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Introduction

This text presents a supplementary material to the course Stochastic Geometry
held by the author at Charles University, Faculty of Mathematics and Physics. It
is mainly the list of definitions and theorems, with some remarks and corollaries.
The proofs of the assertions are delivered in the lecture, some of them can be
found in the literature.

1 Fell topology

Definition 1 A topological space (S, ) is a pair where S # () and o is a topol-
ogy, system of open sets satisfying (i) S € o, 0 € o, (ii) S is closed with respect
to finite intersections and arbitrary unions.

Definition 2 For x € S, A € o such that x € A we call A an (open) neigh-
borhood of x. (S, 0) is a Hausdorff space if for each x,y € S there exist disjoint
neighborhoods Uy, Uy, of z,y, respectively.

Definition 3 A set A C S is compact if each cover of A by open sets contains
a finite subcover. A is locally compact if for each x € A there is a compact
neighborhood K, i.e. x € K and there exists G € o such that x € G C K.

Definition 4 A system of sets T C o is a base of topology o if any B € ¢ is a
union of elements of . A system of sets 7' C o is a subbase for o and T if each
B € 1 is a finite intersection of elements of T'.

Let d € N is arbitrary fixed. We will use the following notation: F, G, C is the
system of closed, open, compact sets in R%, respectively, including @. Further
we denote ' = F\ 0, G =G\ 0, C"=C\0.
Definition 5 For A C R? set
Fa={FeF, FNA#0}, F*={FeF, FNnA=0}.
For Ay,..., A, C RY we denote
Faroa, =F 0 Fa, 00 Fa,,

kEeN.



Remark 1 We have (Fa)¢ = FA, (FA) =Fa, D€ FA, 0 ¢ Fa,
I e
Definition 6 The Fell topology o on F is given by the subbase
v ={Fq, GeGyU{FK KeccC}.

Remark 2 Finite intersections of sets from 7' have form th___ycn, thus the

system
T={F . .c nEN GL,...,G, €G, K €C}

forms a basis of the Fell topology.

Theorem 1 The space (F, o), where o is the Fell topology, is Hausdorff com-
pact with a countable base of open sets. The space (F', o) is only locally compact.

Corollary 1 The Borel c—algebra B(F) on F is generated either by {FX, K €
C} or by {F¢, G € G}.

Definition 7 Let {F,,}nen C F, we define lim, o F, = F if for each neigh-
borhood U of F' we have F,, € U a.a. n € N, which means I,,en Yn>n, Fn € U.

Theorem 2 Let F, F,, € F, n € N. The conditions (a), (b) and (c) are equiv-
alent, where (a) lim, . F, = F,
(b) it holds simultaneously (b1) and (b2), where

(b1) Veeg GNF#0 = GNF, #0aaneN,

(02) Viec KNF#0= KNF,#0aanecN.

(c) it holds simultaneously (c1) and (c2), where
(c1) if x € F then for a.a. n € N3, cp, v, — = in RY,
c2) for any subsequence {F,.};en and x,. € F,. such that x,. — x it holds
347 J J J
x € F.

Definition 8 Let S be a topological space, the map ¢ : S — F is upper, lower
semicontinuous if ¢~ (FK), ¢~ (Fg) is open for all K € C, G € G, respectively.

Theorem 3 The map ¢ : S — F is upper, lower semicontinuous if and only if
forallt,t; € S, i € N such that t; — t we have

lim sup (1) C 6(1),  liminf (1) > 6(1)

respectively.

On a product space we consider the Tichonov topology, which is the coarsest
topology such that all projections are continuous.

Theorem 4 Consider the maps from F x F — F: (i) (F,F') — FUZF’ is
continuous; (it) (F,F") — F N F' is upper semicontinuous. For the maps from
F — F: (i) F — cF° is lower semicontinuous, (iw)F +— bdF is lower
semicontinuous.

Remark 3 Intersection is not continuous.



2 Random closed sets
Definition 9 Let (Q, A, P) be a probability space. A map
Z: (A P)— (F, B(F))

is called a random closed set (RACS). The measure Py = PZ~! is the distri-
bution of Z.

Remark 4 Let Z,Y be RACS’s, then ZUY, ZNY, clZ, bdZ are RACS’s.
Definition 10 Capacity functional Tz : C — [0,1] of a RACS Z is
T7(K) = Pz(Fk), K €C.

Theorem 5 The distribution of a RACS is uniquely determined by the capacity
functional.

Definition 11 For a RACS Z and K € C let So(K) = 1—-T7(K). By induction
S (Ko: K1s oK) = Sn1(Ko; K1y - o Kne1) =S 1 (KoUKn: K1+ K1),
neN, Kg,...,K, €C.

Remark 5 It holds S, (Ko; K1,...,K,) = Py (}‘{gf’m,m) .

Theorem 6 Let Z be a RACS, then (i)

0<Tz <1, Tz(0) =0,

(i) if K;, K €C, j €N, K; | K, then
Ty(K;) — Tz(K).
(iii) Sp(Ko; K1,...,K;) >0, neN, Ko, ..., K, €C.

Definition 12 Function T : C — [0,1] satisfying (i),(ii) from Theorem € is
called Chogquet capacity. Choquet capacity satisfying (iii) from Theorem 6 is
called alternating capacity of infinite order.

Theorem 7 For an alternating capacity T' of infinite order there exists a unique
probability measure Q@ on F such that

Remark 6 Fach alternating capacity of infinite order is a capacity functional

of a RACS.



Definition 13 Let (Z,Z’) be a pair of RACS’s. We say that Z,Z' are inde-
pendent if their joint distribution

P(Z,Z/) =Pz ® Py
Definition 13 can be extended to countably many RACS’s.

Definition 14 For a RACS Z the function m(x) = P(x € Z) is called inclusion
probability of x € R? into Z. Denote

k(z,y) = cov(lz(x), 1z(y)).
Remark 7 We have
m(z) = /f Lo (2)dPy(F),
k(z,y) + m(z)m(y) = P({z,y} C Z).

Definition 15 A RACS Z is stationary, isotropic if its distribution is invariant
with respect to shifts, rotations, respectively.

Theorem 8 For a stationary RACS Z it holds m(x) = p = E[Leb([0,1]% N Z)]
(volume fraction),

E(x,0) = k(z) = E[Leb([0,1]YNZ N Z — z)] — p*, z € R%

For A,B C R? denote A = {—z,x € A}, A+ B={zx+y,x € A,y € B}
(Minkowski addition of sets). Let K C C be the system of convex compact sets
in RY, K" =K\ {0}.

Definition 16 For K € K' with origin 0 € K, for F € F, x € R?
dg(x, F) =min{r > 0; (x +rK)NF # 0}

is K-distance of © from F.

Remark 8 It holds di (x, F) <r if and only if x € F + rK.

Definition 17 Let Z be a stationary RACS with 0 < p < 1. Contact distribu-
tion function
Hg(r) = P(dk(0,2) <r|0 ¢ Z).

Covariance of Z is C(z) = k() + p2.
Remark 9 It holds

p i — D
Hg(r) = 72?52)

)

where p, i is the volume fraction of Z + rk.



3 Boolean model

Definition 18 Let U be a stationary Poisson process in R® with intensity p >
0, supp¥ = {zy}tnen.Let Z;, j € N, be iid compact RACS’s independent of .
Then

Z = UnGN(Zn + xn)

1s called a Boolean model, Z, are called grains.

Remark 10 The Boolean model is a stationary RACS.

Theorem 9 The capacity functional of the Boolean model Z is
Tz(K) =1 —exp(—pE[Leb(K + Z1)]), K € C.

Remark 11 The distribution of the Boolean model depends only on the constant
p and the distribution of Z.

Theorem 10 For the Boolean model we have p = 1 — e‘le7 where Z, =
E[Leb(Z1)]. The covariance

C(z) =2p— 14 (1 — p)2erra@),
where vz, () = E[Leb(Z1 N (Z1 — x))]. The contact distribution function
Hy(r) =1 — exp(—p(E[Leb(rK + Z1)] — Z1)).

Denote Z' = Up>2(Z, +,,) given that 2; = 0. Then from the Slivnyak theorem
Z' has the same distribution as Z. Also given 1 = 0 we call Z; a typical grain.

Theorem 11 Let pg = P(Z' N Zy # 0), then
pe =1 — Elexp(—pE[Leb(Zy + Z2)| Z1))].-

Example: Consider the Boolean model in R? with deterministic circular
grains of fixed radii » > 0. The probability that a typical grain is isolated is
1 — pg. We have

747rp7‘2

2
p=l—-e"™"  pg=1-c , (1=p)*t=1-pg

and the probability of an isolated typical grain is in the Table.
D 0.1 03 0.5 0.7
1—pe 066 0.24 0.063 0.008

Definition 19 Hausdorff measure H* of subsets R? of order k < d is

H*(A) = lim inf Zw (diamGi>k
- . k 2 ’

5—>0+ UienGi

where infimum is taken over all coverings U;enG; of the set A by open sets G;
such that diamG; < §, where

diamG = sup{||z — y||; =,y € G}.

o2 HE(b(0,1)) (volume of unit ball in R¥).

W = F(1+§) e



Theorem 12 Let
- del(ble Nz

Ps = H1(bdZ,) |

then ps = p.
Remark 12 1 — p, is the ratio of exposed surface area of the Boolean model.
Corollary 2 Define a surface measure S on B(R?) as

S(A) =H¥"H(ANbdZ).

Let Sy be the surface density of Z, then

4 Modeling of RACS’s

Let E be a locally compact space with countable base of open sets and Borel
o-algebra B = B(E). Denote M = M(E) system of locally finite measures on
B equipped with the smallest o-algebra 9t such that maps 1 — 7n(A) on M are
continuous for each A € B. Let N’ C M be the system of counting measures, 91
the trace of 9. A random measure

X:(QA P)— (M,M)

such that P(X € N') =1 is called a point process. The point process X in E is
simple if X ({z}) <1 for all z € E. The intensity measure 6 of the point process
is a locally finite measure on B such that

0(A) = EX(A), A e B.

A Poisson process in E is a simple point process in E such that

(i) X (A) has Poisson distribution with parameter (A4) VA € B with 0(A) < oco.
(ii) X (A1), ..., X (A,,) are independent random variables for each A;,..., A4, €
B pairwise disjoint, m € N.

Remark 13 There exists a unique Poisson process with given intensity measure

0.
Next we deal with the locally compact space F’ of nonempty closed subsets of
R4,

Definition 20 A particle process in R? is a simple point process in F' concen-
trated on C', i.e. 8(F \C') = 0. A stationary particle process is such that its
distribution is invariant with respect to shifts in R®.

The local finiteness of a particle process X can be expressed by X (F¢) <
oo, C'eC.



Theorem 13 Let X be a point process on F', then Zx = Usuppx F is RACS.
The Boolean model is precisely the union set of a stationary Poisson particle
process.

A particle process can be interpreted as a marked point process ® in R? with a
mark in C’. The points are determined by means of a center function.

Definition 21 For K € C’ the circumball B(K) with circumcenter ¢(K) and
circumradius r(K) is the smallest closed ball containing K. We have ¢ : C' — R%,
let

Co={K €('; ¢(K) =0},

a:C =R xCy, K+ (¢(K), K — c¢(K)).

Theorem 14 For a stationary particle process X there is a decomposition of
mtensity measure

o) =7 [ [ I+ K)dsaq), 1

where A € B(C'), v > 0 and Q is a probability measure on Cy. 0 is invariant
w.r.t. translations and if X is isotropic, 0 is invariant w.r.t. rotations.

Corollary 3 Under the assumptions of Theorem 14 we have

O(Fpio.r
v = lim 7( b0, )).

r—400 rdwd

Definition 22 Let
R' ={BcCR B=U" K, K; € K',n N},

then R = R’ U {0} is called the convex ring. A map ¢ : R — R is an additive
Sfunctional if
(AN B) + ¢(AUB) = ¢(A) + ¢(B)

for all A, B € R such that AN B € R.
Consider a particle process X with intensity measure 6 concentrated on B(K'),
Z = Usuppx Z;

the union set. Let Ko € K’ be a window, we are interested in the random
variable ¢(Z N Ky).
Lemma 1 [t holds

M
Lp(ZﬂKo) = (—1)k+1 Z SD(KOOZH m"'mZik)V

k=1 1<iy<-<ip <M

where
M = card{j : Z; N Ky # 0}.



Definition 23 A map ¢ : R — R is conditionally bounded if it is bounded on
{K ek, K C Ky} for each Ky € K'.

Theorem 15 Let X be a Poisson particle process, ¢ : R — R additive, condi-
tionally bounded, ©(@) = 0. Then for each Ko € K' we have o(Z N Ky) € L1(P)
and

o0

k+1
ZﬂKO = / / KoﬁKlﬂ ﬂKk)dQ(Kl) dG(Kk)

M

k=1

Corollary 4 In Theorem 15 let X be stationary, Ko = {K € K, ¢(K) = 0}.
Then

k+1 k
ZﬂKo / / Ko,Kh,Kk)dQ(Kl)dQ(Kk)
1 Ko Ko

for a constant v > 0 and probability measure Q on Ky. Here

(I)(Ko, Kl,...,Kk) = /d d(p(Koﬂ(Kl +x1)ﬂ-~-ﬂ(Kk+xk))d$1...d.’L‘k.
R R

Lemma 2 Let a be a o-finite measure on R%, Ky, ..., K; € B%, then
k
/ o [ a(EgN (Ky+2) N0 (B + ap))day . day, = a(Ko) [ [ Leb(K;).
R4 RA ”
Jj=1

Corollary 5 Under the assumptions of Corollary 4

ELeb(Z N Ko)
Leb(Ky)

(volume fraction).
Further consider a RACS
Z =V cyeq (T +0),

where U is independently marked point process ¥ with mark space C'.

Theorem 16 For the capacity functional Ty it holds

Tz(K)=1-E| [] (-To(K-a)|, KecC,

reEsupp¥

where Cy is a typical mark.



5 Processes of k-flats

Definition 24 Let G(d, k), 1 < k < d, be the system of k-dimensional linear
subspaces in RY. The system of k-flats is a set

Ald,k)={F=L+ux; 2€ L*, LeGdk)}

For L € G(d, k), F € A(d, k) we denote Leby,, Lebp the k-dimensional Lebesgue
measure on L, F, respectively.

Remark 14 [t holds G(d, k) C A(d, k) is a closed set in F.

Theorem 17 Let 0 be a locally finite measure concentrated on A(d, k), invari-
ant w.r.t. shifts. Then there is a unique finite measure 0y on G(d,k) such that
for all A € B(A(d, k)) we have

0(A) = /G " /L TA(L -+ )dLeby s (r)d00(L).

Definition 25 Process of k-flats in R? is a point process on F' with intensity
measure concentrated on A(d, k).

Theorem 18 Let X be a stationary process of k-flats with intensity measure
0 # 0. Then there are unique constant v > 0 and probability measure @QQ on
G(d, k) such that for all f: A(d, k) — Ry measurable we have

/ fdo = 'y/ f(L+z)dLeby . (x)dQ(L).
A(d,k) G(dk) J Lt

Denote 7 the projection from
UyZ1A(d, k)

onto
Upm1 G(d, ).
Corollary 6 For A € B(A(d,k)) we have in Theorem 18

_ EX(Fro)]
Wd—k
(intensity constant) and
E[X (Fb0,1) N 770_1(14))]
E[X (Fb0,1)]

Q(A) =

(directional distribution).
Definition 26 Stationary Poisson process X of k-flats is given by the condition

X (Fp(0,1)) ~ Poisson(ywa—r).



Let D € B, F € A(d, k), we denote Lebr(D) = Lebr(D N F).
Theorem 19 Let X be a stationary process of k-flats with intensity constant

v > 0. Then

E Z Lebr = ~yLeb.
Fex

Further we investigate sections of flat processes.

Theorem 20 Let X be a stationary k-flat process in R%, 1 < k < d —1 and
SeAld,d—k+j), 0<j<k—1 ThenY = X NS is a stationary j-flat
process. If X is simple, then also Y is simple.

Definition 27 Determinant [L1, ..., L] of linear subspaces Ly, ..., Ly, in R?
for which

m
> dimL;=q<d
i=1
1s equal to the q-dimensional Lebesgue measure of parallelogram generated by the

union of orthonormal bases of all L;, i =1, ..., m. Further for ¢ > (m—1)d we
set

Laveo L = [LE, .. L),

Theorem 21 Let X be a stationary k-flat process in R with intensity v > 0
and directional distribution Q. Let S € G(d,d — k), Y = X NS. Then for the
intensity vy of the stationary point process Y it holds:

vy = 'y/ [S, L]dQ(L).
G(d,k)

Remark 15 For k=1 or k =d—1 the directional distribution of a stationary
k-flat process can be defined as an even measure @ on the unit sphere S%1 in
R?. For a Borel subset B of S*1 without antipodal points we set

¢(B) = 3Q({span(u), u € B}), k=1

(P(B):%Q({UJ_7UEB})7 k=d-1

From the previous theorem it holds

) = [ Jwo)lde), ve s
Sd*l
where vy (1) = Vynspan(u)s k = d — 15 vy (u) = Yyaur, k= 1.

5.1 Processes of k—surfaces
Definition 28 The Hausdorff dimension Hy of a set A € B is
Hy(A) =inf{s > 0; H*(A) = 0}.

Let K™) be the system of K € K with Hy(K) =k, k € {0,1,...,d— 1}. Denote
R¥) the system of finite unions of sets from K*). Elements of R%¥) are called
k-surfaces.

10



Example: Polygonal surface is a (d — 1)—surface.

Definition 29 A process of k-surfaces is a particle process in R with intensity
measure concentrated on R,

Definition 30 For B € R™ we call Vi,(B) = H*(B) the k—volume of B.
For a stationary process X of k—surfaces with intensity v > 0 and k—surface

distribution Qon B(R(()k))y
RS = (K € R®); e(K) = 0},

we call the specific k-volume of X the quantity

Vi(X) =~ Vi(B)dQ(B).
=)
0
Definition 31 Let X be a process of k-surfaces, random measuren =) pc H‘kB
on R? is given by
n(A) =Y HANB), AcB
BeX

Theorem 22 Let X be a stationary process of k-surfaces with Vi(X) < oo.
Then n s a stationary random measure and

Vi(X) = Iigb((i))]

is its intensity, for any A € B%, 0 < Leb(A) < oc.
For Be R®, B=um,, B; € K* denote
O ={y € B;NBj,i#j, affB; #affB;},

B, C affB; € A(d,k). For y € B\ O define the tangent plane T, (B) € G(d, k)
as a subspace parallel to aff B; such that y € B;.

Remark 16 For H*-almost ally € B the tangent plane is uniquely determined.

Theorem 23 Let X be a stationary process of k-surfaces with 0 < V3,(X) < oco.

Then there exists a unique probability measure T on G(d, k) such that for all
C € B(G(d,k)) and A € B%, 0 < Leb(A) < oo, we have

k = Le % .
D)) /B  Lo(T,(B)AH () = Lel(A)Ti(X)T(C)

Definition 32 The probability measure T from the previous theorem is called
the directional distribution of the process of k—surfaces.

11



Remark 17 Fork =1 ork = d—1 the directional distribution T of a stationary
process of k—surfaces can be interpreted as an even measure @ on the unit sphere
S9=1 in R%. For a Borel subset A of S41 without antipodal points we set

©(A) = 3T ({span(u), u € A}), k=1
o(A) = 3T ({ut, u € A}), k=d-1.

Let X be a stationary process of k-surfaces in R? k = {1,...,d — 1} and
S € G(d,d — k). We consider the stationary point process Y = X N S with
intensity vy > 0.

Theorem 24 It holds

V7Y = Vk(X) /G(d k)[S, L]dT(L).

Remark 18 Fork =1, w € S we have

et =00 [ lGuuldpta)

for k=d—1 we have

VX Nspan{w} = Vd—l(X) /Sd—l |<uaw>|d§0(u)

6 Minkowski functionals

Definition 33 For 0 < k <d and K € K the k—th Minkowski functional

Wd

Wi(K) =

= Ly K)ULAD), (2)
Wd—k Ja(d,k)

where prL K is the orthogonal projection of K onto L+, Uy is the uniform
probability distribution on G(d, k).

Remark 19 [t holds for K € K' (i) Wo(K) = Leb(K), Wa(K) = wq,

(i) Wa—1(K) = 1b(K), where b(K) is the mean width of K,

(iii) Wi(b(0,7)) = r?~Fwa, Wi(rK) = r* Wy (K).

Lemma 3 Minkowski functionals are continuous, nondecreasing, additive and
motion invariant.

Theorem 25 (Hadwiger) Each functional f : K — R which is continuous,
additive and motion invariant, is a linear combination of Minkowski functionals,
: d

ie. f=73 y_oaxWy for someag,...,aq € R.

Theorem 26 (Steiner) Let K € K', then for 0 < i < d we have

d—1i .
Wi(K +b(0,r) =Y (d ; Z) Wi (K)r*, > 0. (3)
k=0

12



Remark 20 For K € K' we have HY ™1 (bd K) = dW;(K).

Further we will generalize Minkowski functionals to the convex ring R.

Definition 34 Fuler-Poincaré characteristic is a functional x : R — Z such
that x(0) =0, x(K) =1 for K € K and it is additive.

Definition 35 Minkowski functionals for B € R are defined as

— S €01 (As .
WeB) = [ B )by @)U

Remark 21 In R we have Wy(B) = wax(B).

6.1 Boolean model with convex grains

Let Z = Ugz,ex Z; be a Boolean model, where X is a stationary Poisson particle
process with intensity p > 0. We assume that X is concentrated on K', Z1 has
isotropic distribution and W; = E[W;(Z;)] < co. Denote

$(K) = pE[Leb(K + Z,)].

Theorem 27 For K € K the value of Tz (K) depends only on p and the means
of Minkowski functionals of the typical grain. We have

d
_r d T
Y(K) = "y ;;:o (k:) Wi (K)Wa_p. (4)

Example: For d = 3 using S(.), S for the surface area we have

Y(K) = Wy + JB(K)S + SBS(K) + Wo(K).

Corollary 7 Under the above assumptions the contact distribution function of
the Boolean model is

d
Hg(r)=1—exp (—p <Z> TkaWd—k(K)> ) (5)

Yd i
log(1 — Hk (1)) is polynomial in 7.
Example: (i) For d = 3 the contact distribution function (CDF) is

2

r; r?
2

Hy(r) =1—exp (—p (b(K)S +

5 bS(K) + r3Wo(K))) .

(ii) Spherical CDF, K = b(0, 1),

=1 - (-3 (8.

k=1

13



(iii) linear CDF: K = [0, u] unit segment in R?, u € S*. U(.) denotes perimeter
of a set. We have o
Hi(r)=1—-exp (fp U—) .
71'

We apply this formula to quantify the range of vision in a forest modelled by
Boolean model. Let the mean radius of a trunk be ER = 0.2 m, intensity of
trees p = 0.01m~=2, Hy(r) = 1 — exp(—0.004r), H;(500) = 0.865. Standing in
a random location in the forest in arbitrary direction an observer would have
probability 0.135 of being able to see more than 500m far in a uniformly random
direction.

7 Stereology

Stereology makes inference on geometrical parameters of particle processes ob-
served on lower-dimensional probes like sections or projections. General formu-
las in R? are derived from Crofton theorem from integral geometry. Here we
restrict to basic problems in R? and R?. Here we use a traditional notation: V'
volume, S surface area, b mean width, A area in R?, U perimeter. Let X be a
stationary isotropic particle process in R? with intensity py.

7.1 Planar section

Consider L € A(3,2) and Y = X N L. Then Y is a stationary isotropic particle
process in R? with some intensity py. We denote by bar expected values of
particle characteristics, e.g. b is the expected mean width of a particle.

Theorem 28 Under the above assumptions it holds
_ _ 4 -
pxV =pyvA, pxS= ;PyU, pxb=py.

In practice one can estimate A, U, py from observation in planar section, but
three equations in Theorem 28 do not suffice to obtain four spatial characteristics
V, S, b, px.In order to be able to do it we shall add an assumption on particle
shape.

Let X have a.s. disjoint spherical particles X; with distribution function
Dx of diameters,

dX = /000(1 7Dx(:17))d:E

is the average particle diameter. Let L € A(3,2), Y = X N L. Particle sections
Y; = X; N L are circular with a distribution function Dy of diameters. From
Theorem 28 we have pxdx = py-

Theorem 29 It holds

Dy(r)zl—le/ooo(l—DX(\/T2+x2))dx (6)

14



Corollary 8 Let f, g be densities of Dx, Dy, respectively, then

< fl=)
9(y) = %/0 e dz.

7.2 Projection of a thin slab

Let t > 0 and X; = {(z,y) € R?; J2¢f0,4 (,9,2) € X} be a projection of the
process in a slab of thickness t. We have to assume that a.s. the projections of
disjoint particles do not overlap in X;, which is a stationary particle process in
R? with an intensity p;.

Theorem 30 Ezpected values of characteristics of X and X; are related as

_ St _
pPx <V+ 4) = pi4,

S = _
PXT (4 + bt) = tha

px(b+1t) = p;.
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