes
Thus, v;(m, N) < v;(m, N) for all m = 0,1,..., N — 1, 9;(0, N) is the maximum mean
earning from N periods. Let l/c\,(m —1),i € S be the value of k, such that the value of
0;(m —1,N),m =1,..., N is achieved. Then the control {E(n),n =0,1,...,N—1}is
the optimum.

]

Remark. More on the controlled Markov chains and the connection with dynamic
programming see. e.g., in Puterman (1994).
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Continuous time Markov chains

3.1 Basic properties

Definition 3.1. A system of integer-valued random variables {X;,¢ > 0} defined on
a probability space ({2, A, P) is called to be continuous time Markov chain with a
countable state space S, if

P(Xt :]‘XS = i,th - in, N ,th - Zl) - P(Xt :j’Xs - Z) (31)

for all 4,7,41,...,%, € S and for all 0 < t; < &ty < --- < t, < s < t, such that
P(XS:Z'7th:Z'n,...,Xt1 :’ll)>0

W.lo.g.,, we will assume that S = {0,1,...}. Relation (3.1) is again the Markov
property.

Denote P(X; = j| X = i) by p;;(s,t); these conditional probabilities will be called
probabilities of transition from state ¢ at time s to state j at time ¢. Similarly, prob-
abilities p;(t) = P(X: = j),j € S, will be called absolute probabilities at time t and
probabilities p; = p;(0) = P(X, = j),j € S, are initial probabilities. Obviously, p;(t) > 0
forall j € Sand 3 op;(t) = 1,1 > 0.

In the next, we will consider only homogeneous chains with continuous time, ie.,
such that

pij(s,s+1t) =p;(t), s>0,t>0.

For every i, j € S we consider the system of transition probability functions {p;;(t), t >
0} such that 3¢ pi;(t) = 1, or equivalently, the system of transition probability matri-
ces functions {P(t), t > 0}. We will always define p;;(0) = §;;, i.e., P(0) = I.

Similarly as in Theorem 2.1 we can prove that all the finite-dimensional distribution of
a homogeneous continuous time Markov chain {X;, ¢ > 0} are determined by the vector

63
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of initial probabilities p(0) = {p;(0),i € S} and the system of transition probabilities
matrices functions { P(t),¢ > 0}: for any 0 < ¢; < ty < --- < t,, and any i, i1,...,i, € S
it holds
P(Xo =io, Xp, =i, -, Xoy, = in) = pig(0)Pigir (01)Pirir (b2 — 1) - pi i (b, =ty ),
(3.2)
from which we immediately get
pi(t) = P(Xe=j) = _pi(O)pis(t), j €S, (3:3)

1€S

or, in the matrix form,
p(t)" = p(0)" P(t).

Analogously to discrete time Markov chains it can be proved that for every s > 0,¢ > 0

pZ] s+ t szk pkj Za] € Sa (34)
kesS

i.e., in the matrix form,

P(s+1t) = P(s)P(t),

which is again the Chapman-Kolmogorov equation.

On the other hand, it can be also shown that to any probability vector p = {p; >
0, > ;cspi = 1} and to any system of stochastic matrix functions {P(t),t > 0} that
satisfy the Chapman-Kolmogorov equation, there exists a homogeneous time continuous
Markov chain the initial probabilities of which are given by the vector p and the system
of transition probability matrix functions is just {P(t), ¢t > 0} (see, e.g., Chung, 1967,
pp. 141-142).

In our next considerations we will always assume that

lim ng( ) = 5ij i,J €5, (35)

t—04

which together with the assumption p;;(0) = J;; means that transition probabilities p;;(¢)
are right-continuous at 0. Moreover we can prove the following

Theorem 3.1. Under assumption (3.5), the transition probabilities p;;(t), t > 0 are
uniformly continuous.
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Proof. According to the Chapman-Kolmogorov equation (3.4), for every h > 0

pij(t+ ) = pii(8) = > pu(W)piy (1) = pig (1)(1 = pas(h)),

ki
further
> pi(h)pri(t) <> par(h) =1 = pa(h),
k#i ki
so that
pij (L + ) — piy (D] < [1 = pis(R)| + |pi () (1 = pis(h))| < 2(1 = pis(R)). (3.6)

From (3.5) and (3.6) it follows that |p;;(t + h) — p;;(t)| converges to zero as h — 04
independently of ¢. Similarly we proceed with |p;;(t) — p;;(t — h)|. O

Remark. Under the same assumptions and as a consequence of Theorem 3.1 we can
prove that the absolute probabilities p;(t) are uniformly continuous for ¢ > 0.

Theorem 3.2. A homogeneous time continuous Markov chain {X;,t > 0} that satisfies
(3.5), is stochastically continuous.

Proof. Since P(|X; — X;| > ¢€) < P(X; # X5) = 1 — P(X; = X;) for every t and s, it
suffices to show that for every ¢t > 0

hm P(Xt+h = Xt) = ]_, llm P(Xt—h = Xt) =1.

h—04 h—04+

Obviously,

P(Xyp=X3) = Z P(Xy =3, Xipn=17J) = ij(t)pjj(h)

jes jes
and since |p;(t)p;;(h)| < p;(t) and ;o p;(t) = 1, we have

;}g& P(Xyn=X3) = Zp] hm pjj (h) = 1.

JeES

In the rest of the proof we proceed analogously.
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If {X,} is stochastically continuous then, according to Theorem 1.2, there exists its
version that is separable and measurable. In the sequel, we will always assume that {X;}
is separable and measurable.

Further, it can be proved that trajectories of a separable continuous time Markov
chain are almost surely step functions (Doob, 1953, Chap. VI, § 1). We will always
assume that they are right-continuous.

Now, let us consider transition probability functions.

Theorem 3.3. For every i € S there exists the limit

1= pii(h)
— = =q; < .
hlg& h =0 (3.7)
for every i, j € S, i # j there exist the limits
. pij(h> N
hlg(r)l+ = = 0 <0, (3.8)
and for every i € S
Z Gij < ;.
J#i

Proof. The Proof of assertions (3.7), (3.8) is given in Chung (1967), Theorem I1.2.4 and
Theorem I1.2.5, or in Karlin and Taylor (1981), Chap. 14, Theorems 1.1, 1.2. Utilizing
the properties of stochastic matrices we have for every h > 0 and n € N

1 — pis(h) pii(h) _ = pi(h)
PR L ST >
h Z h — Z h
JjeS 7=0
J#i j#i

and using the limit as h — 0, and then as N — oo, we get the last assertion.

In the next we will consider only such processes that satisfy

g = Zqij for all i € S. (3.9)
J#i

Remark. For a process with finite state space S, (3.9) always holds since

0=1-> pi(h), h=>0,

JjeSs
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and

0= hlga h - hlggi h

1= pij(h) L= pi(h) = >4 pi(h) g ZQij‘

J#

Definition 3.2. The non-negative numbers ¢;; defined in Theorem (3.3) are called the
transition intensities from state ¢ to state j, the non-negative number ¢; is called the
total intensity . The matrix Q = {¢;;,4,j € S}, where ¢;; = —¢;, is called the transition
ntensity matrix.

Example 3.1. Poisson process. Let us recall the process from Example 1.4. We consider
events of the same type that occur randomly in time. The numbers of events that occur in
disjoint time intervals are supposed to be independent random variables the distribution
of which depends only on the length of these intervals. Suppose that exactly one event
occurs within the interval (¢,¢ + h] with probability Ah + o(h) for some A > 0 and
all ¢, more that one event occur in (¢,¢ + h] with probability o(h) and no event with
probability 1 — Ak 4 0(h); the symbol o(h) means that o(h)/h — 0 as h — 0,. Put
Xy = 0 and let X;,t > 0 denote the number of events that occur within the interval
(0,t]. Then {X;,t > 0} is a stochastic process of integer-valued random variables. From
our assumptions it holds that for arbitrary time instants t; < to < t3 < t4 the numbers
of events X;, — X, and X, — X, that occur in intervals (t1,t5] a (t3,t4] are independent
random variables. We say that {X;,¢ > 0} has independent increments. From here the
Markov property of {X;,t > 0} also follows. The distribution of the increment X; — X
depends only on the length of interval (s,t]; we say that {X;,t > 0} has stationary
increments. Further, for any ¢t > 0

P(Xypn = j| Xy = 1) = pij(h) = A+ o(h), J=1+1,
=1—Ma+o(h), j=i,
= o(h), j>i+1,
=0, 7 <.
The transition intensities are ¢; ;11 = A, ¢; = —¢i; = A, ¢;; = 0 otherwise; the matrix Q is
A X 0 0

Q:O—)\)\O

The above described process is called the Poisson process with intensity A. Later on we
will show that the absolute probabilities of this process are probabilities of the Poisson
distribution with the parameter \.
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Example 3.2. Linear birth and death process. Consider a population, the individuals
of which can reproduce and die. During an interval (¢,¢ 4 h| each individual can give a
birth of a new one with probability Ah+ o(h), for A > 0, more than one with probability
o(h). Each individual can die during interval (¢, ¢+ h| with probability ph+ o(h), p > 0.
All individuals behave independently. If the population size at time ¢ is X, then for
h — 0+

P(Xiyn = j+ 1|Xy = j) = jAh + o(h),
P(Xpn =7 — 11Xy = j) = juh + o(h),
P(Xipn = k| Xy = j) = o(h), [|k]>1,
)

P(Xiyn = j|Xi =j) =1—jAh — juh + o(h)

and {X;,t > 0} is a homogeneous continuous time Markov chain with the state space
S ={0,1,...,}, with intensities

qj7j+1:j)\7 j:Oalw'-a
Gj—1=JH, J=1,...,
qi; = 0, i # j otherwise ,
g = JjA+ p).

Thus, the intensity matrix Q is

0 0 0 0 0
o =N+ p) A 0 0
Q=10 2  —200+p) 20 0

Theorem 3.4. Let {X;,t > 0} be a homogeneous time continuous Markov chain with a
countable state space. Then for all s > 0 and all h > 0

P(X;=i,s <t<s+h|X,=1i)=e %" (3.10)
(where e=%" =0, if ¢; = 0).
Proof. Since {X,} is stochastically continuous and separable, it holds (Doob, 1953, p.
245)

P(Xy=i,s<t<s+h)=lim P(Xyyn =1 Xeyn=1,..., Xp, n = 1) (3.11)

n—o0
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for every sequence D,, = {to,, < -+ < tn,} of divisions of the interval [s, s+ h] the norm

of which converges to zero as n — oo.
Put D, = {tyn t tyn =5+ 2, k=0,1,...,2"}, n=1,2.... From (3.11) and (3.2)
we have

P(X,=i,s <t<s+h)

P(X;=i,s<t<s+h|X,=1)=

P(X, =)
T P(Xto,n - Z‘7)(151,71 = i? cee 7th,n - Z) ET h >
= Jim, P(X, =) =P\ )|

If ¢; < oo, then due to (3.7) we can write

r\1* h h\1*
i L= — [ — — _ — o %h
nhm {pm <2n)} nhm [1 qun + 0 (Qn)} e

If ¢; = oo, then (3.7) implies that for any A > 0, p;(8) < 1— A6 < e~ for a sufficiently

small §; from here we have
A\1*
lim [pii (—)] < e 4k,
n—00 AL

Since A can be chosen to be arbitrarily large, we get the result.
O

Theorem 3.5. If g; = 0, then p;(t) =1 for allt > 0. If 0 < ¢; < 0o, then time the chain
stays at state i (holding time at i) is a random variable with the exponential distribution
and the mean value i.

Proof. Obviously,
pi(t) = P(X; =i|Xo=1) > P(X,=4,0< s <t|Xg=1i)=e @

for every t > 0. Thus, for ¢; = 0, p;;(t) = 1 for all ¢ > 0.
Now, let 0 < ¢; < 0o and let 7 = inf{t > 0: X; # i} be the first exit time from state
1. Then, the holding time T at state ¢ satisfies

R(T>S) :R(T> S) :P(Xt:@aOStS S|X0:l) :e—QiS7
thus, T has the exponential ditribution with parameter ¢; and density
gie” ", x>0
€Tr) =
f@) {0 otherwise;

therefore, the mean holding time at state ¢ is %.

(3
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Definition 3.3. State ¢ € S such that ¢; = 0 is called absorbing. State i € S such that
0 < ¢; < oo is called stable. State i is called instantaneous if ¢; = oco.

If the chain enters an absorbing state, it stays at this state forever; the mean holding
time at the absorbing state is infinitely large. The mean holding time in an instantaneous
state is zero.

Definition 3.4. Let {X;,t > 0} be a stochastic process defined on (2,4, P), with
a countable state space S having right-continuous trajectories. Let F; be the o-field
generated by the family {Xs, s < t}, i.e., F; = 0{X,, s < t}. Random variable 7 : 2 —
[0,00] is called the stopping time of the process {X;,t > 0}, if [r < t] € F; for every
t>0.

The stopping time is a random variable that is independent of future values of the
stochastic process. For example, the first exit time from state j of a continuous time
Markov chain, 7; = inf{t > 0, X; # j}, is the stopping time. Due to separability, we
have for a countable set @) dense in [0, 00))

>t =[X.=j,0<s <= [ [X.=jl€F,
sEQﬂ[O,t]

thus [1; < t] € F;. Let

Fo=o0 (U .Ft) = o{X,,t >0}

t>0

Obviously, F; C Fu C A.

Theorem 3.6. Let 7 be a stopping time of the Markov chain {X;,t > 0}. Then X, is
Fr—measurable random variable where

F.={AecFo :Anr <t] € F,t >0}

Proof. 1t suffices to show that for every ¢ € S and every t > 0
(X, =inNn[r<t]eF.
Obviously, it holds [ X, =i|N[r <t] = ([X; =i N[r =t]) U([X, =i N[r <t]). Since
{X,;} takes only non-negative integers and has right-continuous trajectories we have
(X, =iNn[r<t]=[X,=ilN[r =t

o0 o0 Z[th

]
UlU N U X =in[k-12"<r<k2™ | €F,

n=0m=n k=1

where z[x] denotes the integer part of z. O
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Theorem 3.7. Let 0 < ¢; < 0o, and let 7; be the first exit time from state i. Then

P(Xn = X0 =)=

for all 5 # i, i.e., the probability that the chain hits state j just after leaving the initial

state i is equal to %.

Proof. Denote
A = [oni, XTi:j, O<7'7;<OO]

and consider sets

A, = U A, pron €N, where
k=1
An,k‘ = {(,d . Xt(UJ) = i, 0 S t S k’2_n, X(k+1)2*”(w) = ]} pro k € N.

First, we will show that A = lim,,_,oc A,.

1. Let w € A.
Then 0 < 73(w) < 00, X7y (w)(w) = j and Xy (w) =i for all 0 <t < 7;(w).

Since the trajectories of the process {X;,t > 0} are right-continuous, there is § > 0
such that X(w) = j for all 7;(w) < s < 7;(w) 4+ 0. Then to any n € N that satisfies
27" < § there exists the unique k, € N such that

k27" < mj(w) < (kp, +1)27" < 1(w) + 6
and

Xi(w) =1, 0<t < k27", X(gyrjzn(w) = J.

Thus, w € A, k,, and w € A, for all n € N that fulfill 27" < §. From here,

liminf A, D A.

n—oo

2. Let w € limsup,,_,, 4.

Then there exists a sequence of integers 1 < n; < ny < ng < .... and associated
K1, kg, K3, . ... € N such that for every k € N,

Xt(W) - Z VO S t S HkQ_nk7 X(Hk+1)27nk (CL)) = ]
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Then the following inequalities hold
K27 < K127 < (w) < (Kggr + 1)27™ 0 < (kg + 1)277,
Therefore we have

(W) = 27" — inf (1y 4 1)27"%.
7 (w) igg Kl ]ilelN(/ﬁc +1)

From here
Ti(w) >0, Xy(w)=1i V0<t<w)
and due to the right-continuity of the trajectories,
X (@) =,

thus w € A.

It means that

limsup 4,, C A.

n—oo

We have realized that lim,,_ ., A, = A, therefore the set A is measurable. For given
n € N the sets A, i, k£ € N are disjoint. From the continuity of probability measure and
by 3.10 it follows

P(A[Xo=14) = lim P(A,[Xo =) = JLIEO;P(AWHXO =
=1

= lim D exp{—kg2 "}py(2 ")
k=1
I o —nl- -n qij
= lim p;;(27")[1 — exp{—q:2""}] " exp{—g:2 }:j'

O

Due to homogeneity, the probability that the chain occupying state ¢ at some time
t > 0, in the interval (¢, oo) moves first to state j is also g;;/g;.

We assume that at the origin the chain is at state ¢; if ¢; > 0, it stays there for a

random holding time 77 and then moves to state 5 with probability %. If ¢; > 0, it stays
at state j random holding time T5; if ¢; = 0, the chain stays at state j forever (T = 00)
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etc. Let Jp = 0 and J; < Jy < ... are time instants in which the transitions between
the states occur, i.e.

Jy =inf{t > 0: X; # Xo},

Jo = 1nf{t > Ji: Xt 7é XJI},

Jn—i—l = mf{t > Jn : Xt 7é Xjn}, n > 0.

Holding times between transitions are Ty = J;,Ty = Jo — J; (if J; < o0, otherwise
T, = 00) etc.; obviously,

Jn = E T]“ n Z 1.
k=1
Denote

¢E=supd, = ZTk‘
k=1

neN

Definition 3.5. The homogeneous time continuous Markov chain with stable states is
called reqular if

The random variable £ is called explosion time.

Trajectories of a chain with stable states are right-continuous, step-wise functions
with the jumps at transition times Ji,Js,.... If the process is regular, in any finite
interval only a finite number of transitions between the states occurs with probability
one. If in a finite time interval infinitely many transitions occur we say that the process
is explosive. If £ < 0o, we define X; = oo for ¢ > €.

Now, let us define matrix Q* = {¢j;,7,j € S} by

g
q:jz{g_f’ RS (312)
q*_{a g >0
" 1, q; = 0.
Consider again the sequence of jumps Ji, Js, ..., and define the sequence
Yo = Xo,

Y,=X;, n=12... (3.13)
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(if J, = oo, we defineY,, =Y, ).
Since J,, are stopping times, Y,, are random variables according to Theorem 3.6. Then
the following assertion can be proved.

Theorem 3.8. Let {X;,t > 0} be a regular continuous time Markov chain with the
state space S and the transition intensity matriz Q. Let {Y,,n € No} be the sequence of
random variables as given by (3.13). Then {Y,,n € Ny} is a homogeneous discrete time
Markov chain with the same state space S and the transition probability matriz Q. For

everyn > 1 and given Yy, ..., Y,_1, the holding times T, ..., T, are independent random
variables exponentially distributed with respective parameters qy,, ..., qy, -
Proof. Gichman and Skorochod (1973, Vol II) or Norris (1997), Theorem 2.8.4. O

Definition 3.6. The discrete time Markov chain {Y,,,n € Ny} is called the embedded
Markov chain of jumps associated with the process {X;,¢ > 0}.

The following relations hold

and
P(X; =i for some t > 0) = P(Y,, = i for some n > 0).

Example 3.3. Ezplosive birth process. Let us consider a time continuous Markov chain
with the state space S = {1,2,...,}, given by the transition intensities

G =—qi = 2i7 Qiis1 = Zi, ¢ij = 0 otherwise.

Suppose that the initial state is 1. The holding time at this state is the random variable
Ty, that is exponentially distributed with the mean value qil = %, then the chain jumps
to state 2 with probability one, the holding time at state 2 is independent of 77 and

exponentially distributed with the mean q% = % etc., thus the explosion time is & =
22021 Tk and
[e.e] o0 1
pe-Yrn-Y ko
k=1 k=1
thus
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if P1(§ = c0) > 0 then also F{ = co. The chain is not regular; infinitely many transitions
can occur at a finite time interval with probability one.

The state space of the embedded Markov chain is S = {1,2,...} and the transition
probability matrix is of the form

Theorem 3.9. A homogeneous continuous time Markov chain with stable statesi € S =
{0,1,...} and the associated embedded Markov chain {Y,,n € No} is reqular if and only

if

(Z——oo)—l Viels, (3.14)

k quk

where q; denotes the total intensity of state j, j € S.

Proof. Gichman and Skorochod (1973, Vol. II), Theorem 3 in Chap. III, Par. 2. or
Resnick (1992), Proposition 5.3.1.
]

Remark. Regularity condition (3.14) is fulfilled if, e.g., ¢ < C Vi € S, since in this
case . -
S22 g
=0 e o
with probability 1. Obviously, if the state space is finite, the process {X;,t > 0} is
regular.
Further it holds that the process, the embedded chain of which is irreducible with

recurrent states, is regular. Consider some state 7; since it is recurrent, the chain visits
it infinitely many times at instants ny,ns ..., thus

=1 =1 1
Sl
k=0 j=1 j=1

=
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3.2 Kolmogorov differential equations

Let us consider a continuous time Markov chain with the space state S. Then we can
prove the following theorem.

Theorem 3.10. (Kolmogorov differential equations). Suppose that ¢; < oo for all
i €S and (3.9) holds. Then the transition probabilities p;;(t) are differentiable for all
1,7 €S andt >0 and

pi;(t) = —aipi;(t) + Z GirPrj () = Z GirPr;j (t) (3.15)
kit kes
(backward equations).

pl]( )

If the convergence — qi; 15 uniform in i for a fized j, then for everyi,j € S and

t>0

pi;(t) = —pij(t)g; + Zpik(t)ij = Zpik(t)ij (3.16)
vy kes

(forward equations).

In the matrices, the system of the backward equations is of the form

P'(t) = QP(t)

and the system of the forward equations reads as

Proof. We start with the Chapman-Kolmogorov equation

o
pij(s +1) me $)oki(t) =Y pa()pes(B) + Y par(s)pis (), N >,
k=0 k=N+1

from here we have

pij(s +t) _plj(t) _ [ M( pl] p'Lk pk]
; Z

+ hN(S t)
k;éz

f: pir(8)pr; (1)

k=N+1

where
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For all s > 0,t > 0 we get

i 1 - N ) 1 - Mt 1
0 < h(s,t) < Z Pir (5 Zk:opk‘(s) Pii( Zpk
k=N+1 5
k;éz
so that
[ u( ng szk pk]
k;éz
< pij(s +1) — pi(t)
S
[pii(s) — 1pi pu($)pii () | 1= pa(s) N pi(s)
< il z] 1k k] — Mii . ik .
k=0
k#l ki
The limit for s — 04 is
—qipij(t) + Z GirPr;(t)
k=0
ki
< péj (t+>
N
< —qipi (1) + Y quwpii () + 4 — Z Qi

where pj; (t+) denotes the right-derivative of p;; at ¢, and by using the limit N — oo we
realize that pi;(t,) satisfies (3.15). In the same way we can prove that (3.15) hold also
for the left-derivative; here we use the uniform continuity of p;;(t) at ¢.

Similarly we develop the forward equations: Again, from the Chapman-Kolmogorov
equation we have

Pii(s +1) = pig(s) _ Do Pir(s)prs(t) — pi(s)
t t
_ Pij(s)( pjy Z pir(s pk]

k#]

and applying limit ¢ — 0, (due to the uniform convergence assumption)

oo
pz] (8+> ij QJ + szk ij Zpik(S)ij‘
k=0

k#j
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Since p;;(t) are continuous and have continuous right-derivatives, they are differentiable
(e.g., Billingsley, 1968, p. 155). m

Remark. If the state space is finite, the uniform convergence of p;;(h)/h in Theorem
3.10 is satisfied.

In the backward equation, the derivatives p’ij (t) are expressed by all the transitions to
state j, while in the forward equations, all possible transition from state i are considered.

We have seen that the transition probabilities of a continuous time Markov chain
satisfy systems of backward of forward differentiable equations. Now, let us consider a
system of differential equations of type (3.15) or (3.16); the question arises if a solution
of such a system can be a system of transition probabilities of a continuous time Markov
chain. We will study only finite case.

Theorem 3.11. Let Q = {g;;,0 <i,j < N} be a matriz, elements of which satisfy

G >0, i 44, qi=—Y a
i#]
Then there ezists the unique solution of equations (3.15) a (3.16), the same for both
systems, that satisfies the initial condition P(0) = I, and that represents the sys-
tem of transition probabilities of a continuous time Markov chain with the state space
S ={0,1,...,N}. In matrices, we have solution P(t) = 2, where e?" is the matriz
exponential function defined by
00 kik
eQl = Qt
k!

k=0

Proof. Systems (3.15) and (3.16) are systems of linear differential equations of the first
order, with constant coefficients; the general solution of (3.15) is P(t) = e?'P(0) and
that of (3.16) is P(t) = P(0)eQ!. With the initial condition P(0) = I both the systems
have the solution

P(t) = 9" (3.17)

This solution satisfies the Chapman-Kolmogorov equation (3.4), since from the properties
of the matrix exponential function we get e@(+s) = QeQs for every t, s > 0.

Further we need to show that P(t) is a stochastic matrix for every ¢ > 0. Summing
(3.16) for all j we get

Zp;j(t) = Z sz‘k(t)ij = Zpik(t) Zij =0,

J
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since ) . qr; = 0. Hence, >, p;;(t) is a constant for every ¢ > 0, and since >, p;;(0) = 1,
this constant equals one.

Next, we need to prove that all p;;(¢) are non-negative. First, p;;(0) = 1 and due to
continuity of the solution, p;(t) > 0 at some right-neighbourhood of zero.

If gi;; > 0 for all i # j, we get p};(0) = g;; > 0, thus p;;(t) > 0 for 0 < ¢ < 9, so that
P(t) > 0 for 0 < t < h and some h > 0; 0 denotes the null matrix. Now, from the
Chapmanov-Kolmogorov equation we have (component-wise) P (¢t +h) = P(t)P(h) > 0
for 0 < t < h, thus P(t) > 0,0 < t < 2h etc., hence we can conclude that P(t) >
0,vVit>D0.

If some ¢;; = 0, we replace this value by a positive value % and adjust the respective
diagonal element ¢;; in such way the the final sum in the i—th row of @ remains zero.
We denote this adjusted matrix by Q,,; all its non-diagonal elements are positive and
from the proof of the previous part, the same holds true for the elements of the matrix
P, (t) = et and every t > 0. Obviously, due to continuity, @, — @ as n — oo. Then
P,(t) — P(t) and thus p;;(t) > 0 for all 4,5 € S and all ¢t > 0.

]

Example 3.4. Model On-Off. A machine can be either in an operating state or in a
repair state. The operating time is a random variable exponentially distributed with the
mean value é, a > 0. When a failure occurs, a repair is to be started immediately. The
time of the repair is a random variable with the exponential distribution with the mean
%, £ > 0, independent of the operating time. When the machine is repaired it returns
to the operating state. Define random variable X;, that takes value 0, if at time ¢ the
machine is in the operating state and value 1, if it is in the repair. Then {X;, ¢ > 0} is
the continuous time Markov chain with state space S = {0, 1} and the intensity matrix

a= (1)

Now we will show how to obtain transition probabilities.
The backward differential equations for transition probabilities p;;(t) are

Poo(t) = —apoo(t) + apio(t), (3.18)
Pho(t) Bpoo(t) — Bpio(t).

Multiplying the first equation by £ and the second one by « and then summing both
equations we have

Boo(t) + apl(t) =0,
and, after integrating,
Bpoo(t) + apio(t) = ¢
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for a constant ¢. Condition p;;(0) = ¢;; implies ¢ = /5 and

Bpoo(t) + apio(t) = 8. (3.19)

From (3.19) we compute p1o(t) and insert into the first equation in (3.18) to get

Poo(t) = B — (a+ B)poo(t)-

This is the differential equation for pgo(t), the general solution of which is

t) = ce(ath)t i
poo(t) = ce + Pz
For t = 0 we have 5
0)=1=
Po0(0) c+ atp

thus 5
(63
t) = e-latBt 4 =
poo(?t) a+f o+

The remaining probabilities then can be easily computed from (3.19).

The transition probabilities p;;(t) can be computed also directly from formula (3.17).
It can be easily shown that the eigenvalues of Q are \; = 0, Ao = —(a+ ) and

Q =BAB™',

A:(g —(a0+5))’ B:G —a/a)

Now according to (3.17)

where

00 kik & kBABflk
P@_ﬁ_Z%f_ZU—KJ— (3.20)

10 .
= (0 e(a+5ﬁ> B

1 /6 —+ ae_(a+/8)t o — ae_(a+/8)t
T at B \B—Be @Bt o 4 Be(ath)

To get (3.20) we can also use the Perron formula for the matrix ¢?! (Appendix B,
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Theorem B.6). We see that det(A — Q) = A(A+a+ ) and the adjoint matrix adj(A —
Q) is of the form

. A+ o
adj(/\I—Q):( 55 )\—i—oz)'
Further,
det(A —
n(N) = i——xl@ —Ata+8,
det(A\ ] — Q
P2(A) = i_—)g) =A
Inserting into the Perron formula we get
ot A1t 6)\2t
P(t) =e~" = adj(MTI — Q) + ——— adj(Ad — Q),
0= = o T =@y gy 2kl = Q)

which is again (3.20).

Now, let us determine the absolute probabilities at time ¢. Suppose that the initial
distribution is pgp = P(Xo =0) =1, p; = P(Xo = 1) = 0. Then by (3.3)

po(t) = popoo(t) + p1p10(t) = poo(t),

p1(t) = popo1(t) + pip1i(t) = por(t).

In case of a denumerable time continuous Markov chains is the solution of the Kol-
mogorov equation more complex and for processes that are not regular the solution need
not exist.Usually, we confine ourselves to computation of absolute probabilities

p;(t),j € S with fixed initial state 4, i.e., for the initial distribution p;(0) = 1, p,;(0) =
0,7 # i. Under the same conditions that hold for the forward Kolmogorov differential
equations we can develop a system of differential equations for absolute probabilities:
from (3.3) and (3.16) we have

Pi(t) = —pi(t)g; + ZPk(ﬂ%y JES
=y

with the initial condition

Under this initial condition the absolute probabilities correspond to the :—th row of the
matrix P(t). Some special cases will be solved later on.
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3.3 Stationary and limit distribution

Similarly as for discrete time Markov chains we define the stationary distribution for
continuous time Markov chains.

Definition 3.7. Let {X(¢),t > 0} be a continuous time Markov chain with the state
space S and the transition probability matrices P(t),t > 0. A vector n = {n; > 0,i € S}
such that

n'Pt)=n", teT (3.21)

is called invariant measure of the process {X;,t > 0} on S. A probability vector 7 on
S, that satisfies (3.21), is called stationary distribution of the given chain.

Theorem 3.12. [f the initial distribution of a homogeneous time continuous Markov
chain {X;,t > 0} is stationary, then {X;,t > 0} is strictly stationary stochastic process,
€., forany k € N0 < ty--- <ty, for every s >0 and i1,...,1; €5,

P(th - il, cee ,th == Zk) - P(th+s - il, e 7th+s == ’lk)
Especially, for the absolute probabilities

pi(t) = P(Xi =j) =m, je 5, 120

Proof. The proof is analogous to the proof of Theorem 2.24 if we use (3.2), (3.3) and the
definition of the stationary distribution.
[

Definition 3.8. A probability distribution a = {a;,7 € S} on S is called limit distribu-
tion, if for all 7,5 € S

lim py;(t) = a;.

Theorem 3.13. If the limit distribution of a Markov chain exists it is a stationary
distribution.

Proof. Let a = {a;,i € S} be the limit distribution. Then for ¢ > 0, > 0 and positive
integer N we get using the Chapman-Kolmogorov equation

pii(t+ 1) = pi(®prg(h) = par(t)pis(h),

keS
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the limit as t — oo gives

and limit as N — oo gives

If for an index j € S the last inequality holds sharply, then by summing we realize that

Z(Ij >Zak,

jES kes

which is a contradiction, so that

a; = Zakpkj(h),h >0,5€8
kesS

is the stationary distribution.

Definition 3.9. We say that state j of a Markov chain {X;,¢t > 0} is accessible from
state i, if
P(X;=j)=p;(t) >0 forsomet>0, i,j€bS.

Theorem 3.14. The following relations between states of the continuous time Markov
chain {X;,t > 0} and the respective embedded discrete time Markov chain {Y,,n € Ny}
are equivalent:

(1) j is accessible from i in {X;,t > 0};

(2) j is accessible from i in {Y,,n € No};

(3) GiyiyQiyis - - - Qip i, > 0 for states i = i,i, = j and some states iy, ..., in_1;
(4) p(t) >0 Y t>0;

(5) pij(t) >0  for somet > 0.
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Proof. Obviously (4) = (5) = (1).

If p;;(t) > 0 for some ¢ > 0, then qu(n) > (0 for some n > 0, where qu(n)
transition probability in the chain {Y,,,n € Ny}, thus (1) = (2).

If q;}(") > 0 for some n > 0, there exists a path from i to j in {Y,} such that
GGy - -+ G5, > 0, s0 that also i, @iy, - - - Gi,_,5 > 0, therefore (2) = (3).

If gij = pi;(04) > 0, then p;;(s) > 0 for all 0 < s < ¢ where § > 0. Then for all £ > §

is the n-step

pij(t) = pij(0)ps;(t — &) > 0,

since
pij(t) = Pi(X; = j) > e %" >0 forall t >0,

thus, for ¢;; > 0 it holds p;;(t) > 0 for all t > 0. If (3) is valid, we can write

t t t
pij(t) > piiy (ﬁ) Diyis <ﬁ) oo Din g (ﬁ) >0 V>0,

hence, (3) = (4).
[

From Theorem 3.14 it follows that the chain {X;,¢ > 0} is irreducible if and only if
the respective embedded chain {Y,,,n € Ny} is irreducible.

Definition 3.10. State j of the chain {X;,¢ > 0} is called recurrent, if either ¢; = 0 (j
is absorbing), or ¢; > 0 and P;(7;(1) < co) = 1, where

T,(1) = inf{t > J; : X; = j}

is the first return to state j.
State j is called transient if ¢; > 0 and P;(7;(1) = oo) > 0.
A recurrent state j is called positive, if either ¢; = 0, or E;7;(1) < oo.

It can be shown that a state that is recurrent in the embedded chain {Y},}, is recurrent
also in {X;} and vice versa; however, a state which is positive recurrent in the embedded
chain {Y},}, need not have the same property in {X,}.

Theorem 3.15. Let {X;,t > 0} be a continuous time Markov chain with the intensity
matriz Q and the respective embedded chain {Y,,n € Ny}, that is irreducible and all its
states are recurrent. Then there exists an invariant measure 1 of the process { Xy, t > 0},
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which is determined uniquely (up to a multiplicative constant) by the solution of the

system
n'Q =0" (3.22)

and 0 <n; < oo foralljesS. Iijesnj < 00, then w = {m;,j € S}, where

T = M
j )
Zkes Nk

is the stationary distribution of the process {X;,t > 0}.

Proof. We will show the main steps of the proof, only. Let n = {n; > 0,j € S} be a
solution of the equation n”'@Q = 07. Considering this equation component-wise we have

> mig =Y may + g, =0, jES,
i€s i#j
or
quz’j =14, JES.
1#]
Using (3.12) we get
ieS
which means that {n;g;,j € S} is an invariant measure of the embedded discrete time
Markov chain with the transition probability matrix Q* = {¢j;,7,j € S}. By the as-
sumption, this chain is irreducible with recurrent states, thus, up to a multiplicative

constant,
7i(1)—1

0<mg=E » I(Y,=j)<oo
n=0

for a fixed i € S, where 7;(1) is the first passage time to ¢ in the chain {Y;,n € Ny}.
Further, we show that n; = /L;-, where

, i)
i :EZ-/O I(X; = j)dt

is the mean holding time in state j between two returns of the chain {X;,¢ > 0} to state
7. Namely,

= [P =) > 0= [ RV =0 £ < D T > 0.
=0
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Notice that 7;(1),7;(1) are stopping times such that
[7:(1) > J,] <= [1;(1) > n],

and using conditioning and the Markov property we get
1l = Z/ (T <t < Jnst|Ve = )PV, = j, (1) > n)dt

:ZE Toi1|Ye = §)Pi(Yn = 4, 7:(1) > n)

7(1)—1

:—EZ Z I(X

Now, we need to show that 7 is an invariant measure of the process {X;,¢ > 0}. Since

s s+Ti(1)
0 Ti(1)

we have
. s 7i(1) Ti(1)+s
0 s s
= [ R = 3. 70) >
- Z P(Xivs = j1X0 = b, Ti(1) > OP(X, = b, Ti(1) > )i,
from here, again using the Markov property
Z/ (Xips = j1 Xy = k)Py(X, = K, Ti(1) > t)dt
Ti(1)
k=0 0
= Zpk:j(s)u;c = Zpkj(5>77ka
k=0 k=0

thus, 1 is the invariant measure. If > jes M < 00, there exists a stationary distribution
of the chain {X;,t > 0} (we can set m; =n;/ > ,.qnk for j € .5).
O
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Theorem 3.16. Let {X;,t > 0} be a continuous time Markov chain with the intensity
matriz Q and the embedded chain {Y,,n € No}, which is irreducible and all the states
are recurrent. Let w = {m;,j € S}, where m; > 0 for all j € S and 3_;com; =1, be a
solution to

Q= 0".

Then the transition respectively the absolute probabilities in the chain { X, t > 0} satisfy

tli)m pl.7<t) =T fOT’ all Z,j c S, (323)
tlim p;(t) =m; forall j € S. (3.24)
—00

Proof. According to Theorem 3.15, 7 is the stationary distribution of {X;,¢ > 0}, and
thus w7 = 77 P(t) for all ¢ > 0. Since the embedded chain is irreducible, we have from
Theorem 3.14 that p;;(t) > 0 for all ¢ > 0 and all 7,5 € S.

Now, let us consider discrete times h,2h,3h,... for some h > 0 and a sequence of
random variables {Z,,,n € Ny} defined by Z,, = X,,;. Obviously it holds

P(Zn :j‘anl = i,...,ZO = Zo) = P(th :j‘X(nfl)h = i,...,XO = Zo) :pz](h/),

so that {Z,,n € Ny} is a discrete time Markov chain with the transition probability
matrix P(h) and 7 is the stationary distribution in the chain {Z,}. Please notice that
this is not the embedded Markov chain of jumps defined by Definition 3.6. According to
Theorem 2.25 the elements of P"(h) satisfy

(n)

lim p;;

n—oo

(h) = Ji)rglopm(nh) =m; foralli,jes,

thus,
Ve>0 INeN Vn>N |pj(nh)—m| <e.

Further we have
i (t) — 75| < |pij(t) — piy(nh)| + |psj(nh) — ]

and due to uniform continuity of p;;(¢) (Theorem 3.1) it holds |p;;(t) — pi;(nh)| < € for
all nh <t < (n+ 1)h and sufficiently small h. From here the assertion (3.23) follows.
The assertion (3.24) follows immediately if we apply limit as t — oo to

pi(t) = pi(0)pi(t), jES.

1€S
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Example 3.5. (Example 3.4 continued) Consider again the continuous time Markov
chain with states 0,1 and the intensity matrix

o= (1 %)

In Example 3.4 we have computed the transition probabilities matrices

1 6 + Oée_(a'i‘ﬁ)t o — Oée_(a'i'ﬂ)t
o+ /B /6 — ﬁe_(a“l‘ﬁ)t o+ /86_(04+5)t :

B _a
lim P(t) = (O‘gﬂ a+'8> :

«
t—o00 otB otp

P(t) =

We can see that

The componenents of the vector

()
“\a+p a+8

give the stationary distribution of the considered Markov chain. We obtain the same

result by solving the system of equations (3.22), that is

—moa + m 8 =0,

moae —m B =0.

The solution that satisfies condition my + 7 = 1, is again

15} o«
a+ B’ m_oz—l—ﬁ'

U

Example 3.6. Telephone exchange. Consider a telephone exchange with N channels.
Assume that in the interval (¢,t+ h] a call arrives with the probability A +o(h), A > 0,
which is the same for all £ > 0. The calls arrive independently each other. The probability
that in (¢,t4 h| two or more calls arrive is o(h), the probability of no call is 1 — Ah+o(h).
If all N channels are busy, a new arriving call disappears. Epochs for which the calls
last are independent random variables, independent of the call arrivals.

Further let us suppose that the epoch in which a call is lasting is a random variable
T exponentially distributed with the mean value i, 1 > 0. The probability that a call

that lasts at time ¢, will be finished in (¢,¢ + h] is

P(t<T<t+h)

Pt<T<t+hT>t)= P> 1)

=1—e " = ph+o(h).
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The probability that a call that continues at time ¢, will not finish in (¢,¢ + h], is 1 —
ph +o(h).

Let X; be the number of busy channels at time ¢; then {X;,¢ > 0} is a continuous
time Markov chain with the state space S = {0,1,..., N}. For the transition probabilities
pij(t,t + h) = p;j(h) we have

Pii+1(h) = [Ah+o(R)|[1 — ph 4+ o(h)] + o(h) = Ah + o(h),

similarly,

pig-a(h) = (j ) b+ o)1 = (h) + o()F L = A+ o(h)] + o(h) = jyuh + ()

1
and
pjjrk(h) =o(h), 2<k <N —j
pjj-k(h) =o(h), 2<k <y,
pjj(h) =1—=(A+ju)h+o(h), 1<j<N-1,
poo(h) =1 = Ah +o(h),

pyn(h) =1 — Nph +o(h).

From here we compute intensities

qjj+1 = A, 0<j<N-—-1,
qjj-1 = JH, 1<j <N,
G =A+ju, 1<j<N-—1,
qo = A,
qv = Np,

¢i;j = 0 otherwise .

The intensity matrix is

—A A 0 0 ... 0 0 0

i =+ p) A 0 ... 0 0 0

0 2 —(A+2u) A 0 0 0
Q=

0 0 0 0 ... (N=Du —(A+(N—=1pu) A

0 0 0 0 ... 0 Ny Ny

It can be easily checked that the embedded chain {Y;,,n € Ny} is irreducible and the
conditions of Theorem 3.16 are fulfilled. The system of equations w7 Q = 07 writes

—Amo + pm = 0,
)\7'(']‘,1 - <)\ _'_j/*c)ﬂ-J + (J + 1)/’”Tj+1 =0, 1 <J< N — L, (325)
)\7TN_1 —N,lMTN = 0.
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We can solve these equations one after the other one; we obtain the recursive relation

A\ 1
n) g

From here together with the condition Z;V:o m; = 1 we have

A

k=0
where p = ﬁ
Notice that relation (3.26) can be obtained also by a substitution
K;=jumj—Amj—y, 1 <3 <N.
Then (3.25) takes the form

KIZO)
Kjp1—K;=0, 1<j<N-—1,
KN:O7

hence K; =0, 1 < j < N, and from here we again get (3.26).

Example 3.7. In a factory with uninterrupted traffic, N automatic machines are work-
ing that are served by r < N repairmen. Any machine can break down independently
of its previous state as well as of the states of other machines. The machine that breaks
down is taken into repair if any servisman is idle; if all r servicemen are busy, the machine
is waiting for the repair. We assume that the repair of one machine needs the service
of only one serviceman, and the servicemen are working independently each other. The
repair epochs are random variables with the same exponential distribution.

Assume that any machine that is working at time ¢ breaks down at (¢,t + h] with
probability Ak + o(h), A > 0, which is the same for all machines. A machine that is in
the service at time ¢, is during (¢, ¢ + h] repaired and returned to the working state with
probability ph + o(h), p > 0.

Let X; be the number of machines that at time ¢ do not work. Under our assumptions,
{X;,t > 0} is a homogeneous continuous time Markov chain with the state space S =
{0,1,...,N}.

Similarly as in the previous example we get

Pijr1(h) = (N =j)Ah+o(h), 0<j<N,

pji-1(h) = juh + o(h), 1<j<m,
pjj-1(h) = rph +o(h), r<j<N,
pjj+k(h) = o(h), 2<k<N-—j
pjj—k(h) = o(h), 2<k<
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and p;;(h) can be derived in the same way. The transition intensities are

Gij1= (N =J)A, 0<j <N,

Qjj—1 = Tl 1<j5<r,
qjij—1 = TH, 7"<j§N,
gix = 0, j # k otherwise

and the total intensities are

qo = NA,
g =N—jA+jp, 1<j<r,
g =N —=3)A+ru, r<j<N,
gn = T

Let us compute limit probabilities. By using Theorem 3.16 we get the system of
equations

—N>\7T[) + pum = O,
(N - j + 1))\71']',1 — ((N - j))\ +j/L)7Tj + (] + 1),LL7T]'+1 = O7 1< j <7,
(N = j+ DAms1 — (N = A+ 1)y + rpmjr =0, 1< <N,
Amy_1 —rumy = 0.

Put
KJ :]/j,ﬁj—(N—j—Fl))\?Tj,l, KJ* =TumT; — (N—j‘i‘l))\ﬂ"j,l
Then the system of equations can be rewritten as

K1:07
Kjpn—K; =0, 1<j<m,
Ky~ K =0, r<j<A,

K3 = 0.

From here together with K, = K we have K; =0, 1 <j<r, K;=0,r<j<N.
We obtain recursive relations

N—7+1)A
Wj:ﬂﬂ-j_lj 1§]<r7
JH
N—j34+1)A
g= W DA o

T
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from which we develop that

The value of 7y follows from the condition Zj’vzo m; =1

3.4 Poisson process

In Example 3.1 we have considered the process {X;,t > 0} of integer-valued random
variables with independent and stationary increments X;,;, — X; (the number of events
in the interval (¢,¢ + h]). From the assumptions stated there it also holds

P(Xt+h — Xt = 1) — )\h/ + O(h),
P(Xt+h — Xt = O) = ]_ — Ah‘f‘O(h),
P(Xt+h — Xt Z 2) = O(h)

uniformly for all £.

We know that {X;,t > 0} is a continuous time Markov chain with the state space
S = {0,1,...}, the initial distribution py(0) = P(X, = 0) =1, p;(0) =0, j # 0 and
the transient intensities ¢; ;41 = A\, ¢i = —¢i = A,q;; = 0 otherwise. The transition
probabilities p;;(¢) can be computed by solving the system of the Kolmogorov forward
equations (3.16). If we confine ourselves to the absolute probabilities p;(t),7 € S only
and the initial distribution p; = p;(0) = 1,p; = p;(0) =0, j # 4, we can solve a system
of differential equations that correspond to the i—th row of the matrix P(t), i.e., to solve
the system of the differential equations

() = =pi(t)a; + Y pr()gs, €S
oy

with the initial condition

in our case,

Po(t) = —Apo(?), (3.27)
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with the initial condition
po(0) =1, p;(0) =0, j > 0. (3.28)

The system (3.27) is a system of linear differential equations. We can solve it either one
by one, but we can use the method of the generating function.
Let us consider the probability generating function of the distribution {p;(¢),j € Ny},

(s,6) = Y pi{t)s'

as a function of variables s, ¢. If we multiply the j—th equation of (3.27) by s/ and then
add all such multiplied equations we get

SoHs =AY Ip() A palt)s = =AY shni() +As Ym0
=0 j=0 J=1 §=0 7=

This expression can be written in terms of the probability generating function IT as

II(s,t
% = “\(s,t) + \s I(s,t) = —\(1 — $) (s, ) (3.29)

with the initial condition
I(s,0) = 1. (3.30)

For fixed s, (3.29) is an ordinary linear differential equation for the variable ¢; the general

solution of which is
I(s,t) = C(s)e M%),

where C'(s) is a constant dependent on s, only. From the initial condition (3.30) we
immediately have C(s) = 1, thus,

__—=MAAst =)\t - ()‘t)j J
II(s,t) =€ =e ZO i .
J:

From here, we can conclude that the absolute distribution is given by probabilities

e*)\t()\t)j

= 0<j<o0, t>0
7!

pi(t) =
which is the Poisson distribution with the parameter At.
Since the number of events that occur in an arbitrary interval (s, s + ¢] depends only
on the length of this interval, it follows from here, that the increments X ,; — X, have
the Poisson distribution with the parameter At for all s, > 0.
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Remark. A process {X;,t > 0} of integer-valued random variables that represent num-
bers of some events that could occur in an interval [0, ¢] is called counting process. The
Poisson process with intensity A is a counting process with independent and stationary
increments such that X; = 0 and for ¢ > 0, X; has the Poisson distribution with the
parameter A\t. Other properties of the Poisson process can be found, e.g., in Resnick
(1992), Chap. 4.

Let T;,5 = 1,2,... be time between the occurrence of events j — 1 and j, i.e., the
holding time at state j — 1. According to Theorem 3.5, T; are random variables with the
exponential distribution with the same parameter A, i.e., with the mean value % We will
show that T} are mutually independent.

For T} and 15 we have

P(Ty >z, T, >y) = / P(Ty > y|Ty = u )de™ du ,

further, by Theorem 3.4
Ph>yTi=u)=P(X;=1lu <t<y+u|X,=1)=e?,
thus,

P(Ty >z,Ty>y) = e)‘y/ e Mdy = e e ™M = P(Ty > 2)P(Ty > y);

from here the independence of Ty, T; follows. Similarly, we can prove the independence
of random variables 17,75, ...,T,, n > 2. The result is in accordance with the assertion
of Theorem 3.8.

The embedded discrete time Markov chain {Y;,,n € Ny} of the Poisson process has
the transition probability matrix Q" with the elements ¢j; = 0, ¢;,.y = 1, ¢;; = 0
otherwise. The Poisson process is regular, since ¢; = A V., Thus, by Theorem 3.9

1 <1
o T2

— q,,

1=

o0

holds with probability one.

Now, let us consider the distribution of the random variable W,, = S; + --- + 5,
(the waiting time for the occurrence of the n—th event of a Poisson process). Since
S1,...,S, are independent random variables having the same exponential distribution,
the distribution of W, is given by the density

Ae— A& ()\J:)"*l
wp(@) =4 @ o 120
0 elsewhere

(Erlang distribution of order n).
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Example 3.8. Buses of lines No. 1 and No. 2 arrive to a bus-stop. The arrivals of buses
of both lines are events of the Poisson processes with intensities A; a Ay, respectively,
these processes are independent. The mean number of the buses of line No. 1 that arrive
to the bus-stop during a time interval of length t is A\i¢, the mean number of all buses
arriving during this interval is (A; + A)¢t. Waiting time S for an arrival of a bus of Line
1 has the exponential distribution with the mean Value Waltlng time T for an arrival
of Line 2 has the exponential distribution with the mean Value 3%, Lhe waiting time for
the arrival of the next (second in the order) arrival of Line 1 has the Erlang distribution
of order 2, with parameter \;, and the mean value 2 vy
The probability that the first bus that will arrive is bus of Line 2, is

oo oo A
P(T<S)= / </ AQeAQtdt> e Mids = / e M (1 — e ?2%)ds = X 2
0 0 0 1+ A2

Since the remaining time of the arrival of a bus of Line 1 has the exponential distribution
with parameter \; and times between arrivals are independent, the probability that the

first two buses that will arrive to the bus-stop will be those of Line 2 is ( /\1)‘\'!‘2>\2 )2

3.5 Linear birth process (Yule process)

Consider a population of individuals that can reproduce but cannot cease to exist. As-
sume that during the interval (¢, ¢+ h] each individual can give a birth of a new individual
with the probability Ah + o(h) independently of the behaviour of other individuals.

Let X; denotes the number of individuals that are in the population at time ¢; it is an
element of a continuous time Markov chain with the state space S C Ny; for simplicity
assume that S = {1,2,...}. The transition probabilities are

P = (1) O+ o)L = -t o))~ =k + o),
pj7j+k(h) - O(h>7 k> 2,
pii(h) = (1 = A+ o(h)) =1 — jAh + o(h);
other probabilities are zeros. The intensities are
¢jj+1 = JN, ¢ = g for 1 < j < oo, gji = 0 otherwise,

thus the intensity matrix is
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Assume that at the beginning, the population consists only of one individual, i.e., the
initial distribution is p;(0) = 1, p;(0) =0, j > 1. If we confine ourselves to the absolute
probabilities, we realize that they satisfy the system of differential equations

pi(t) = =Api(t), (3.31)
pi(t) = =Ajp;(t) + A(j — Dpj—1(t), j>1
with the initial condition p;(0) = 1. System (3.31) can again be solved by the method of

generating function: multiplying the j—th equation by s/ and adding all the equations
we get

DKM = =AY ipi(®)s'+AY (5= Dpia (D)’

= —)\s ijj(t)sj_l + \s? ijj(t)sj_l,
= =1

or, in terms of the probability generating function II of the sequence {p;(?)},
OIl(s,t) \ OIl(s,t) ) 2 OII(s,t)

ot 0s os

equivalently,

OII(s,t) N OII(s,t)
0s ot

which is a partial difference equation with the initial condition

As(1 —s) =0 (3.32)

I1(0,s) = s. (3.33)

A solution of equation (3.32) is given by Theorem B.7 in the Appendix B. According to
this theorem, we first solve the auxiliary ordinary differential equation
ds

— =dt.
As (1—s)

Solving it we have for 0 < s < 1
Ins —In(l —s)=XM+C,

or
S

1—s
The first integral of the auxiliary differential equation is li_se*)‘t = (] and according to
Theorem B.7 the general solution of equation (3.32) has form

S _
oM 7
1—s

= C16>\t.

(s, 1) :F(
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where F' is a differentiable function. The initial condition (3.33) implies that

If we set - = x, we obtain

thus

s se M

II(s,t) = 5 — 5 eM 4 eMt - 1—s(l—eM)

Expanding the last expression into a power series we get

o) o)

_ _ k-1
§ :56 )\t —e )\t E :6 )\t k’
k=0 k=1

and from here we can conclude that
PX,=k)=pe(t) =e M1 - k=12...

We easily realize that >~ px(t) = 1 for every ¢t > 0 (the geometric distribution).
The mean size of the population at time ¢ is EX; = e.

Similarly we can show that under the initial condition p;,(0) = 1 for some iy > 1 the
generating function of absolute probabilities is given by

0 = [ = |

(negative-binomial distribution).

The process is regular since under the initial condition Xy = 7y > 1 the states of the
embedded chain {Y,,} satisty P, (Y; =i+ 1io) = 1,i=1,2,... and thus

[e.9] [e.9]

1 1
20 ;A(@'HO):“

zqu

7

holds with probability 1.
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3.6 General birth process

Consider again a population of individuals that can reproduce only. The size of the
population at time ¢ > 0 is described by a time continuous Markov chain {X;,t > 0}
with a countable state space, that is defined by the initial distribution p;,(0) = 1, p;(0) =
0, j > 1ip (ip > 0) and the transition intensity matrix

VY 0 0
0 X1 Aiger 0
Q = 0 0 )

o >‘io+2 )‘io +2

where the intensities \; > 0 express a general dependence on state j of the population.
Absolute probabilities P(X; = j) = p;(t) satisfy a system of differential equations

p’lio (t) - _)‘iopio (t),
Pi(t) = Ajapi—a(t) — Ajps(t), > o

with the initial condition p;,(0) = 1.
Solving these equations sequentially and using the initial condition we get

Pig (t) - e_Ai0t7

t
pj(t) = )\jle’\jt/ 6)\jspj,1(8)d5, j > ’io.
0

The process is regular if and only if
> 1w
J=to /\j

since for the corresponding embedded chain {Y,} we have P, (Y,, = n+1i) = 1 for every
19 > 0 and further we can proceed as in Theorem 3.9.

3.7 Linear birth and death process

Consider again the process described in Example 3.2.



3.7. LINEAR BIRTH AND DEATH PROCESS 99

If the size of the population at time ¢ is X;, then it follows from the assumptions
given in Example 3.2 that {X;,¢ > 0} is the continuous time Markov chain with the
state space S = {0,1,...,} and intensities

q4j.j+1 = ]Aa 0 S] < 00,
qji—1 = .]:U’a 1 S] < 00,

gjx =0 jinak,

g =jA+p), 0<j<oo

The absolute probabilities p;(t) = P(X; = j) satisfy the system of differential equa-
tions

po(t) = pupi (1),
Pi(t) = (7 — DApj1(t) — jlp+ Np;(t) + (G + Dppja(t), j=1,2,...

Assume that p;(0) = 1. Then by using the method of generating function we get the
equation

S ) = (G + Dupia )’ + ) (5 — DApja(t)s’ — > 5(A+ wpi(t)s?,
=0 =0 j=1 j=1
or
OIl(s,t)  OII(s,t) 5 OI1(s,t) OII(s,t)
% —HF s T As 5 s(A 4+ ) P (3.34)
OII(s,t) OII(s,t)
— 2 _ o — — !
L T RN L LR PRI R
with the initial condition
II(s,0) = s . (3.35)
For A = p (3.34) is of the form
17 17
A1 — sty oY) _ (3.36)

0s ot

The auxiliary ordinary differential equation is

ds

Moz

and its first integral is
1

1—s

T =0,
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which means that the general solution of equation (3.36) is

II(s,t) :F<)\t+ 1:9)

for a differentiable function F. It can be determine from the initial condition (3.35). We

get
1
II(s,0)=s =F

and using the substitution x = % we obtain that

—s?

rz—1
F =
(r) ==
The solution we were looking for is
M+ -1 M4s(l— M Y, 1— Xt 1
H(S,t): 1751 _ +$( ) _ +s .
At 4 = L+ At — Ats L+t 1+ At) 11— 2s

At T— M\ o=/ X Y\ .
_ j
(1—|—)\t+31+)\t)§(1+)\t) o

From here we have

(1) = At
PO =T
() :
p;(t) = (1+)\t)j+17 1<y <oo.

Now, let us consider case A # p. The auxiliary ordinary equation is of the form

ds

TEEEED R

and solving it we obtain
(i — As) = In(1 — ) = —(u— Nt + C,

the first integral is
L—AS
1—s
and the general solution of the partial differential equation (3.34) is

II(s,t)=F (’ul_—ASe("_’\)t) =F ([Ll_—/\'se—(/\—#)t) _
— s —

=2t — c,
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From the initial condition (3.35) it follows

H(S,O):F(M_/\s) =

1—s

and if we set “1%’\55 = x, we get

The generating function is

(s, t) = p(l—s)—(u— /\s)e*(kfu)t _ (1 — e(Af,u)t) — s\ — ,ue()‘*“)t)
AL = 8) = (= As)em ATt T (= APt — As(1 — et

To simplify the notation let us denote

1 — e(A—n)t

Al) = o

and then after a shorter computation we can write that

A — peX—mt pA(t) — (MNA(t) + pA(t) — 1)s
IH(s,7) 1—\s A(t) HA() - p— AeQ=mt S] - 1—\s A(t) ’
(s,1) = A + (- AAB)(1L— pAB) S (AD) s

From here we can conclude that

pi(t) = (L= AA@D)(L — pA@D)AA@)Y ™, j= 1L
The transition probability matrix of the embedded Markov chain {Y,,} is

1 0 0 0

B D
Q* Ap 0 Atp 0

= e 2 :
0 £ 0 2

we can therefore see that state 0 is absorbing; the population that will sometimes die
cannot be renewed.
The probability that the population ceases to exist at time ¢ is

At A=
P(X;=0) =po(t) = § 10 e \
oo AF
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and using limit as t — oo we realize that the probability that the population will die out
is

. L A=<y,
lim py(t) =
t—o00 %7 A > .

3.8 General birth and death process

Again, let us consider a population of individuals that can reproduce and die. The size
of population at time ¢ is described by the Markov chain that is defined by intensities

Qg1 =2x, J=01,...,
Qjj—1 =M, J=1,2,...,

¢jx = 0 otherwise,

qo = Ao,

g =N +p;, =12,

the intensity matrix is therefore

— o Ao 0 0 0
M1 —()\1 + Ml) )\1 0 0

Q= 0 2 —(Aa+p2) A O

and the system of differential equations for the absolute probabilities p;(t) is of the form

Po(t) = —Xopo(t) + p1(t),
Pi(t) = Ajmapj—1(t) = (N + 1) () + pyapja(t), j=1,2...

with the initial condition p;(0) =1, p;(0) =0, j # .

Let us focus on the computation of limiting probabilities. We will use Theorem 3.16.
We will assume that all the intensities A;, 7 > 0 and p;, j > 0 are positive. Then the
transition probability matrix of the embedded chain is

0 1 0 0

“1 A1
 _ A1+p1 0 A1+p1 0
Q" = 0 _H2 0 A2 3
Ao+ Aatpz T
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we can thus see that the embedded chain is irreducible. To decide whether all its states
are recurrent we can either use Theorem 2.23, or to find the stationary solution. If we
use Theorem 2.23, we have to solve the system of equations

T = 9, (337)

1 Aj
€T, = I‘fl—i_
TN Ny

Tjy1, J = 2.

From the first equation we get

lh)
= (14+ 2
To ( + N T
and further, by using the mathematical induction for j > 3
o M1 Ha 2 IGEE -Mj—l)
= (12 NP et Sl o il VR
o= (1+ VRS VS VLS VRS WY A
If we put
M- py .
=1 =T 5> 3.38
0o ) Uj )\1”')\]'7]_ ( )

and z; = £, a solution of the system (3.37) can be written in the form

r1 =00§,
rj=(00to1+-+0o;1)§ j=2.

If Y720k < 0o, then there exists a nontrivial solution of system (3.37) at the interval
[0, 1] (it suffices to choose & = 1/ "7 jox). If D7, 0r = 0o, then the only solution of
(3.37) in interval [0,1] is the trivial one and all the states of the embedding chain are
recurrent.

Thus, if the conditions of Theorem 3.16 are satisfied we can find the limit probabilities
7; = limy_, p;(t) by solving the system of equations 77 Q = 07, that fulfills conditions
m >0, > 2™ =1

The considered system is

— Aomo + pum =0,
Aj-1mj—1 = (Aj + p)mj + pjamin =0, j > 1
If we put
pimp — Ajami = Ky, j 2> 1,
we can rewrite it to
Kl = 07
Kjn—K;=0, j>1

J
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Obviously, K; = 0 pro j > 1, so that

. >\j—l o )\j—l)\j—2 o - )\j—l>\j—2 ce )\0 o
T = Mj1=——— Mj2="-"= To = PjTo,
Hj HjHj—1 Hjtbj—1 - 1
where
AiiAio. oA
py =2 0 s (3.39)
Hjlbj—1 - H1

Defining py = 1, we can write
T = pimo, J = 0.

The solution {7;, j > 0} is the probability distribution if and only if .2 ) pr < 00; then

- -1
T = p; (Z ,Ok) and 7; >0, j>0. (3.40)
k=0

For \g = 0, state 0 is absorbing and the embedded chain is reducible (gf, = 1); the
probability that the population that at the beginning consisted exactly of ¢ individuals
sometimes will die out, is the absorbing probability at state 0 in the embedded chain
starting from state i. If we denote it by u;, we can use Theorem 2.20 and solve the
system

ui:qfo—i—qukuk, i=12,...,

k=1
or
M1 A
Uy = + Ug,
A+ A A
i Ai .
u; = a -1t it1, 1>2

U u
Ai + Ai + 1

(without proof).
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3.9 Queueing systems

Birth and death processes are widely applicable e.g. to epidemiology or demography,
here we will deal with applications to the queue theory.

By a queueing system we usually mean a dynamic system with a number of servers
(service stations) like bank counters, cash desks, repair facilities etc. Customers are
arriving into the system to be served. If the capacity of the servers is not satisfactory,
the customers may wait in a queue. Being served the customers are leaving the system.

Generally we assume that the interarrival times of customers are random variables
that are independent and identically distributed with a distribution A, service times of
individual customers are independent and identically distributed random variables with
a distribution B. The queueing system is then described by a triplet (A4/B/c), where ¢
is the number of servers.

3.9.1 System (M /M /o)

The customers are arriving into the system in instants of a Poisson process with intensity
A > 0 (it means that the interarrival times are independent random variables with the
exponential distribution with the mean value %)7 service times are independent random
variables with the same exponential distribution and the mean value %,,u > 0. The
number of service stations is so large that any customer arriving into the system is
immediately starting to be served; there is no queue. If X; denotes the number of
customers in the system at time ¢, then {X;,¢ > 0} is the birth and death process with

intensities

)\j:)\, 0< 7 <o0,
:uj:.j:uv 1§j<OO,

i.e., the continuous time Markov chain with the intensity matrix

A A 0 0
po —=(A+p) A 0
Q=19 2w —(A+2u) A

The differential equations for absolute probabilities p;(t) are

po(t) = =Apo(t) + pp: (1),
Pi(t) = Apja(t) — (A +3wp;(t) + (G + Dppja(t), 1<j < oo
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with the initial condition p;(0) = 1, p;(0) = 0, j # 7. Using the method of the generating
function we obtain the partial differential equation for the generating function I1(s,t),

OI1(s,1)
ot

OI1(s,1)

=As—1)I(s,t) — p(s —1) EPE

that is
(1 — S)anégz,t) - aﬂéi’” — A1 — $)TT(s, 1) (3.41)

with the initial condition I1(s,0) = s'.
A solution of this equation follows from Theorem B.8 in Appendix B. According to
this theorem, we first solve the system of ordinary differential equations

ds g — air
p(l—s) A1 =8I
solving equations
ds pdll
iV

we get two independent integrals
(1—s)e ™ =0Cy, eI = Cs,
so that the general solution of equation (3.41) is of the form
F[(1 —s)e ™, e i’ ]=0

for a differentiable function F' of two variables. From here we express /I as an implicit
function of the first variable in the form

(s,t) = er* f((1 — s)e™)

for a differentiable function f. If we suppose that at the beginning the system was empty,
(i.e., po(0) = 1), then I7 fulfills the initial condition II(s,0) = 1. Thus, function f satisfies
condition

en*f(l—s) =1,

and with s =1 — 2z we get

Function 17 is of the form

(s 1) = ¢ w1 eusi=e™),
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Expanding the second exponential function into the power series we get

| F _
II(s,t) =€ llme ZE<—> (1 — e Hhkgh,

k=0

thus, the absolute probabilities px(t) satisfy

]_ )\ K 7tk_g(1_e—ut)
pk(lf)ZE m (1 —e")ken .k >0.

The limit probabilities are

— i LN e s
mp = lim py(t) = L) e >0,
i.,e., the probabilities of the Poisson distribution with parameter 2.

The limiting probabilities can be also computed directly as follows. According to
(3.38) 09 = 1 and for k > 1,
fi-o e K\ p*
AL Ak PN
and Y-, 0, = 00, thus, all the states of the embedded chain (that is irreducible) are
recurrent. Further we proceed according to formulas (3.39) and (3.40). For k£ > 1 we
obtain

O =

M1 P
and setting pp = 1, we get

> 1 /A A
S -EAQ) e

k=0

and from here

which is the previous result.

3.9.2 System (M/M/c)

We assume that the arrivals of customers are points of the Poisson process with inten-
sity A, service times are independent and identically distributed with the exponential
distribution and the mean value I%
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Under these assumptions, the total number X; of customers in the service and in
the queue at time t creates the continuous time Markov chain with the countable set of
states S = {0, 1,...} and intensities

Qjr1 = Aj = A, 0<j<o0,
g, 1<j<g
9jj—1 = Hj = .
cu, c<)<oo

(the other gji, j # k are zero). Again we have a birth and death general process with
the intensities A\; a p; just defined.
If we confine to the computation of limiting probabilities, formula (3.39) gives us

J
L(2), 1<j<q
)it \m
Pj = e () ,
F(E)’ c <) <o

it means that the limiting and stationary distribution exists if ﬁ < c¢. Then

J
1 A 1 :
ﬁ(;) ik 1<)<cgc
= c¢ A jl
F(E) B c< )<

(where we have set pg = 1 a R = Y ;- pr). The mean number of customers at the

system in the stationary traffic is

o0

my = Z]’ﬂ—j )

J=1

the mean number of customers in the queue is
[o.¢]
mo = E jﬂ-j—i-c )

j=1
the mean number of the served customers is

C oo

ms = E Jm; + E CThte
j=1 k=1

the probability that a customer will not wait for the service is

c—1
P1 = E T,
J=0



3.9. QUEUEING SYSTEMS 109

and the probability of waiting for the service is P, =1 — P.

Consider now the system (M /M /c) with a bounded length of the queue: if there are r
customers in the queue, the system is closed and other arriving customers depart without
being served. The number of customers in the system is described by the Markov chain
with the finite set of states and the intensity matrix

QGj+1 = Aj = A, 0<j<r+c—1,

o Jim, 1<75<q
q]’]_l —,u] a CLt, C<j S T+C,

gk =0, j # k otherwise.

The limit distribution is 7; = p;/R, 0 < j <r + ¢, where

;00:17
%(5>]7 1<j<e
_ )it \nm
Pj . J
g(ﬁ>, c<jg<r+ec,
while
r+c c j c+r j
1 >\ J C )\ J
r=>n=35 () 5 2 ()
| |
7=0 ]:0'] p C_]=C+1 pe
1AV 1IN
STORIE
ARV p) o=\

System (M /M /1) with unlimited length of the queue is a special case of system
(M/M/c) with ¢ = 1. The limit and stationary distribution does exist if A < u; then

)\ j 0o )\ —1
PJ:(E),0§]<OO, R:Zp]:(l_;) )

Jj=0

TR (u) ( p) =

which is the geometric distribution with parameter ﬁ The mean number of customers
in the system is

thus
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the mean number of customers in the queue is

e D ) -

k=1
the mean number of customers in service is ms = ﬁ, the probability that a customer will

notwaitisPlzm):l—ﬁ

Now, let us determine the mean time that a customer spends waiting in the queue
and the mean time spent in the system. Assume that a customer will come at time
when in the system is exactly & > 1 customers (one just served and k& — 1 waiting in the
queue). (If k£ =0, the customer will not wait and will be served immediately.)

Then the time our customer will wait in the queue is the sum of the service times of
the customers standing in the queue in front of him and the remaining service time of the
customer who is just served. All these random times are independent random variables
with the same exponential distribution with parameter 1 (we know that the exponential
distribution is memoryless, thus the remaining service time has also exponential distri-
bution). Thus the waiting time for the service of the customer standing in the queue at
the k — th position has the Erlang distribution of order k& with the distribution function

{1 — e hw Z;:é (Mﬁ)j7 x>0,

Fip(x) =
k() 0 elsewhere.

The distribution of the waiting time 7" in the queue is given by the complete proba-
bility theorem:

e ) k—1 .
t]
F(t):P(Tﬁt)ZWO+ZFk(t)7rk:7ro+Z(1—6_’” @)M
k=1 k=1 j=0 J:
S e ()] o (st
:WO+Z 1 g Z j' Tk+1 1_6 " ZZ j' Thk+1,
k=0 j=0 k=0 j=0
which is
o k j k
e (1 _ i) Dy (ut) (i)
I p)iz i It \u
LA (A = () & (A)f’
et DS S
Iz It kz; k! ; It
A A\ o= (ut)* [ A\F A\
(SR ()
It p) = kI \p It
=1 ée*(u*/\)t —1— i + é (1 e (;hA)t)
fu T
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for t > 0 and it is zero for ¢ < 0. From here we can easily determine that the mean
waiting time in the queue is

A1
wy = ———or.
fp— A
Notice also that the distribution function of 7" is not continuous at zero, P(T' = 0) = m.
The total mean value the customer spends in the system is the mean waiting time in

the queue plus the mean service time, i.e.,

+1 1
Wy =W + — = ——.
2 1 A

Analogously we can develop the distribution of the random time the customer spends in
the system: it is exponential distribution with parameter p — A.

3.9.3 System (M/G/1)

If the distribution of the interarrival times or the distribution of the service times differs
from the exponential one, the number of the customers in the system cannot be explained
by a Markov chain since the Markov property is not valid, but we can still utilize some
results concerning Markov chains.

System (M/G/1) is a queueing system with one service station, the customers arrive
according to Poisson process with intensity A (the interarrival times have exponential
distribution with the mean %), service times are independent identically distributed
random variables with a general distribution function G and a finite mean value m.

Let us consider the system at time instants when the served customers leave the
system. Let X, denote the number of customers in the system immediately after the
n—th served customer left the system (n > 1), let Y,, denote the number of customers
that will arrive into the system during the service of the n—th customer. Obviously,

Xn—1+Y,1, X, >0,
Xn+1 =
{Yn+1, X, =0.
Since the arrivals of the customers are observations of the Poisson process and we observe
them in disjoint time intervals, Y,,,n > 1, are independent random variables with the
same discrete distribution: for a fixed service time 7 of the n—th customer, Y,, has the
Poisson distribution with parameter A7; the total probability is

& 1
P(Y,=k) = / e S () AG(T) = ar, k>0,
O .
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We can easily verify that ), ar = 1, hence, {a;} is the probability distribution. The
mean value of this distribution is

p:EYn:Zkak:)\m.
k=0

Since random variables Y,, are independent, the sequence {X,, } has the Markov prop-
erty; we have the discrete time homogeneous Markov chain with transition probabilities

P(Xn+1 :j|Xn:i):aj_i+1, ZZ ]., jZZ—]_,
= ay, Z:O,

=0 otherwise.
The transition probability matrix is

Gy a3 a2 as
Gy a az as

0 0 ag Qg

Now, let us study the problem of existence of a stationary distribution in the chain { X, }.
The system of equations 7wl = w7 P is

Jj+1
T = Tod; + Z T 5 —i+1, j > 0. (342)
=1

We can Solve this system of equations by the method of generating function. Denote by
A(s), II(s) the generating functions of sequences {a;}, {m;}, respectively. Multiplying
both sides of (3.42) by s/ and add all this equations we get

oo j+1

II(s) = mpA(s) + Z Z T 418

j=0 i=1

oo o0
= ToA(s) + 571 E ;8" E aj_ip18 !
=1

j=i—1

= moA(s) + s (I (s) — m) A(s),

from here

(s — 1)moA(s)

I1(s) = s — A(s)

(3.43)
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Using the limit as s — 1 from the left and by using the I’'Hospital rule we get

. o - . To
sgr{lfﬂ(s) o Zﬂ-] - 1 —p
7=0

We can see that ) 7, is convergent if p < 1, and equals 1 for 7y = 1 — p. If we insert
into (3.43), we have
(s —1)(1 — p)A(s)
II(s) = .
(s) s — A(s)

If p < 1 the stationary distribution exists and we can obtain the probabilities m; by
expanding I7(s). Then the mean length of the queue is IT'(1) (left derivative).
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Appendix A

A.1 Generating functions

Definition A.1. Let {a,} = {a,,n € No} be a sequence of real numbers. If the power
series A(s) =), a,s™ converges for |s| < so and sg > 0, we say A(s) to be generating
function of a sequence {a,}.

Recall the basic properties of power series:

(i) To every series of type Y~ a,s" there exists a number 0 < R < oo, such that for
|s| < R this series converges absolutely; for |s| > R it diverges. The number R is
called radius of convergence and

R=(Tim |an|*) .

n—oo

(ii) If the series A(s) = > o7, a,s™ has the radius of convergence R, the series Y > | na,s" '
has also the radius R and for |s| < R

d / = n—1
%A(s) =A'(s) = ;nans :

Then for |s| < R it also holds

AP (s) = in(n —1)...(n—k+Da,s"™".

n=~k

For the coefficients a,, it holds

an = A™(0)/n!, n=0,1,...

117
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(iii) Abel theorem. Let the series A(s) converge at the radius R = 1. Then the
following holds true:

o0

Zan:a<oo:> lim A(s) = a;

s—1—
n=0

if a, >0 Vn >0, then

lim A(s Zan—a<oo

s—1—

(iv) Tauber theorem. Let the series A(s) converge at the radius R = 1. Suppose that
an >0 VYn > 0. Then

1
nhg)lo " ;ak =a <00 & slir{l—(l —5)A(s) = a.

Due to simplicity, the left limits A(s), A’(s), A®)(s) as s — 1_ will be in the next denoted
by A(1), A’'(1), A®)(1), respectively.

Let X be a nonnegative integer-valued random variable with the distribution {p,,n €
Np}. The generating function of the sequence {p,} is called the generating function of
the random variable X, we will denote it by P(s), or, more precisely, Px(s). It holds
Px(1) =307 o <1, and Px(1) = 1if and only if P[X < oco] =1 (we say that X is a
proper random variable). The radius of convergence of Px(s) is at least 1.

Theorem A.1. For moments of a proper random variable X it holds
EX = Px(1),
EX(X -1)...(X—k+1)=PP(1),
var X = Py(1) + Py (1) — (P%(1))* (if Py (1) < 00).

Proof. For 0 < s < 1 we have

_ n—1 __ n o__ n
= pas" =2 nps" == npus

and from the Abel theorem applied to the sequence {np,} we get

SliI{lﬁ P (s) Z np, = EX.
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Similarly,
(k) _ _ _ [K]
lim Py (s) Z_:knn 1)...(n—k+1)p, = p',
where plfl = EX(X —1)...(X — k4 1) is k-th factorial moment of X. O

Example A.1. The generating function of the Poisson distribution with parameter \ is

& 7)\ n
PX(S):Z )‘ —AZ n' _ (5= 1)'
n=0

n=0

From here Pi(s) = AeXs=D PlL(s) = A2A6-D, . PP = MeMo=D Thus EX =
A, =N var X = A2 4 A= A2 =\

Theorem A.2. Let Px(1) =1. Forn=0,1,..., set
qn = P(X > n) Z Dj-
j=n+1

Let Q(s) =Y 0" 5 qns™ be the generating function of the sequence {q,}. Then

Q(s) = %i@, 5| < 1. (A1)

The moments of the random variable X satisfy

EX =Q(1), wvar X =20Q'(1)+ Q(1) — Q*(1).

Proof. The coefficient with term s™ in the expansion (1—)Q(s) iS ¢n—Gn—1 = —pn, 1 > 1,
go = 1 — po. Thus

(1-95)Q(s) =1—po— ansn =1— Px(s). (A.2)

n=1

From here we get (A.1).
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Now, let us prove that EX = Q(1). Relation (A.2) holds true for every |s| < R, where
R is the radius of convergence of the series Px(s); by differentiating we get P4 (s) =
Q(s) —(1—=95)Q'(s). f R>1,weput s=1.If R=1and FX < oo, we have

[o.¢] o
nqn:ankSkak%(]asn—)oo
k=n+1 k=n+1

and £ 37| kg, — 0. By the Tauber theorem (1—s)Q'(s) — 0 as s — 1—, thus P4 (1) =
Q(1). If R =1 and EX = 400, the assertion follows from the relation P%(s) < Q(s) for
0 < s < 1 and by using limit as s — 1 — . The assertion for the variance can be proved
analogously. O]

A.2 Convolution

Definition A.2. Let {a,,n € Ny}, {b,,n € No} be sequences of real numbers. Define a
sequence {c,,n € Ng} by

C, = agb, + a1b,_1 + -+ a,by, n>0.

The sequence {c,} is called to be convolution of the sequences {a,},{b,}, we denote

{ent = {an} * {bn}.

Theorem A.3. Let {a,},{b,} be real-valued sequences with the generating functions
A, B, respectively. Then the generating function C' of their convolution {c,} is

Proof. 1t follows by the multiplication of the power series A(s) and B(s) and the com-
parison the coefficients with the same powers of s. O

It can be easily shown that the convolution operation is associative and commu-
tative. The sequence {a,} * {a,} is called the second convolutional power of the se-
quence {a,}, denoted by {a,}*. Similarly we define the k-th convolutional power by
{a,}* = {a,}*D* % {a,}. Let us define {a,}** = {1,0,0,...}; the {a,}** = {a,}.
If A(s) is the generating function of the sequence {a,}, then A*(s) is the generating
function of the sequence {a,, }**.
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Let X7, X5 be independent integer-valued random variables with respective distribu-
tions {p\"}, {p,(f)}. Let S = X; + X,. Then the distribution of random variable S is

{ps}, where
k

pr=P(S=k) =) P(X;=j)P(X,=k—j).

J=0

Thus, {p,} = {p%l)} * {pg)} and the generating function of S is
Ps(s) = Px,(s)Px,(s).

Especially, if X, X, are independent and identically distributed with the distribution
{a,}, the distribution of their sum is the second convolutional power of the sequence
{a,}. This assertion can be generalized to any finite sum of independent identically
distributed random variables.

Definition A.3. Let F' be a distribution function of a nonnegative random variable,
i.e., F(z) = 0,z < 0, and let G be a function defined on R, = [0, 00), that is locally
bounded, i.e., bounded on every finite interval. Convolution of functions F', G is defined
to be

(F*G)(t):/OtG(t—x)dF(x), £>0.

Theorem A.4. Fx G > 0, if G is nonnegative, and F x G is locally bounded..

Proof. 1t is obvious that F' *x G is nonnegative. Further, for every 0 < s <t
t s
(£ % G)(s)] S/ |G (s —x)dF(z)| < sup Ig(S)I/ dF(s) < sup |g(s)[F(t) < oo.
0 0<s<t 0 0<s<t

]

Function F * F is called second convolutional power of function F,, denoted F**.
Define a general convolutional power by
F%(x) = I1([0,00))(x),
F*(z) = F(x),
FOrDs () = (F™ « F)(z), n>1.
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Theorem A.5. Let X1, X5 be independent random variables taking only nonnegative val-
ues, Xy with a distribution function Fy, Xo with a distribution function F,, respectively.
Then the distribution function of X1 + Xo is Fy x F5.

Proof. For t >0

P(X:+ Xo <1) = / /dFl(w)sz(y)

0<z+y<t

:/Dt (/Ot_rng(yO dFl(x):/Uth(t—x)dFl(x).

From the proof of A.5 we can see that F} x [y, = Fy x Fy. If X7, X5 are equally
distributed with the distribution F, then X; 4+ X, has distribution function F'?*. Gen-
eralization to any finite sum of independent identically distributed random variables is
obvious.

]

A.3 Laplace transformation

Let X be a nonnegative random variable with a distribution function F. Then the
Laplace transformation of the distribution function F is

F(\) = / e MdF(z) = Be ™, A >0.
0

~

Obviously, F'(A) < oo for all A > 0.

Theorem A.6. Let X, X5 be independent random variables with distribution functions
Py, F5, respectively. Then

(Fy % Fy)(\) = Fy(A) Fy(N).
If X1, X5 are equally distributed then

(F= P = F2(0) = (F)

Proof. The assertion follows from the independence of random variables and properties
of the mean value.

]
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A.4 Random sum of random variables

Let N, X1, X5, ... be independent integer-valued random variables, N with the distribu-
tion {m,,n € No} and all X; have the same distribution {p,,n € Ny}. Set Sy =0,y =
X;+ -4+ Xy, N > 1. Denote the distribution of Sy by {h,,n € Ny}.

Theorem A.7. Suppose that the generating function of random variable N is II, and
the generating function of random variables X; is P. Let H be the generating function of
random variable Sy. Then H(s) = II1(P(s)) and

ESy = ENEX],

var Sy = (EN)(var X1) + ( var N)(EX;)%.

Proof. By the complete probability theorem and due to independence

hi == P(Sy = k) = ZPSN kN = n)P(N = n)

= P(S, = k)P( Zpk T,

where pi* is k-th element of the sequence {p}™*. Then

ths —ZZpk TnS —ZﬂnP" = II(P(s)).

k=0 n=0

For the mean value of Sy we have
ESy =H'(1)=1'(P(1))P'(1)=II'(1)P'(1) = ENEX,,

and the formula for the variance follows analogously from Theorem A.1.
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Appendix B

B.1 Some results from matrix theory

Definition B.1. Let > 7 ja,t" be power series in C and let A be a squared matrix of
order k. Then the series

ZanA":aoI—i—alA—l—azA?—i—..‘

n=0

is called to be power series of matrix A. If the sequence of partial sums

N
SN = Z CLnAn
n=0

converges to a matrix S element-wise, we say that the series >~ a, A" converges and
its sum is S.

Theorem B.1. If the power series .~ a,t" has convergence radius R > 0 and all the
eigenvalues of the matriz A are in modulus less then R, then the power series Y -, a, A"
converges.

Proof. Gantmacher (1966), Chap. V, § 4, p. 117. ]

Theorem B.2. Let A be a squared matriz such that A" — 0 as n — oo, where 0 is
the null matriz. Then the matriz I — A is reqular and

(I-A)"'= iA’“. (B.1)

125
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Proof. For every n > 1 it holds
I-A"=IT-A)T+A+---+A").

Further, from the assumption of the theorem it follows I — A" — I as n — oo, and
since the determinant is a continuous function of the elements of the matrix, it also holds
|I — A"| — |I|. Thus, there exists nginN such that |[I — A™| # 0. Then

I —A™|=|I - A||[IT+A+ -+ A" £0,

which implies that the matrix I — A is regular and its inverse matrix does exist. Thus,
for every n > 1
(I-A) ' IT-A")Y=T+A+---+A"

and using limit we get

n—1 00
AV k _ k
(I—A) JEEO;A ;A .

Definition B.2. We say that a squared matrix A is reducible, if (after a permutation
of the rows and columns) it can be written in the form

A O
= (5 4)
where 0 is the null matrix and A; and Aj are squared matrices. In the opposite case,
A s irreducible.

Theorem B.3. Perron—Frobenius Fvery irreducible matriz with nonnegative ele-
ments has a positive eigenvalue r, that is simple, and all the elements of the respective
eigenvector are positive. Other eigenvalues are at most equal to r in the modulus.

If A is an irreducible squared stochastic matriz, all the eigenvalues of A are less
then 1 in modulus. Number 1 is the simple eigenvalue of A, and all the elements of the
respective eigenvector are equal to the same constant.

Proof. Gantmacher (1966), Chap. XIII, § 2, pp. 354-355 a 382. ]
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Theorem B.4. Let A be squared matriz with elements a;j such that a; < 0,a;; > 0, @ #
j and all row sums are equal to 0. Then 0 is the eigenvalue of the matrix A with the
eigenvector (1,...,1)T, and the other eigenvalues \ of A satisfy ReX < 0.

Proof. Dupa¢, Dupacova 11 (1980), p. 43. O

Definition B.3. For a squared matrix A = {a;;,1 <,j < k} we define adjoint matric
adj (A) = {bij, 1 <i,j <k} by

bij = (=) det{as, 1 <r,5s < k,r#js#i}. (B.2)

Theorem B.5. For a squared matriz A,
Aadj(A) =adj(A) A= (det A) I,

where I is the identity matrix.

Proof. 1t follows from the properties of the inverse matrix. m

Definition B.4. Let 0 < R < oo. For a holomorphic function f : #(0,R) — C on
a neighbourhood U(0, R), i.e., having on U(0, R) derivatives of all orders, we define an

extension to all squared matrices A, the eigenvalues of them are less than R in modulus,
by

> f(k)
fay=3 0

k
k=0

Theorem B.6. Perron formula Let f : U(0, R) — C be a holomorphic function on the
neighbourhood U(0, R) for some 0 < R < 0o. Let A be a squared matriz, the eigenvalues
of which are Ay, ..., N\, with multiplicities my, ..., my, respectively. If |\;| < R for all
7=12,...,k, then

k

- 1 [ (A=) |
fa)=2_ (Dl | det(nr — 4! ) @i A= A)]

(B.3)

7=1 )‘:)‘.7'

Proof. Gantmacher (1966), Chap. V, § 3, p. 113. ]
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Special cases of the Perron formula:

k r .
1 d™ ' [ adi (M — A) }
An — )\TL
; (mj — DldAm=t [ 4;(A) A=A
A Xk: 1 dmt [ adj (M — A)eA}
= (my =Drdam=t [ (N .

where we denoted det(M — A)
e —
B = o
’ (A= Aj)m

If all the eigenvalues of the matrix A are simple, formula (B.3) can be written in a

simplified form

sy =y S 0y, (B.4)

7=1
where K is the order of the matrix.

B.2 Partial differential equations

Definition B.5. An ordinary differential equation of order n is the equation
Fz,y,y,...,y™) =0, (B.5)
or, if it is solved with respect to the highest order derivative, the equation

y™ = flz,y,y, ..y Y). (B.6)

A solution (integral) of this equation is any function y = g(z), that has derivatives up
to order n and satisfies identically equation (B.5). The solution is often given implicitly
in the form ¢(z,y) = ¢, where ¢ is a constant.

Definition B.6. The partial differential equation is a relation between an unknown
function z(z1,...,x,) of variables xy,...,z,,n > 2 and its derivatives given by

0z 0z 0%z Ok~ ) 0

"0z 0wy, 0227 Ok

The order of this equation is the order of the highest derivative that appears in this
equation.

A solution (integral) of the equation is any differentiable function z(z1,. .., z,), that
satisfies (B.7) at every point z1, ..., z,.

F <x1,...,xn, (B.7)
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Definition B.7. A homogeneous linear partial differential equation of the first order in
two variables x,y is the equation

0z 0z
a(x, y)ﬁ_x + b(x, y)a—y =0, (B.8)

where a, b are continuous functions in the respective region and are not simultaneously
equal to zero in it.

Theorem B.7. Let ¢(x,y) = ¢ be the first integral of the equation
dx dy

a(z,y)  blz,y)
The the solution to equation (B.8) is

z = F((z,y)),

where F' is an arbitrary differentiable function.

(Rektorys, 1995, Vol 11, Sect. 18.2, Theorem 1 (without proof).)

Definition B.8. A nonhomogeneous linear partial differential equation of the first order
in two variables z,y is the equation

0z 0z
P(xay7z)%+Q(x7yvz)a_y :R(x,y,z). (Bg)

Functions P, @), R are supposed to be continuous in the given region, P, () are not simul-
taneously equal to zero at this region and R # 0.

Theorem B.8. Let ¢(z,y,2) = ¢ and Y(x,y,z) = ¢z be two independent integrals of
the system of equations

dx dy dz

P(z,y,2) Qz,y,2) R(z,y,2)

Then the solution of equation (B.9) is given in an implicit form by

F(gb(l‘7ya Z)ﬂ/’(%ya 2)) =0,

where F' is an arbitrary differentiable function of two variables.

(Rektorys, 1995, Vol II, Sect. 18.2, Theorem 2 (without proof).)



